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Preface 


Basic complex variables is a very popular subject among mathematics faculty and 
students. There is one big theorem (the Cauchy Integral Theorem) with a somewhat 
difficult proof, but this is followed by a host of easy to prove consequences that are 
both surprising and powerful. Furthermore, for undergraduates, the subject is 
refreshingly new and different from the analysis courses which precede it. 


Undergraduate complex variables is our favorite course to teach, and we teach 
it as often as we can. Over a period of years we developed notes for use in such a 
course. The course is a one-semester undergraduate course on complex variables at 
the University of Utah. It is designed for junior level students who have completed 
three semesters of calculus and have also had some linear algebra and at least one 
semester of foundations of analysis. 


Over the past several years, these notes have been expanded and modified to 
serve other audiences as well. We have used the expanded notes to teach a course 
in applied complex variables for engineering students as well a course at the first 
year graduate level for mathematics graduate students. The topics covered, the 
emphasis given to topics, and the choice of exercises were different for each of these 
audiences. 


When taught as a one-semester junior level course for mathematics students, 
the course is a transitional course between freshman and sophomore level calculus, 
linear algebra, and differential equations and the much more sophisticated senior 
level mathematics courses taught at Utah. The students are expected to understand 
definitions and proofs, and the exercises assigned will include proofs as well as 
computations. The course moves at a leisurely pace, and the material covered 
includes only Chapters 1, 2, and 3 and selected sections from Chapters 4, 5, and 6. 
A full year course could easily cover the entire text. 


When we teach a one-semester undergraduate course for engineers using these 
notes, we cover essentially the same material as in the course for mathematics 
majors, but not all the proofs are done in detail, and there is more emphasis on 
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computational examples and exercises. The applications in Chapter 6 are given 
special emphasis. 

When taught as a one-semester graduate course, we assume students have some 
knowledge of complex numbers and so Chapter 1 is given just a brief review. Chap- 
ters 2, 3, and 4 are covered completely, parts of Chapters 5 and 6 are covered, along 
with Chapter 7. If time allows, Chapters 8 and 9 are summarized at the end of the 
course. In the homework, the emphasis is on the theoretical exercises. 


We have tried to present this material in a fashion which is both rigorous 
and concise, with simple, straightforward explanations. We feel that the modern 
tendency to expand textbooks with ever more material, excessively verbose ex- 
planations, and more and more bells and whistles, simply gets in the way of the 
student’s understanding of the material. 


The exercises differ widely in level of abstraction and level of difficulty. They 
vary from the simple to the quite difficult and from the computational to the the- 
oretical. There are exercises that ask students to prove something or to construct 
an example with certain properties. There are exercises that ask students to apply 
theoretical material to help do a computation or to solve a practical problem. Each 
section contains a number of examples designed to illustrate the material of the 
section and to teach students how to approach the exercises for that section. 


This text, in its various incarnations, has been used by the author and his 
colleagues for several years at the University of Utah. Each use has led to improve- 
ments, additions, and corrections. 


The text begins, in Chapter 1, with a discussion of the fact that the real number 
system is insufficient for some purposes (solving polynomial equations). The system 
of complex numbers is developed in an attempt to remedy this problem. We then 
study basic arithmetic of complex numbers, convergence of sequences and series of 
complex numbers, power series, the exponential function, polar form for complex 
numbers and the complex logarithm. 


The core material of a complex variables course is the material covered here 
in Chapters 2 and 3. Analytic functions are introduced in Chapter 2 as functions 
which have a complex derivative. This leads to a discussion of the Cauchy-Riemann 
equations and harmonic functions. We then introduce contour integrals and the 
index function (winding number) for closed paths. We prove the Cauchy-integral 
theorem for triangles and then for convex sets. We believe that this approach leads 
to the simplest and quickest rigorous proof of a form of Cauchy’s theorem that can 
be used to prove the existence of power series expansions for analytic functions. 


The proof that analytic functions have power series expansions occurs early in 
Chapter 3. This is followed by a wide range of powerful applications with simple 
proofs — Morera’s Theorem, Liouville’s Theorem, the Fundamental Theorem of 
Algebra, the characterization of zeroes and singularities of analytic functions, the 
Maximum Modulus Principle, and Schwarz’s Lemma. 


Chapter 4 begins with a proof of the general form of Cauchy’s Theorem and 
Cauchy’s Formula. These theorems involve functions which are analytic on a general 
open set. The integration takes place around a cycle (a generalization of a closed 
path) which is required to have index zero about any point not in the set. We 
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go on to study Laurent series, the Residue Theorem, Rouché’s Theorem, inverse 
functions and the Open Mapping Theorem. The chapter ends with a discussion of 
homotopy and its relationship to integrals around closed paths. We normally do 
not cover this last section in our undergraduate course, but it would certainly be 
appropriate for a graduate course using this text. 


Residue theory is covered in Chapter 5. We discuss techniques for computing 
residues as well as a wide variety of applications of residue theory to problems 
involving the calculation of integrals. We normally do not cover all of this in our 
undergraduate course. We typically skip the last two sections of this chapter in 
favor of covering most of Chapter 6. 


Chapter 6 deals with conformal maps. We prove the Riemann Mapping The- 
orem and show how it can be used to transform problems involving analytic or 
harmonic functions on a simply connected subset of the plane to the analogous 
problems on the unit disc. We use this technique to study the Dirichlet problem 
on open, proper, simply connected subsets of C. We discuss applications to heat 
flow, electrostatics, and hydrodynamics. This material is of particular interest to 
students in a course on complex variables for engineering students. 


The goal of Chapter 7 on analytic continuation is to prove the Picard theorems 
concerning meromorphic functions at essential singularities. Along the way, we 
prove the Schwarz Reflection Principle and the Monodromy Theorem, and discuss 
lifting analytic functions through a covering map. 


Chapters 8 and 9 are normally not covered in our one-semester undergraduate 
complex variables course. Some of the topics in these chapters are, however, of- 
ten covered in the graduate course. In Chapter 8 we use Weierstrass products to 
construct an analytic function with a given discrete set of zeroes, with prescribed 
multiplicities. This is the Weierstrass Theorem. It leads directly to the Weierstrass 
Factorization Theorem for entire functions. We also prove the Mittag-Leffler Theo- 
rem — which gives the existence of a meromorphic function with a prescribed set of 
poles and principle parts. The final result of the chapter is the proof of Hadamard’s 
Theorem characterizing entire functions of finite order. This is a key ingredient in 
the proof of the Prime Number Theorem in Chapter 9. 


In Chapter 9 we introduce the gamma and zeta functions, develop their basic 
properties, discuss the Riemann Hypothesis, and prove the Prime Number The- 
orem. Course notes by our colleague Dragan Mili¢ic provided the original basis 
for this material. It then went through several years of expansion and refinement 
before reaching its present form. There is a great deal of technical calculation in 
this material and we do not cover it in our undergraduate course. However, a few 
lectures summarizing this material have proved to be a popular way to end the 
graduate course. 


Several standard texts in complex variables and related topics were useful guides 
in preparing this text. These may also be of interest to the student who wishes to 
learn more about the subject. They are listed in a short bibliography at the end of 
the text. 


Chapter 1 


The Complex Numbers 


1.1. Definition and Simple Properties 


The number system is a tool devised by humans to aid in the description of quan- 
tities of the various things humans have to deal with. It has evolved as human 
culture has evolved, beginning with something very primitive like: 1, 2, 3, many, 
moving on to the natural numbers, then the integers, the rational numbers, the real 
numbers and then the complex numbers. 


At each stage of development, the number system was expanded in response 
to the need to describe quantities that the old number system could not. For 
example, the negative numbers were introduced in order to be able to describe a 
loss as opposed to a gain, or moving backward rather than forward. The rational 
numbers were introduced because we do not always deal with whole numbers of 
things (we have 2/3 of a pie left). The real number system evolved from the 
rational number system out of a need to be able to describe such things as the 
length of the hypotenuse of a right triangle (this involves square roots) and the 
area or circumference of a circle (this involves 7). 


In this course, we will assume students are familiar with the real number system 
and its properties. We will define the complex number system as a needed extension 
of the real number system and develop its properties. We will then go on to study 
functions of a complex variable. 


The Real Numbers are Insufficient. The complex number system was devel- 
oped in response to the need for solutions to polynomial equations. The simplest 
polynomial equation that does not have a solution in the real number system is the 
equation 

z*+1=0, 
which has no real solution because —1 has no real square root. More generally, a 
quadratic equation 


(1.1.1) az’? +br+c=0, 


1 
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where a, 6 and c are real numbers, formally has two solutions given by the quadratic 
formula 
—b+ Vv b? — 4dac 


1.1.2 8 Oe 
(1.1.2) x — 


but these will not be real numbers if 6? — 4ac is negative. If we could take square 
roots of negative numbers, then the quadratic formula would give us solutions to 
(1.1.1) for all choices of real coefficients a,b,c. To make this possible, we expand 
the real number system in the following way, thus creating the complex number 
system C. 


Constructing C. We begin by adjoining a single new number to our old number 
system R. We will denote it by 2 and declare it to be a square root of —1. Thus, 


?=-1. 


Our new number system is to contain both R and the new number 7 and it should be 
closed under addition and multiplication. If it is to be closed under multiplication, 
we need a number iy for every real number y. Likewise, if it is to be closed under 
addition, there should be a number x + ty in our new number system for each pair 
of real numbers (,y). It turns out that this is enough. If we define the set of 
complex numbers C to be the set of all symbols of the form x + iy where (x, y) is 
a pair of real numbers, and if we define addition and multiplication appropriately, 
then the resulting number system is a field in which every polynomial equation has 
a root. We will be a long time proving the latter half of this statement, but it is 
not hard to prove the first part. 


To define the operations of addition and multiplication in C, we begin by noting 
that, as a set, C may be identified with R? — the set of all pairs (a, y) of real 
numbers. Obviously, each pair (x,y) determines a symbol x + iy and vice versa. 
This identification makes C into a vector space over R and gives us operations of 
addition and scalar multiplication by reals which satisfy the usual associative and 
distributive rules. The resulting operation of addition is 


(v1 + ty1) + (x2 + tye) = (€1 + Zo) + i(y1 + yo). 
It remains to define a product on C. 


We have already declared that i? = —1. If we also require that the associative 
and distributive laws of multiplication should hold and that the multiplication of 
real numbers should remain as before, then the product of two complex numbers 
Z1 + ty, and x2 + ty2 must be 


(a1 +iy1)(xo+iy2) = 2122 +ixiyotiyizet+Pyye = (x1x2—yry2)+i(a1y2+yi%2). 
We formalize this conclusion in the following definition. 


Definition 1.1.1. We define the system C of complex numbers to be the set of 
all symbols of the form x + iy with (x,y) € R?, with addition and multiplication 
defined by 

(x1 + iyi) + (2 + ty2) = (#1 + £2) + i(y1 + y2) 
and 


(a1 + iy1)(%2 + ty) = (@1@2 — yry2) + U(@1ye + yix2). 
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A complex number of the form x + i0, with x € R will be denoted simply as z. 
This identifies R as a subset of C. Similarly, a complex number of the form 0 + ty 
with y real will be denoted simply as iy. The numbers of this form are traditionally 
called the imaginary numbers. 


Note that, from the above definition, if x,y € R, then 
yi = (y+ i0)(0 +72) =0+ iy = iy 
and so x + ty and x + yi are the same complex number. Which form is used to 
describe this number is usually dictated by which looks best typographically. When 
specific numbers replace x and y, the latter seems to look best. Thus, we usually 
write 2+ 37 rather than 2 + 73. 
Example 1.1.2. If z} = 5+ 22 and z2 = 3 — 4i, find z1 + 22 and z 22. 
Solution: 
at2z =54+3+4 (2-—4)i = 8 —- 2, 
z1Z2 =(5-3-—2- (—4)) + (5- (—4) +3- 2) = 23 — 142. 
Example 1.1.3. Show that the quadratic equation (1.1.1) has solutions which are 
complex numbers. 
Solution: If 6? — 4ac > 0, the quadratic formula (1.1.2) tells us the solutions 


are 
—b+4+ Vb? — 4ac Fl —b— Vb? — 4ac 
2a 2a ; 
On the other hand, if b? — 4ac < 0, then 4ac — b? is positive and has real square 
roots. By squaring both sides, and using i? = —1, it is easy to see that 


+/o2 4ac = tirv/4ac — b?. 


This suggests that the solutions to the quadratic equation in this case are the two 
complex numbers 


b  . V4ac — b? b =. V4ac — b2 
+ 4 and a ; 

2a 2a 2a 2a 

That these two numbers are, indeed, solutions to the quadratic equation may be 

verified by directly substituting them in for x in (1.1.1). We leave this as an exercise 


(Exercise 1.1.7). 


Field Properties. In our definition of the product of two complex numbers, 
we were guided by the desire to have the usual rules of arithmetic hold — that is, 
the commutative and associative laws for addition and for multiplication and the 
distributive law. Did we succeed? These are some of the properties of a field. Do 
these laws actually hold in C with the operations as defined above? The following 
theorem says they do. 


Theorem 1.1.4. Jf 21, 22, 23 are compler numbers, then 
(a) 23 +22 =22+2, — commutative law of addition; 
(b) 

(c) 2122 = 2221 - commutative law of multiplication; 
) 


(d 


(21 + 22) +23 = 21 + (22 +23) - associative law of addition; 


(2122)23 = 21(2223) — associative law of multiplication; 
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Figure 1.1.1. Plot of the Complex Number 3 + 2%. 


(e) z1(22 + 23) = 22 +2123 — distributive law. 


Proof. As far as the operation of addition is concerned, C is just R?, which is a 
vector space over R. Parts (a) and (b) of the theorem follow directly from this. 
Part (c) is obvious from the definition of multiplication. We will prove part (d) and 
leave part (e) as an exercise (Exercise 1.1.8). 


If z; =x; + ty; for j= 1, 2, 3, then 
(2122)23 = ((@1 + ty1)(@2 + ty2)) (x3 + tys) 
= (4122 — yiyo + i(x1y2 + yi2)) (x3 + ty3) 
= L1XQX3 — YrY2X3 — L1Y2Y3 — Y1t2y3 
+ i(a1xoy3 — yryeys + 21y2%3 + y1L2%3), 
while 
21 (2223) = (@1 + tyi)((@2 + ty2)(@3 + tys)) 
= (a1 + ty1)(T2@3 — yoys + t(2y3 + y2us)) 
= £1 %2X%3 — L1Y2Y3 — Y1T2Y3 — Yiy2r3 


+ i(ayroy3 + 21 Yy2r3 + Yi T2X3 — Yiy2ys)- 


Since the results are the same, the proof of (d) is complete. 


The properties described in the above theorem are some of the properties that 
must hold in a field. A field must also have additive and multiplicative identities — 
that is, elements 0 and 1 which satisfy 


bie z+0=2 
and 
(1.1.4) 1l-z=z 


for every element z in the field. That this holds for C follows immediately from the 
fact that C is a vector space over R. 


A field must also have the properties that every element z has an additive 
inverse, that is, an element —z such that 


(1.1.5) z+(-z) =0, 
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and every non-zero element z has a mutiplicative inverse, that is, an element z~1! 
such that 


(1.1.6) pee, 


The first of these follows immediately from the fact that C is a vector space 
over R. The second is nearly as easy. If z = x +iy #0, then a direct calculation 


shows that 
-1_ @-W _ y 


gt ty? a+ y? a+ y? 
satisfies (1.1.6). We conclude: 


Theorem 1.1.5. With addition and multiplication defined as in Definition 1.1.1, 
the complex numbers form a field. 


Complex Conjugation and Modulus. 


Definition 1.1.6. If z= 2+iy is a complex number, then its complex conjugate, 
denoted Z, is defined by 

Z=x2-1y, 
while its modulus, denoted |z|, is defined by 


|z| = fu? + y?. 


Note that the modulus, as defined above, is just the usual Euclidean norm in 
the vector space R?. Thus, if 21,22 € C, then |z; — z| is the Euclidean distance 
from z, to z2. The term modulus is traditional, but the terms norm and absolute 
value are also commonly used to mean the same thing. We will use all three. 


Note also that the two solutions of a quadratic equation with real coefficients 
given in Example 1.1.3 are complex conjugates of each other. Thus, the solutions 
to a quadratic equation with real coefficients occur in conjugate pairs. Quadratic 
equations with complex coefficients also have roots and they are also given by the 
quadratic formula. However, we cannot prove this until we prove that every complex 
number has a square root. In fact, in Section 1.4 we will prove that every complex 
number has roots of all orders. 


For a complex number z = x + iy, the real number z is called the real part 
of z and is denoted Re(z), while the number y is called the imaginary part of z 
and is denoted Im(z). In graphing complex numbers using a rectilinear coordinate 
system, x determines the coordinate on the horizontal axis, while y determines the 
coordinate on the vertical axis. 

Note that a complex number z is real if and only if 7 = z, and it is purely 
imaginary if and only if Z = —z. Note also, that if z= 2 + iy, then 
ae and Im(z)=y= a 

Z 


The elementary properties of conjugation and modulus are gathered together in the 
next theorem. 


Re(z) =2#= 


Theorem 1.1.7. If z and w are complex numbers, then 


(a) Z= 2; 
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—% = —K+1y z= x+iy 


—Z = —x-ly Z=x-1y 


Figure 1.1.2. Plot of the Complex Numbers z, Z, —z, and —zZ. 


(b) 22 = |z|?; 
(c) zFw=Z24+9; 
(d) 70 =ZU; 
zw| = |z||w| and |2| = |z|; 


z| is a non-negative real number and is 0 if and only if z = 0; 
Re(zw)| < |z||wI; 
z+u| < |z|4|w}. 


Proof. We will prove (g) and (h). The other parts are elementary computations 
or observations and will be left as exercises. 


Parts (g) and (h) are the Cauchy-Schwarz inequality and the triangle inequality 
for the vector space R?. Versions of these inequlities hold in general Euclidian space 
R”. The proofs we give here are specializations to C of the standard proofs of these 
inequalities in R”. 

To prove (g), we begin with the observation that (a) and (d) imply that 

20 + Zw = 2Re(zW). 
We then let ¢ be an arbitrary real number and note that, by Parts (c), (d), and (f), 
0 < |zt+ wl? = (2t+w)(2t+ D) = |2\?t? + 2Re(zw)t + |w? 
for all values of t. This implies that the quadratic polynomial in ¢ given by 
|z/7t? + 2Re(zw)t + |w/? 


is never negative and, therefore, has at most one real root. This is only possible if 
the expression under the radical in the quadratic formula is negative or zero. Thus, 


4(Re(z@))? — 4|z|?|w|? < 0. 


Part (g) follows immediately from this. 
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Part (h) follows directly from Part (g) and the other parts of the theorem. In 
fact, 
jz+ wl? = (z+w)(Z+B) 
= |2|? + 2Re(zw) + |w]? 
< [2/? + 2lz|lw| + lwl? = (lz| + wl)? 


On taking square roots, we conclude |z + w| < |z| + |w|, which is Part (h). 


The inequalities in the following theorem are used extensively — particularly in 
the next section. The proofs are very simple and are left as an exercise (Exercise 
1.1.12). 


Theorem 1.1.8. If z= a+ iy, then max{|z], |y|} < |z| < |x| + yl. 


Inversion and Division. Recall that the inverse of a non-zero complex number 
z=x+1y is 


1. © z ze 


ety |z|2 ez 
Stating this in the last form makes the identity zz~' = 1 obvious. 


This also suggests the right way to do complex division problems in general: to 
express w/z as a complex number in standard form (as a real number plus 7 times 
areal number), simply multiply both numerator and denominator by 7. That is, 


The number w7Z is then easily put in standard form and the problem is finished by 
dividing by the real number |z|?. 


1 
Example 1.1.9. Express 2431 in the standard form x + yi. 
a 


Solution: 


1 2— 3% 2— 3% 2 3. 


th CtspO- 3). Waae > 1B: 13" 


3+ 41 3 — 44 


rae an 34h in standard form. 


Example 1.1.10. Express 


Solution: 


344i (3+ 4i)? 7 | 24, 


3-4) 844i)? 25° 25” 
3-4i (3-41)? > oa. 


= = 1. 


344i. (3 — 44? 25 25 
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————SSS Se! 
Exercise Set 1.1 

1. Express (3 + 7) + (2 — 72) and (3 +7)(2 — 7i) in the standard form x + yi. 

1 
2. Express 345i in the standard form x + yi. 
3. Express (1 + 2i)? and (1+ 2i)~? in the standard form x + yi. 
2-31 

4. Express a: 5 in the standard form x + yt. 

5. Find a square root for 7. 

6. If z = x + iy, express z° in standard form. 

7. By direct substitution, prove that the two solutions to the quadratic equation 

given in Example 1.1.3 really do satisfy equation (1.1.1). 
8. Prove Part (e) of Theorem 1.1.4. 


9. Prove Parts (a), (b) and (c) of Theorem 1.1.7. 


10. 
11. 


12. 


13. 
14. 


15. 
16. 
17. 


18. 


Prove Parts (d), (e) and (f) of Theorem 1.1.7. 

For z € C and a € R prove the following: 

(a) Re(az) = a Re(z) and Im(az) = alm(z); 

(b) Re(iz) = —Im(z) and Im(iz) = Re(z). 

Prove Theorem 1.1.8 — that is, prove that if z= x + iy, then 
max{|a|,|yl} S |2| < [al + [yl- 

Graph the set of points z € C which satisfy the equation |z — 2| = 1. 


Graph the set of points z € C which satisfy the equation z? + 7? = 2. Hint: If 
z=a+1y, rewrite this equation as an equation in x and y. 


Prove that if z is a non-zero complex number, then 1/z = 1/% and |1/z| = 1/|z|. 
If z is any non-zero complex number, prove that z/Z has modulus one. 


Prove that every complex number of modulus 1 has the form cos 6 + isin @ for 
some angle 0. 


Prove that every line or circle in C is the solution set of an equation of the form 
alz|? + wz + wz+b=0, 
where a and 6 are real numbers and w is a complex number. Conversely, show 


that every equation of this form has a line, circle, point, or the empty set as its 
solution set. 


1.2. Convergence in C 


We assume the reader is familiar with the basics concerning convergent sequences 
and series of real numbers — particularly those results which follow from the com- 
pleteness of the real number system, such as the fact that bounded monotone 
sequences converge and the various convergence tests for series. We also assume 
a familiarity with the basics of power series in a real variable. The purpose of 
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this section is to extend these ideas and results to sequences and series of complex 
numbers and power series in a complex variable. This is an introductory section. 
A deeper study of complex power series will come later in the text. 


There is no natural order relation on the complex numbers. The statement 
z < w makes no sense for complex numbers z and w. However, if these numbers 
happen to be real, then the inequality does make sense, because R is an ordered 
field. We make heavy use of inequalities in this section, but note they are always 
inequalities between real numbers. Thus, if an inequality of the form a < b occurs 
in this text the numbers a and 6 are assumed to be real numbers, even if there is 
no explicit statement to that effect. 


Convergence of Sequences. A sequence of complex numbers converges if and 
only if it converges as a sequence of vectors in R?. The formal definition is the 
familiar one: 


Definition 1.2.1. A sequence {z,} of complex numbers is said to converge to the 
number w if, for every € > 0, there exists an integer N such that 


|z, —w|<e whenever n> WN. 


In this case, we say that w is the limit of the sequence z, and write limp. Zn = W, 
or lim z, = w, or simply z, > w. 


Remark 1.2.2. There are a couple of simple observations about convergence of 
sequences that will prove to be very useful. 


(1) If {z,} is a sequence of complex numbers, then lim z, = w if and only if 
lim |z, — w| = 0. 

(2) If {an} and {b,} are sequences of real numbers with 0 < an, < by, and if 
bn — 0, then also a, — 0. 


These both follow immediately from the definition of limit of a sequence. The 
second is one form of what is sometimes called the squeeze principle. 


The first of these observations reduces the problem of showing that a sequence 
of complex numbers converges to a given complex number to showing that a certain 
sequence of non-negative real numbers converges to 0. This is useful because we 
have many tools at our disposal to show that a sequence of non-negative numbers 
converges to 0. One of the most useful of these tools is the second observation 
above. The next example and the proof of the following theorem are excellent 
examples of how this works. 


Example 1.2.3. Prove that lim z” = 0 if |z| < 1. 


Solution: Note that |z"| = |z|" follows from Part (e) of Theorem 1.1.7. If 
|z| < 1 then lim|z|” = 0. That lim z” = 0, as well, follows from (1) of Remark 
1.22. 


Theorem 1.2.4. A sequence of complex numbers {z,} converges to a complex 
number w if and only if {Re(zn)} converges to Re(w) and {Im(z,)} converges to 
Im(w). 
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Proof. By Theorem 1.1.8 we know that 

| Re(zn) — Re(w)| < |zn — w], 

|Im(zn) — Im(w)] < |zn — w| and 

|Z, — w| < | Re(z,) — Re(w)| + | Im(z,,) — Im(w)| 
for each n. The first two of these inequalities, together with Remark 1.2.2, im- 
ply that if z, — w, then Re(zp) > Re(w) and Im(zp) > Im(w). The third 
inequality, together with the fact that the sum of two sequences converging to 


zero also converges to zero, implies the converse — that is, if Re(z,) > Re(w) and 
Im(zn) > Im(w), then z, > w. 


Example 1.2.5. Show that the sequence {27~” + in/(n + 1)} converges to i. 
Solution: This follows from the previous theorem and the fact that 2~" —> 0 

and n/(n+1) > 1. 

Example 1.2.6. Show that if {z,} and {w,} are two convergent sequences of 

complex numbers with z, > z and wn > w, then z,+wy > ztw and z,Wn > zw. 


Solution: If z, = 2, +iyn, z= xUL+1y, Wn = Un + ivy and w = u+ iv, then 


Zn + Wn = Ln +Un +U(Yn + Un), 


ztw=r+utilyt+y), 


Zn Wn = LnUn — YnUn + (LnUn + Yntn)i 
and 
zw = xu— yout (au + yu)i. 

We know that rn > 2, Yn > Y,; Un 2 u and v, > v. We also know the rules 
about limits of products, sums and differences of sequences of real numbers. These 
rules imply t, + Un 7 ©C+U, Yn t+ Un A YHYV, LnUn — YnUn DA TU — yv and 
LnUn + YnUn 4 cU+ yu. Since the real and imaginary parts of z, + wp and zn,wn 
converge to the real and imaginary parts, respectively, of z+w and zw, the previous 
theorem implies that z, + wy, 7 z+w and z,wy > zw. 


Series of Complex Numbers. A series of complex numbers is a formal sum of 


the form 
[oe) 


Soe =totatete tate: ; 

k=0 
with z, € C. The series converges if its sequence of partial sums {s,,} converges, 
where 


(1.2.1) Si es 
k=0 


In this case, if s = limp. Sn, then we say s is the sum of the series and write 
Co 
sz S- Zke 
k=0 


Just as with real series, if a series Bra Zp, converges, then its terms must tend 
to zero. Thus, if {z,} fails to have limit 0, then the series diverges. This test for 
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divergence is called the term test. Its proof for complex series is the same as the 
proof for real series. We leave it as an exercise (Exercise 1.2.9). 


Example 1.2.7. For what values of z does the complex geometric series 
co 
Dye 
k=0 


converge and what does it converge to? 


Solution: We first note that if |z| > 1, then |z|* > 1 for all k and the series 
diverges by the term test. For |z| < 1 we use the same trick that is used to study 
the real geometric series. The nth partial sum of the series is 


n 
Oe 
k=0 
If we multiply this by (1 — z), a vast cancellation of terms occurs and we obtain 


(l—z)s, =1-—2"""', 


so that 
lis grtl 


Sn = ———_.. 
l-<z 


Ly ; 
This sequence converges to if |z| < 1, since 
_— 2 


1 
l-<z 


>0 


“hima 
in this case. 

A series ye 4 zp, is said to converge absolutely if the series of positive terms 
es |z,,| converges. From calculus, we know a great deal about convergence of pos- 


itive termed series (comparison test, ratio test, root test, etc.), and so the following 
theorem will obviously play an important role. 


Theorem 1.2.8. If a series ea Zp of complex numbers converges absolutely, 
then it converges. Furthermore, 


Co 
> %#) S 


k=0 


Co 
Sal 
k=0 


Proof. By hypothesis, the series }77°,|z%| converges. If z, = ty + iyp, then 
\xx| < |zz| and |yx| <|zx%|. By the comparison test, the two series 


lo) co 
Yolen) and So lyn 
k=0 k=0 
both converge. This, in turn, implies that 
co co 
S- zr, and S- Yk 
k=0 k=0 


converge, since an absolutely convergent series of real numbers converges. This 
tells us that the real and imaginary parts of the sequence {s,,} of partial sums of 
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eo Zk are convergent and, by Theorem 1.2.4, so is the sequence {s,,} itself. Thus, 
the series converges. 


It follows from the triangle inequality that 


n 
< ae 
k=0 


The inequality of the theorem follows when we pass to the limit as n > oo in this 
inequality and use the result of Exercise 1.2.7. 


n 


Yt 


k=0 


Isn| = 


Example 1.2.9. Prove that the complex series )77°_,(k + k?i)~1 converges abso- 
lutely. 


Solution: By the second form of the triangle inequality (see Exercise 1.2.2) 


we have 5 


k 
Jk + ki) > kh? -k> py tt eee: 
Thus, 
|Jk+k'i\"+<2k-? if k>2. 
Since the p-series )77~_, k~? converges, so does }>°°_, 2k~? and, by comparison, 
pe |k+ki|-!. Thus, 3°°°,(k + k7i)~! converges absolutely. 
k=l k=l 


Power Series. A complex power series is a series of the form 
co 
(1.2.2) S an(z— 20)”, 
n=0 


where the coefficients a, are complex numbers, zp is a complex number and z is a 
complex variable. A power series of this form is said to be centered at zo. It defines 
a complex function of the complex variable z, with domain the set of those z € C 
for which the series converges. 


Remark 1.2.10. We know from calculus that the set on which a real power series 


lo) 
SS An (x — Xo)” 
n=0 


converges is an interval — the interval of convergence — consisting of an open interval 
centered at x9 and possibly one or both of its endpoints. The power series converges 
absolutely at each point of the open interval. The radius of this interval is called 
the radius of convergence of the power series and is computed using the root test 
or the ratio test. As we shall see in Chapter 3, a similar result is true for complex 
power series, but the interval of convergence is replaced by a disc of convergence. 
If for r > 0 we set 


D,(z) = {z€C:|z|<r} and D,(z)={z€C: |z| <r}, 


then D,(z) is called the open disc of radius r, centered at zo, while D,(zo) is 
called the closed disc of radius r, centered at z . Given a power series, centered at 
zo, there is a number R > 0, called the radius of convergence of the power series, 
such that the series converges absolutely for each z € Dr(zo) and diverges for each 
z ¢ Dr(z). When we study power series in detail, we will prove this result and tell 
how to calculate R in general. However, for most of the series we will be studying, 
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there are elementary ways to show that this result holds and to find R. One simply 
uses the standard convergence tests from calculus — particularly the ratio test. 


Example 1.2.11. Find the radius of convergence of the series 
i se 
12: Ln . 


Solution: If we apply the ratio test to the series )7>~_, |z|"/n, we conclude 
that this series converges for |z| < 1 and diverges for |z| > 1. Hence, by Theorem 
1.2.8, the series (1.2.3) also converges for |z| < 1. If |z| > 1, then the sequence of 
terms of this series fails to converge to zero (since |z|"/n — +00) and so the series 
diverges by the term test. Thus our series converges on D;(0) and diverges outside 
of D,(0). We conclude that it has radius of convergence 1. 


Example 1.2.12. Show that the radius of convergence of the series 


Co n 


(1.2.4) S- — 


n=0 
is +oo — that is, the series converges for all z. 


Solution: We apply the ratio test to the series }7*~_, |z|"/n!. We have 


a) oa 


which converges to 0 for all z. Hence, by the ratio test, the power series (1.2.4) 
converges for all z € C. The radius of convergence is, thus, +co. 


Example 1.2.13. Find the radius of convergence of the power series 


[oe) 
) Anz” 
n=0 


where a, = 2” if n is prime and a,, = 0 if n is not prime. 

Solution: We cannot use the ratio test on this one because most of the terms 
of the series are 0. However, if we compare the series 77, an|z|” with the series 
rg 2”\z|" — a series to which we can apply the ratio test — we conclude that the 
series converges for |z| < 1/2. If |z| > 1/2, then the terms of our series do not tend 
to 0 and so the series diverges by the term test. We conclude that the radius of 
convergence is 1/2. 


Exercise Set 1.2 


1. Show that the sequence (2+ ni)~! converges to 0. 
2. Prove the second form of the triangle inequality for complex numbers: | |z| — 
hol | < [2 — wl. 
1 
a oe 
z+5|7 |z|-—5 
4. Does the sequence (1/2 + i//2)" converge? 


3. Show that 


14 1. The Complex Numbers 


5. For which values of z does the sequence {z”} converge? 


6. Prove that if a sequence {z,,} converges, then it is bounded — that is, there is a 
positive number M such that |z,| < M for all n. Hint: Show that there is an 
N such that |z,| < |z|+1 for alln > N. This gives an upper bound for |z,,| 
for all but finitely many of the zy. 


7. Prove that if {z,} is a sequence with lim z, = w, then lim Z,; = W and lim |z,| = 
|w]. 

8. For the sequence of the previous exercise, prove that lim1/z, = 1/w provided 
w #0. 

9. Prove the term test for divergence of a series. That is, if the sequence of terms 
{zr} does not have limit 0, then the series 77° 9 zm diverges. 


10. Does the series 77° 9 n/(3 + 2ni) converge? 

11. Does the series S>*°_, n/(n? + 2i) converge? 

12. For which values of z does the series )>7° 9 1/(n? + z”) converge? 

13. Find the radius of convergence of the power series )>~_, nz”. 

14. Find the radius of convergence of the power series )>~_, 2"/3”. 

15. Find the radius of convergence of the power series )>~_, 2"/(1 + 2”). 


16. Find the radius of convergence of the power series )>>°_,(n!/n”)z”. 


1.3. The Exponential Function 


There are many real-valued functions of a real variable that have natural extensions 
to complex-valued functions of a complex variable. In fact, this is true of all real 
functions that have convergent power series expansions. If f(x) = 77° 9 an(w—20)” 
is a real power series which converges on an interval of radius R about xo, then the 
complex power series f(z) = )>7°9 an(z— 0)” converges in the open disc of radius 
R about xo (Exercise 1.3.10) and serves to extend f to a function f(z) defined for 
z in the disc Dr(ao). 

One of the most important examples of the use of this technique is provided 
by the exponential function. We know from calculus that 


where the series converges to e” on the entire real line. We saw in Example 1.2.12 
that this same series, with x replaced by the complex variable z, converges abso- 
lutely on the entire complex plane. Thus, we get an extension of e” to a function 
e* defined on C as follows: 


Definition 1.3.1. For each z € C, we define exp(z) = e* by 


love) 
z z” 
ay 
n: 
n=0 
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This is the complex exponential function. It has many important properties, 
some expected and some surprising, as we shall see below. 


The Law of Exponents. A property that we should expect of an exponential 
function is the following. 


Theorem 1.3.2. If z,w € C, then et” = e7 ec”. 


Proof. The proof uses the complex form of the binomial formula: 


n 


nl Fayn—J 
(1.3.1) (z+w) = Leal 


This is proved using induction on n. We leave it as an exercise (Exercise 1.3.11). 


Proceeding with the proof of the theorem, and using (1.3.1), we have 
(1.3.2) 


If we make a change of variables by setting k = n—J in the inside summation, then 
(1.3.2) becomes 
(oor 
ik! 
n=0 \jtk=n jt 
This is precisely what we get if we expand the product 


Zw __ ipa a 
te ys j! is kl ]- 
j=0 k=0 
and collect terms of degree n. Provided this operation is valid, we conclude that 
et — ee”. It turns out that it is valid to expand the product of two infinite 
series in this fashion if they are both absolutely convergent. We prove this in the 
following lemma, which will complete the proof of the theorem. 


Lemma 1.3.3. Let Lo a; and Sy7° 4b, be two absolutely convergent series of 
complex numbers. Then 


Co 


(1.3.3) Sa; (>. m) = Soe. 
j=0 k=0 n=0 \j+tk=n 
Proof. The partial sums of the series involved here are 


J K N 
ss= jay, te =) ide, uw= Di ( dD) aybs 
j=0 k=0 n=0 \j+k=n 
The left side of (1.3.3) is, by definition, (lims,)(limtx), while the right side is 
limuy. We know lim s,; and limt,x both exist since the series defining them con- 
verge absolutely. We must prove that lim uy exists and equals (lim s7)(limtx). 
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For a given pair J, K, we let N = J+ Kk. Then uy is the sum of all terms ajby 
for which 7 +k < N, while sjtx% is the sum of those terms aj;b, for which 7 < J 
and k < kK. Thus, 


lun — Sytk| < S-{lajbe| :J+k<N, and either j > J ork > K} 


oe 2 ls ees Sa 
j=I+1 k=0 j=0 k=K+1 


lo) : lo) 
The sum >7j— 741 |@;| converges to zero as J — oo because the series })5" 9 a; 
converges absolutely, while )°7- ,, |be| converges to 0 as K — oo because S77" 9 be 
converges absolutely. 


To complete the proof, we choose for each non-negative integer N a J and k 
with J+ K = N, and we do this in such a way that as N > oo the corresponding 
J and K both also tend to oo. For example, we could choose J = K = N/2 if N is 
even, and J = K +1=N/2+1/2 if N is odd. Then, from (1.3.4) it is clear that 
lim jun — $78K| = 0, which implies lim uy = (lim s7)(lim sx). 


The Exponential of an Imaginary Number. If z = x + ty, then the law of 
exponents (Theorem 1.3.2) implies that 


e* =e“ elY, 
We understand the behavior of e” for real x from calculus. It is 1 at 0, is everywhere 
positive, increasing and concave upward; it rapidly approaches +-oo as x > oo and 


rapidly approaches 0 as 2 —> —oo. What about e’Y — the exponential of a purely 
imaginary number? Here there are some surprises. 

By the law of exponents, e’¥e~Y = e? = 1. Thus, 1/e’Y = e~¥. But also, for 
any z € C, e? = e” (Exercise 1.3.1) and, in particular, e’” =e" = 1/e'¥. This 
implies that | e’Y |? = 1 and, consequently, | e’” | = 1. Thus, e’¥ is always a point on 
the circle of radius 1 centered at 0 (we call this the unit circle). 

A more explicit description of the number e’” comes from examination of its 
power series definition. If we group together the even numbered terms (terms with 
n of the form n = 2k) and the odd numbered terms (terms with n of the form 
n = 2k +1) in this power series, we derive the identity 

oO /. oo k oo 2k+1 
(iy)” AE k_Y 
5 OP Say 
! ! ! 
cme ake (2 or (2k)! oa (2k + 1)! 
= cosy +isiny. 


Thus, we have proved the following theorem, which is known as Euler’s Identity. 


Theorem 1.3.4. The identity e’Y = cosy +isiny holds for ally ER. 


This shows that, not only is e’” a point on the unit circle, it is the point which 
is reached by rotating through an angle y (measured in radians) from the initial 
point (1,0). 


Example 1.3.5. Express the complex numbers e27, e7? and e™/? in standard 


form. 


1.3. The Exponential Function 17 


Solution: By Euler’s identity, we have 
e27? — cos2a +isin2a = 1, 
e™ — cosa +isina = —1, 
while 
e™/? — cosn/2+ isin n/2 =i. 


Properties of the Exponential Function. The law of exponents and Euler’s 
identity immediately imply: 


Theorem 1.3.6. If z= 2+ ty is a complex number, then e* = e*(cosy +isiny). 


There are a number of properties of the exponential function which follow easily 
from this characterization of e*. We collect them together in the following theorem 
whose proof is left to the exercises. 


Theorem 1.3.7. The exponential function has the following properties: 


(a) e* is never 0; 
(b | e7 | = eRe(z) 
c) |e? | < ell 


zZ+2ri 


is periodic of period 271, meaning e =e* for every z € C; 


Complex Trigonometric Functions. If we write out Euler’s identity with y 
replaced by @ and then by —@, we obtain a pair of identities 
e’? = cos + isin§, 
e ? = cos6 — isin#. 


If we solve this system of equations for cos @ and sin @, we obtain 


e te? 
cos? = 5 ; 
(1.3.5) nie Fas Be 
sin 9 = eae 
2% 


This suggests defining sin z and cos z for a complex variable z in the following way: 


Definition 1.3.8. For each z € C, we set 


e’ +e 7% 
COs Z = -—» 
el = ee 
sin z = - 
21 


These are the same functions that one would get by replacing x by z in the 
power series expansions of sinx and cosz. 

With sin z and cos z defined, it is easy to define complex versions of the other 
trigonometric functions. For example, 


(1.3.6) tanz = ——_ = 
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Example 1.3.9. How would you define a complex version of the arctan function? 


Solution: The power series which converges to arctan on (—1,1) is 


co ganti 
t = 1B is ; 
arctan © 2 ) reel 


If we replace « by the complex variable z, we obtain a series which converges on 
the disc D,(0). We then use it to define arctan z on this disc: 


co y2ntl 
n 
arctan z = DI 1) mod” 


aay 
Exercise Set 1.3 


Using the power series for e*, prove that e? = e* for each z € C. 


Bri /2 1374/6 in standard form. 


Express the complex numbers e7*/4, e , and e 
Express 1//2 + i/\/2 in the form e* for some complex number 2. 
Find all values of z for which e* = 1+ V3i. 

Prove that e* is never 0 (Part (a) of Theorem 1.3.7). 


Prove that |e”| = eRe) < ell for each z € C (Parts (b) and (c) of Theorem 
L307); 


7. Verify that e**?" = e* for every z € C (Part (d) of Theorem 1.3.7). 


8. Verify that e* = 1 if and only if z = 27ni for some interger n (Part (e) of 
Theorem 1.3.7). 


9. For which values of z is e* a real number? For which values is it an imaginary 
number? 


Oe OU AES, UO 


10. Show that if the real power series a a,x” has radius of convergence R, 
then the corresponding complex power series bears G@nz” also has radius of 
convergence R (you may assume radius of convergence for a complex power 
series makes sense and has the properties described in Remark 1.2.10). 


11. Use induction on n to prove the complex binomial formula (1.3.1). 


12. Derive the trigonometric identities 


sin(z + w) = sinzcosw + cos zsinw, 


cos(z + w) = cos zcosw — sin z sin w 
from the law of exponents (Theorem 1.3.2) and Euler’s identity (Theorem 
1.3.4). 


13. Show that cosiz = coshaz and siniz = isinhz, where cosh and sinh are the 
hyperbolic cosine and hyperbolic sine from calculus. 


14. Show that 
sin(a + ty) = sinxcoshy+icosasinhy and 


cos(a + iy) = cosa coshy — isin x sinh y. 
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15. How would you define a complex version of the function log(1 + x)? 


16. Verify that the power series defining arctan in Example 1.3.9 converges on the 
disc D,(0). 


1.4. Polar Form for Complex Numbers 


If u is a complex number of modulus 1, then u = cos@ + isin@ = e’’, where @ is 
an angle from the positive x axis to the ray from the origin through u. This angle 
is measured in radians and is the signed length of an arc on the unit circle joining 
(1,0) to wu. It is positive if the arc is traversed in the counterclockwise direction 
and negative if it is traversed in the clockwise direction. 


If z is any non-zero complex number, then z/|z| is a complex number of modulus 
1 and so it has the form e”’ for some 0. If we set r = |z|, then 
gare. 
This is the polar form of the complex number z. The angle 0 is called the argument 
of z and is denoted arg z. 


Comments: 
(1) By Euler’s identity (Theorem 1.3.4), re’? = r(cos@ + isin). 
(2) The number z must be non-zero for the argument to be defined. The polar 

form of z = 0 is just z = 0. 

(3) For z 4 0, there are infinitely many angles @ for which z = re’. Given one 
such @ the others are all of the form 6 + 27n, where n is an integer. Thus, 
arg(z) is not a single number, but a collection of numbers that differ from 
one another by multiples of 27. We can specify a particular one of these by 
insisting it lie in a particular half-open interval of length 27 — such as [0, 27) 
or (—7, 7]. 


Ww 


(4 


WN 


The numbers (r, 0), where r = |z| and @ is a value of arg(z), are polar coordi- 
nates for z = x + iy considered as a point (x,y) in R?. 


(5) We now have two useful ways of expressing a complex number z, the standard 
form «x + iy and the polar form re’. It is important to be able to easily 
change from one to the other. 

Example 1.4.1. Find the polar form for the complex number z = 2 + 21. 
Solution: We have 
r=//22422=2V/2 and 0= arctan(1) = 7/4. 
Thus, z = 2/2e7*/¢ is the polar form of z. 
Example 1.4.2. Put the complex number z = 2e7*/® in standard form x + iy. 
Solution: We have 
a =2cost/6=V3 and y=2sinr/6=1 


and so z= V3+i. 
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Figure 1.4.1. The Polar Form re’? of a Complex Number. 


Products, Powers, and Roots. Polar form is particularly useful in dealing with 
products of complex numbers, since the product has such a simple expression if the 
numbers are given in polar form. If z] =r; e and zo = rg e’2, then the law of 
exponents implies that 
(1.4.1) 2122 =1717T2 ef (41 +62) . 


Thus, 2122 is the complex number whose norm (distance from the origin) |z122| is 
the product of |z;| and |z2| and whose argument is the sum of the arguments of 2 
and 2. 


Similarly, the quotient of z, and z2 is given by 
(1.4.2) 21/22 = (1/12) e891 —%) , 
Example 1.4.3. Find 2,22 and 21/2 if z; = 2e7*/3 and z2 = 3e?7?/8, 
Solution: By (1.4.1) and (1.4.2), we have 
Z22=6e™=-6 and 2/29 = (2/3)e-7/9 = 1/3 — iV3/3. 


It is evident from (1.4.1) that the nth power of a complex number z = re”? is 
(1.4.3) are. 


From this we conclude that if z = re’®, and we choose w = r!/"e!9/", then 
w” = z. Thus, w is an nth root of z. It is not the only one, however. Since z can 
also be written as z = e“(?+?7*) for any integer k, each of the numbers 
_ pi/n elit erkia) 


n 


Wk 
where &k is an integer, is also an nth root of z. Of course, these numbers are not all 
different. Those whose arguments differ by an integral multiple of 27 are the same. 


The numbers wo, w1,W2,°** ,Wn—1 are all distinct, but every other wz is equal to 
one of these. This proves the following theorem. 


Theorem 1.4.4. If z = re’? is a non-zero complex number, then z has exactly n 
nth roots. They are the numbers 


pide gle/ntankin) for k=0,1,2,---,n—1. 
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-1/2+i/3/2 


-1/2-iV3/2 


Figure 1.4.2. The Cube Roots of Unity. 


Note that the n numbers e(°/"+27*/") that appear in this result are evenly 
spaced around the unit circle, with each successive pair separated by an angle of 
Q7r/n. 


The nth roots of the number 1 play a special role. They are called the nth roots 
of unity. If we apply the above theorem in the special case where r = 1 and 0 = 0, 
it tells us that the nth roots of unity are the numbers 


(1.4.4) etn for p= 0,1,0)-+ w= 
Example 1.4.5. Find the cube roots of unity. 


Solution: In the particular case where n = 3, (1.4.4) tells us that the roots of 
unity are 
e = 1, 
e274/3 — 1/24 (/3/2)i, and 
et™/3 — 1/2 — (/3/2)4. 
Example 1.4.6. Find the cube roots of 21. 
ni /2 


Solution: Since 22 = 2e"’/*, Theorem 1.4.4 implies that the cube roots of 22 


are 
21/8 ert/6 — 91/3 (4/3 /2 + 4/2), 
91/3 gi(m/6+2n/3) _ 91/3 _57i/6 _ 21/3 (_./3/2 +i/2), and 
91/3 gi(t/6+4n/3) _ 91/3 Q3mi/2 _ _ 91/3, 


The Logarithm. If z = re’’, and logr is the natural logarithm of the positive 
number r, then the law of exponents implies that 


z= los r+i0 . 


Thus, it would make sense to define log z to be logr + 70 = log |z|+-2 arg z. There is 
a problem with this, however. There are infinitely many possible choices for arg z, 
and so log z is not well defined, just as arg z is not well defined. 


The solution to this problem is to restrict 0 = arg z to lie in a specific half-open 
interval of length 27. 
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Figure 1.4.3. Principal Branch of the Log Function on an Annulus. 


Definition 1.4.7. Given a half-open interval J of length 27 on the line R, let 
arg, z, for z £ 0, be the value of arg z that lies in the interval J. Then the function 
defined for z 4 0 by 

log z = log |z| + iarg, z 
will be called the branch of the log function defined by J. In the special case where 
I = (—1, 7], this function will be called the principal branch of the log function. 


The following properties of the various branches of the log function follow easily 
from the definition and the properties of the exponential function. The proofs are 
left to the exercises. 


Theorem 1.4.8. Jf log is the branch of the the log function determined by an 
interval I, then 


(a) if z 40, then e°&* = z; 
if z © C, then loge* = z+ 2rki for some integer k; 


) 
(c) ifz,w EC, then log zw = logz + log w + 2rki for some integer k; 
) log 1 = 2rki for some integer k; 

) log agrees with the ordinary natural log function on the positive real numbers 


if and only if the interval I contains 0. 


Suppose the interval J defining a branch of the log function has endpoints a 
and b with a < b. Then, since b — a = 27, the polar coordinate equations 6 = a 
and 6 = b define the same ray. This ray is called the cut line for this branch of the 
logarithm. Observe that if z and w are two complex numbers with |z| = |w| > 0 
which are close to each other, but on opposite sides of the cut line — say with arg; z 
near a and arg; w near b — then log w — log z is nearly 277. In other words, as we 
cross the cut line moving in the clockwise direction, the value of log jumps by 277. 
Thus, log is not continuous at points on the cut line. Later we will show that it is 
continuous everywhere else. 
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Other Functions. If we fix a branch of the complex log function, we can define 
a number of other complex functions which are extensions of familiar real functions. 
We mention some of these briefly. 


An nth root function can be defined by setting 0!/" = 0 and 
(1.4.5) gi/m — e(i/m)logz if 2 £0, 
A special case of this is the square root function defined by V/0 = 0 and 
(1.4.6) Jz=e/ lesz if 240, 


Note that the nth root function, as defined by (1.4.5), is giving only one of the 
nth roots of z. Which one is determined by the branch of the log function that is 
used. The other nth roots are obtained by multiplying this one by the nth roots 
of unity (Exercise 1.4.9). For example, given one square root of z, the other is 
obtained by multipling it by —1. 


Example 1.4.9. If \/z is defined using the principal branch of the log function, 
analyze the behavior of \/z near the cut line for this branch. 


Solution: For the principal branch of the log function the interval J is (—7, 7] 
and so the cut line is the line defined by 6 = 7 in polar coordinates — that is, it is 
the negative real axis. If z = re’® is just above the negative real axis, then log z is 
nearly logr + im and 

Vz a e(1/2) log z 


is nearly i,/r. On the other hand, if z is just below the negative axis, then log z is 
nearly log r — iz, (1/2) log z is close to (logr — im)/2 and \/z is close to —ix/r. In 
other words, as z crosses the cut line, \/z jumps from one square root of z to its 
negative, which is the other square root of z. 


Example 1.4.10. Analyze the function /z? +1, where the square root function 
is defined, as above, using the principal branch of the log function. 


Solution: The cut line for \/z is the same as for log — the half-line of negative 
reals. The function \/z jumps from values on the positive imaginary axis to their 
negatives as z crosses this line in the counterclockwise direction. The number z?+1 
crosses the negative real half-line in the counterclockwise direction as z crosses either 
(i, ico) or (—ioo, —7) in the counterclockwise direction. Thus, these two half-lines 
on the imaginary axes are where discontinuities of Vz? +1 occur. As either of 
these half-lines is crossed in the counterclockwise direction, a typical value of this 
function jumps from a number it with t > 0 to —it (see Figure 1.4.4). 


Raising a complex number to a complex power is another function that can be 
defined using a branch of the log function. If z 4 0 and a is any complex number, 
then we set 


(1.4.7) ee 


Here, we are thinking of a as being fixed and z is the independent variable of the 
function. If we want the exponent to be the variable, we would write 


(1.4.8) ic Sere. 
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Figure 1.4.4. The Cut Line Discontinuities of Vz? + 1. 


Note that for any function defined in terms of a branch log z of the log func- 


tion, we can expect trouble along the cut line for log. Since, log has a jump or 
discontinuity as we cross the cut line, we can expect the same for functions defined 
in terms of it. 


Also, we emphasize that functions defined this way depend on the choice of a 


branch of the log function. If one wants such a function to agree with the standard 
one on the positive real axis, then one must choose a branch of the log function 
which is the ordinary natural logarithm on the positive real numbers. By Theorem 
1.4.8, Part(e), this happens if and only if the interval J, in which arg(z) is required 
to lie, contains 0. In particular, the principal branch has this property. 


Exercise Set 1.4 


1. Put each of the complex numbers —1, i, —i,1+ V3 i, and 5— 5% in polar form. 


Put each of the complex numbers e4%', 327/83, 5 e®7*/?, and 2e737*/4 in stan- 
dard form. 


Find all powers of e™’/8. How many distinct powers of this number are there? 


. Show that (1 — i)’ = 8(1 +7) by converting to polar form, taking the seventh 


power, and then converting back to standard form. 

Using a calculator, calculate (1.2 e°*)” for n = 1,-+- ,6 and graph the resulting 
points. Do the same for (.8 e°')”. 

Prove that if z is a number on the unit circle, then z has finitely many distinct 
powers z” if and only if the argument of z is a rational multiple of 27. 


7. What are the 4th roots of unity? 
8. What are the cube roots of —9? 
9. Show that, given one nth root of z, the others are obtained by multiplying it 


10. 


by the nth roots of unity. 
Find arg, z if (a) z = —i and I = (—7, 7], (b) z = —i and I = (0, 27), (c) z=1 
and I = [3a/2, 77/2). 
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11. 
12: 


13. 
14. 
15. 


16. 


17. 


18. 


For the principal branch of the log function, find log(1 — 7). 

Find log(1 — 7) for the branch of the log function determined by the interval 
(0, 277). 

Prove (a) and (b) of Theorem 1.4.8. 

Prove (c), (d), and (e) of Theorem 1.4.8. 

Analyze the function z‘ defined by (1.4.7) using the principal branch of the log 


function. What kind of a jump, if any, does it have as z crosses the negative 
real axis? 


Analyze the function 1 — 22, where the square root function is defined by 
the principal branch of the log function. Where does it have discontinuities 
(jumps)? 

Let the square root function be defined by the principal branch of the log 
function. Compare the functions Vz? — 1 and /z+1V/z—I. Where are the 
discontinuities of each function? 


oo gntl 


Use this to derive Lagrange’s Peewee dene 

1 sin(n+1/2)0 
2 2sin 6/2 
Hint: Take the real parts of both sides in the first identity. 


The identity l+2+2%7+---+2"= was derived in Example 1.2.7. 


1+ cosé + cos 26 +---+cosné = 


gg NJ 
Chapter 2 


Analytic Functions 


Complex Variables is the study of functions of a complex variable — specifically, 
analytic functions of a complex variable. These are functions which have a complex 
derivative in a sense that we shall define shortly. Analytic functions have amazing 
properties, and deriving these properties will be the main focus of the text. The 
amazing properties of analytic functions stem from the fact that the existence of 
a complex derivative is a much more powerful condition than the existence of the 
real derivative for a function of a real variable. 


We have already seen several examples of analytic functions. The exponential 
function and the sine and cosine functions are analytic functions on the entire plane. 
The log and nth root functions are analytic except on the cut line for the branch 
of the log function that is used in their definitions. 


We must prove one difficult theorem about analytic functions (the Cauchy 
Integral Theorem), and then a wealth of amazing theorems with simple proofs will 
follow. 


We begin this chapter with a review of the basic facts about continuous func- 
tions in the plane. We then define analytic functions and prove some elementary 
theorems concerning them. Next we introduce contour integration and prepare for 
our assault on Cauchy’s Theorem. Finally, in Sections 2.5 and 2.6 we prove two 
limited versions of this theorem. This provides us enough of the power of Cauchy’s 
Theorem to allow us to move on to Chapter 3, where we develop a wide range of 
applications. However, we put off proving the most general version of Cauchy’s 
Theorem until Chapter 4. 


2.1. Continuous Functions 


Since, geometrically, C is just R*, notions of distance, convergence of sequences, and 
continuity of functions are the same for C as for R?. In particular, a complex-valued 
function of a complex variable may be regarded as a function of two real variables 
with values in R?. The student who has had a course in multivariable calculus 
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already knows what it means for such a function to be continuous. Still, we will 
review the basics of continuity in this context, partly in order to set terminology 
and notation that is peculiar to the complex variables context. 


Open and Closed Sets. Recall that the open disc D,(zq) and closed disc 
D,(z9), centered at zp, with radius r > 0, are defined by 


D,(z) ={z€C:|z—2|<r} and D,(z)={ze€C: |z—29| <r}. 


Open intervals and closed intervals on the real line play an important part in 
calculus in one variable. Open and closed discs are the direct analogues in C of 
open and closed intervals on the line. However, the geometry of the plane is much 
more complicated than that of the line. We will need the concepts of open and 
closed for sets that are far more complicated than discs. This leads to the following 
definition. 


Definition 2.1.1. If W is a subset of C, we will say that W is open if, for each 
point w € W, there is an open disc centered at w which is contained in W. We 
will say that a subset of C is closed if its complement is open. A neighborhood of 
a point z € C is any open set which contains z. 


It might seem obvious that open discs are open sets and closed discs are closed 
sets. However, that is only because we have chosen to call them open discs and 
closed discs. We actually have to prove that they satisfy the conditions of the 
preceding definition. We do this in the next theorem. 


Theorem 2.1.2. We have: 


(a) the empty set @ is both open and closed; 


(b) the whole space C is both open and closed; 
(c) each open disc is open; 
(d) each closed disc is closed. 


Proof. The empty set is open because it has no points, and so the condition that 
a set be open, stated in Definition 2.1.1, is vacuously satisfied. The set C is open 
because it contains any open disc centered at any of its points. Thus, @ and C are 
both open. Since they are complements of one another, they are also both closed. 


To prove (c), we suppose D,(zq) is an open disc and w is one of its points. 
Then |w — z| < r and so, if we set s = r—|w — zo|, then s > 0. Also, if z € D,(w), 
then |z — w| < s and so 


lz — 29| < |z —w| + |w — 20] < s+ |w — 20| =7, 


and so z € D,(zo) (see Figure 2.1.1). Thus, we have shown that, for each w € 
D,(z), there is an open disc, D,(w), centered at w, which is contained in D,(z0). 
By definition, this means that D,(zo) is open. This completes the proof of (c). 


To prove (d), we consider a closed disc D,.(z). To prove that it is a closed set, 
we must show its complement is open. Suppose w is a point in its complement. This 
means w € C but w ¢ D,(zo), and so |w—2z0| > r. This time we set s = |w—2z0|—r 
and we claim that the open disc D,(w) is contained in the complement of D,.(z0). 
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Zo 


Figure 2.1.1. Proving Theorem 2.1.2 (c) and (d). 


In fact, if z € Ds(w), then |z — w| < s and so, by the second form of the triangle 
inequality (Exercise 1.2.2), 


|z — 29| > |w — zo] — |z —w| > |w — zo] —s = 7, 


which means z is in the complement of D,(z 9). Thus, we have proved that each 
point of the complement of D,(zo) is the center of an open disc contained in the 
complement of D,(zo). This proves that this complement is open, hence, that 
D,(z0) is closed. 


The next theorem shows that the collection of all open subsets of C forms what 
is called a topology for C. It says that the collection of open subsets is closed under 
arbitrary unions and finite intersections. 


Theorem 2.1.3. The union of an arbitrary collection of open sets is open, while 
the intersection of any finite collection of open sets is open. On the other hand, 
the intersection of an arbitrary collection of closed sets is closed, while the union 
of any finite collection of closed sets is closed. 


Proof. If zo € C, V is an arbitrary collection of open sets, and U = LV is its 
union, then zg is in U if and only if it is in at least one of the sets in V. Suppose, it 
is in V € V. Then, since V is open, there is a disc D,.(z9), centered at zo, which is 
contained in V. Then this disc is also contained in U. This proves that U is open. 


Now suppose {V;, V2,--- , Ve} is a finite collection of open sets and 
zw €U=ViNVAN-:- AV. 
Then, since each V;, is open, there exists for each k a radius ry, such that D,, (zo) C 


V,. If r = min{ri,7r2,--- , rn}, then D,(zo) C Ve for every k, which implies that 
D,(z) C U. It follows that U is open. 


The proofs of the statements for closed sets follow from those for open sets by 
taking complements. We leave the details to Exercise 2.1.1. 


A consequence of the above theorem is: if U is open and K is closed, then the 
set-theoretic difference U \ K is open. Similarly, K \ U is closed (Exercise 2.1.2). 


Example 2.1.4. If 0 <r <1, prove that the annulus A = {z € C: r < |z| < R} 
is open. 
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E E° E 


Figure 2.1.2. The Set E of Example 2.1.7, its Interior E°, and Closure E. 


Solution: The disc Dr(0) is open, the disc D,(0) is closed, and A is the 
set-theoretic difference Dp(0) \ D,(0). Thus, by the previous remark, A is open. 

Interior, Closure, and Boundary. If F is a subset of C, then FE contains a 
largest open subset, meaning an open subset of & that contains all other open 
subsets of EF. In fact, the union of all open subsets of F is open, by Theorem 2.1.3, 
and is a subset of EF which contains all open subsets of FE. Similarly, the intersection 
of all closed sets containing F is the smallest closed set containing E. Thus, the 
following definition makes sense. 


Definition 2.1.5. Let E be a subset of C. Then: 
(a) the largest open subset of E is called the interior of E and is denoted E°; 
(b) the smallest closed set containing E is called the closure of FE and is denoted 
EB. 


, 


(c) the set E \ E° is called the boundary of E and is denoted OF. 

Recall that a neighborhood of a point z € C is any open set containing Zo. 
The proof of the following theorem is elementary and is left to the exercises. 
Theorem 2.1.6. Let E be a subset of C and z an element of C. Then: 

(a) 2 € E® if and only if there is a neighborhood of z that is contained in E; 
(b) z € E if and only if every neighborhood of z contains a point of E; 


(c) z € OE if and only if every neighborhood of z contains points of E and points 
of the complement of E. 


Example 2.1.7. Find the interior, closure and boundary for the set 
E={zeEC:|z| <1, Im(z) > 0} U {-iy: y€ [0, 1]}. 
Solution: It is immediate from the previous theorem that 
E° ={z€C: |z| <1, Im(z) > 0}, 
E={ze€C: |z| <1, Im(z) > 0} U{-iy: ye [0, IJ}, 
OF = {z€C: |z| =1, Im(z) > 0} U[-1, 1] U {-iy: y€ [0, 1}. 
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Limits. We will be primarily concerned with complex-valued functions defined 
on open subsets of C. However, we will also need to deal with functions whose 
domain is some other kind of subset of C. For example, in the next section we will 
be dealing with curves in C. A curve in C is a continuous complex-valued function 
whose domain is an interval on the real line. We will also deal eventually with 
functions defined on a closed disc or a circle or some other closed subset of C. The 
definitions of limit and continuity we adopt here are general enough to handle all 
these situations. However, as a result, they are very much domain dependent. That 
is, the limit of a function at a point and whether or not the function is continuous 
at a point depend very much on which set is considered to be the domain of the 
function. 


The definition of limit is the familiar one from calculus except for extra care 
about the domain of the function and a condition concerning isolated points, as 
defined below. 


If E is a subset of C, then an isolated point of E is an element a € E such that 
there is a neighborhood of a which contains no other points of E. 


Definition 2.1.8. If f is a complex-valued function with domain FE, and a € E 
but is not an isolated point of F, then we say lim,_,, f(z) = L if, for every € > 0, 
there is a 6 > 0 such that | f(z) — L| < « whenever z € E and 0 < |z—a| <6. In 
this case, we say that f has limit L at a. 


The condition “z € E” in this definition means that whether or not the limit 
exists may depend on £. That is, given a function f defined on a set E and a 
subset D of E, we can always consider a new function f|p which is f restricted 
to the new domain D. It may be that the limit as z > a does not exist for f as 
defined on its original domain EF, but the limit of f|p does exist. 


Example 2.1.9. Show that the function f(z) = z/|z| with domain D,(0) \ {0} 
does not have a limit as z > 0, but if this function is restricted to the domain 
(0,1) C R, then its limit as z > 0 is 1. 

Solution: If f is considered as a function with domain D,(0) \ {0}, then for 
each z = re’ in this domain, f(z) = e’®. Thus f takes on every value of modulus 
one in every open disc D5(0) with 6 < 1. So there is certainly no one number 
that f(z) is approaching as z > 0. On the other hand, suppose f is restricted to 
(0,1) C R. On this interval, f is identically 1 and so its limit as z > 0 is also 1. 


A deleted neighborhood of a € C is a set of the form V \ {a} where V is 
neighborhood of a. Using neighborhoods and deleted neighborhoods, the limit 
concept may be rephrased as follows. 


Theorem 2.1.10. Jf f is a complex-valued function with domain E, and if a € E, 
then lim, +a f(z) = L if and only if for every neighborhood W of L there is a deleted 
neighborhood V of a such that 


(2.1.1) f(ENV) CW. 


Proof. If lim... f(z) = LZ and W is a neighborhood of L, then, since W is open 
and contains L, there is an € > 0 such that D.(L) C W. By the definition of limit, 
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there is a 6 > 0 such that | f(z) — L| < « whenever z € FE and 0 < |z—a| < 6. This 
is equivalent to the statement 


f(EN Ds(a) \ {a}) C D.(L) CW. 


Thus, if we choose V = Ds(a)\ {a}, then V is a deleted neighborhood of a satisfying 
(2.1.1). This proves the “only if” part of the theorem. 


oes 


To prove the “if” part, we assume that for every neighborhood W of L there 
is a deleted neighborhood V of a such that f(E 9V) C W. Then, given € > 0, 
let W = D,(L) and let V be a deleted neighborhood of a satisfying (2.1.1). Since 
V U {a} is open, there exists a 6 > 0 such that Ds(a) C VU {a}. Then 


f(EN Ds(a) \ {a}) C f(ENV) CW =D,(L). 


This is equivalent to the statement that |f(z) — w| < € whenever z € E and 
0 <|z—a| <0. Thus, by definition, lim,_,, f(z) = L 


Continuity. The definition of a continuous function should also be familiar from 
calculus. 


Definition 2.1.11. A function f with domain F is said to be continuous at a € EF 
if 

lim f(2) = f(a). 
If f is continuous at every point of F, then we say that f is continous on E. The 


set of all functions with domain FE, which are continuous on F, will be denoted 
C(E). 


Example 2.1.12. Show that |z| is a continuous function of z on all of C. 


Solution: Let z and a be elements of C. By the second form of the triangle 
inequality, we have 
lz] — lal < |z—al. 
It follows from this that lim,_,, |z| = |a] and, hence, that |z| is continuous at z. In 
fact, given € > 0, it suffices to choose 6 = ¢ in the definition of limit, since |z—a| < € 
implies ||z| — |a|| < e. 


The definition of continuous function is also very domain dependent. For ex- 
ample, if the function f(z) = z/|z| of Example 2.1.9 is given the value 1 at 0, then 
it is continuous at 0 as a function with domain [0,1), but if we consider its domain 
to be D,(0), then it is not continuous. 


The next result characterizes functions which are defined and continuous on an 
open set U as those functions f on U for which f~! preserves open sets. 


Theorem 2.1.13. Jf f is a complex-valued function defined on an open set U CC, 
then f is continuous on U if and only if f~'(W) is open for every open set W C C. 


Proof. Suppose f is continous on U and W is an open subset of C. Ifa € f-!(W), 
then lim,_,4 f(z) = f(a) © W. Since W is a neighborhood of f(a), it follows from 
Theorem 2.1.10 that there is a neighborhood V of a such that f(UN V) Cc W 
(actually, Theorem 2.1.10 guarantees a deleted neighborhood V with this property, 
but since f(a) € W, it does not change things to put a back in the deleted neigh- 
borhood and claim there is an actual neighborhood V as above). Thus, UNM V is 
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an open subset of f~'(W) containing a. We have now proved that every element 
of f—!(W) is contained in an open set contained in f~!(W). The union of all such 
open sets is open and is equal to f~'(W). Thus, f~1(W) is open. 

To prove the converse, we suppose that f~'(W) is open for every open set 
W. It follows that for each a € U and each neighborhood W of f(a), we have 
f—*(W) is a neighborhood of a. By Theorem 2.1.10, lim... f(z) = f(a) and so f 
is continuous at a. Since a was any point of U, f is continuous on U. 


If f and g are functions with domain a set E and they are both continuous at 
a€ E, then f +g and fg are continuous at a, and f/g is continuous at a provided 
g(a) # 0. The proofs of these facts for complex-valued functions of a complex 
variable are no different than the proofs, given in calculus, of the corresponding 
facts for functions of a real variable. Thus, we will accept them without further 
comment. 


Obviously, constants are continuous everywhere, as is the function z itself. It 
follows that polynomials in z are also continuous everywhere. 


If g with domain F is continuous at a and f with domain D is continuous at 
b = f(a), and if g(E) C D, then the composite function f o g, with domain E£, is 
continuous at a. This is another fact whose proof for functions of a complex variable 
is no different than the proof from calculus of the analogous result for functions of 
a real variable. 


Example 2.1.14. Prove that if g is a continuous non-vanishing function on an 
open subset U C C, then log |g| is continous on U. 


Solution: The function |g(z)| is continuous on U because it is the composition 
of the function g, which is continuous on U, and the function |-|, which is continous 
everywhere. Also, |g(z)| has its values in the positive reals, since g is non-vanishing 
on U. The function log is continuous on the positive reals and so the composition 
log |g| is continuous on U. 


_—— ES 
Exercise Set 2.1 


1. Prove the second statement of Theorem 2.1.3. That is, prove that the intersec- 
tion of an arbitrary collection of closed sets is closed, while the union of any 
finite collection of closed sets is closed. 

2. Prove that if U is open and K is closed, then the set-theoretic difference U \ K 
is open, while K \ U is closed. 

3. Prove Theorem 2.1.6. 

4. Show that the set A = {z € C: Re(z) > 0} is open. Hint: You must show that 
each point w € A is the center of an open disc which is entirely contained in A. 

5. Tell which of the following sets are open subsets of C, which are closed, and 
which are neither (no proof required): 

(a) {2 €C:1< |z| < 2}; 
(b) {z € C: Im(z) = 0,0 < Re(z) < 1}; 
(c) {2 €C:-1< Re(z) < 1}, -1 < Im(z) < 1}. 
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6. Find the interior, closure, and boundary for the set {z € C: 1 < |z| < 2} (no 
proof required). 


7. Prove that w € C is in the closure of a set E C C if and only if there is a 
sequence {z,} C E such that lim z, = w. Thus, a set F is closed if and only if 
it contains all limits of convergent sequences of points in E. 


8. Does lim,_59 f(z) exist if f(z) = om with domain C\ {0}? How about if 
z 
the domain is restricted to be just R \ {0}? 


9. Prove that Re(z), Im(z), and Z are continuous functions of z. 


10. At which points of C is the function (1 — z+)~! continuous. 

11. Prove that arg; is continuous except on its cut line. 

12. Use the result of the preceding exercise to prove that a branch of the log function 
is continuous except on its cut line. 

13. Use Theorem 2.1.13 to prove that if f and g are continuous functions with open 
domains Uy and U, and if g(U,) C Us, then f og is continuous on U,. 

14. Prove that if f is a continuous function defined on an open subset U of C, then 
sets of the form {z € U : |f(z)| <r} and {z © U: Re(f(z)) <r} are open. 

15. Use the result of the preceding exercise to come up with an open subset of C 
that has not been previously described in this text. 

16. Prove that a function f with open domain U is continuous at a point a © U 
if and only if whenever {z,} C U is a sequence converging to a, the sequence 


{f(zn)} converges to f(a). 


2.2. The Complex Derivative 


There is nothing surprising about the definition of the derivative of a function of 
a complex variable — it looks just like the definition of the derivative of a function 
of a real variable. What is surprising are the consequences of a function having a 
derivative in this sense. 


Definition 2.2.1. Let f be a function defined on a neighborhood of z € C. If 
hin £0) — (2) 
woz w-—zZz 


exists, then we denote it by f’(z) and we say f is differentiable at z with complex 
derivative f’(z). If f is defined and differentiable at every point of an open set U, 
then we say that f is analytic on U. 


Remark 2.2.2. When convenient, we will make the change of variables X = w — z 
and write the derivative in the form 


(2.2.1) f'(z) = lim 


Clearly constant functions are differentiable and have complex derivative 0, 
since the difference quotient in Definition 2.2.1 is identically 0 for such a function. 
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The first hint that there is something fundamentally different about this notion 
of derivative is in the following example. 


Example 2.2.3. Show that the function f(z) = z is differentiable everywhere on 
C with derivative 1 and, hence, is analytic on C, but the function f(z) = Z is 
differentiable nowhere. 


Solution: For f(z) = z, the difference quotient in (2.2.1) is 


7 = 1, 
m 
which clearly has limit 1 as \ + 0 for every z. On the other hand, if f(z) = Z, then 
the difference quotient is 
Xr —2i0 
28 
r d 
if \ = re’ in polar form. The limit of this function as \ + 0 clearly does not exist, 
since it has a different fixed value along each ray emanating from 0. This is true 
no matter what z is, and so Z is nowhere differentiable. 


What makes this example so surprising, at first, is that, as a function of the 
two real variables x and y, 7 = x — iy is of class C° — meaning that its partial 
derivatives of all orders exist and are continuous — and yet, its complex derivative 
does not exist. Thus, existence of the complex derivative involves more than just 
smoothness of the function. 


We will soon prove that a function which has a power series expansion that 
converges on an open disc is analytic on that disc. This would imply that the 
exponential function, for example, is analytic on all of C. We do not have to wait, 
however, to prove this fact. There is an elementary proof that e* is analytic on C. 


Example 2.2.4. Prove that e* is an analytic function of z on the entire complex 
plane and show that it is its own derivative. 

Solution: Given an arbitrary point z € C, we will show that e* has derivative 
e* at z. By the law of exponents 


e2 tA _ @ ,e-l 
=e 
r 
Thus, to show that the derivative of e* is e* we need only show that 
e*—1 
2:2: li ain 
( ) x0 A 


However, if t = |A|, inspection of the power series for e* and e shows that 


e*—1 
A 


(2.2.3) : ; 


i|= 


— e'-1-t 
= 


Now to show that the expression on the left has limit zero and, thus, verify (2.2.2), 
we simply apply L’Hopital’s rule to the expression on the right. 
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Elementary Properties of the Derivative. A simple result about derivatives 
of functions of a real variable that also holds in the context of complex derivatives 
is the following. The proof is elementary and is left to the exercises. 


Theorem 2.2.5. If the complex derivative f’ of f exists ata € C, then f is 
continuous at a. 


The complex derivative has all of the familiar properties in relation to sums, 
products, and quotients of functions. The proofs of these are in no way different 
from the proofs of the corresponding results for functions of a real variable. In the 
following theorem, Part (a) is trivial and we leave Parts (b) and (c) to the exercises. 


Theorem 2.2.6. If f and g are functions of a complex variable which are differ- 
entiable at z € C, then 


(a) f +g is differentiable at z and (f +g9)'(z) = f'(z 
(b) fg is differentiable at z and (fg)'(z) = f'(z)g(z) 
(c) if g(z) £0, 1/g is differentiable at z and (1/g)'(z) = ee Ge (z). 


Parts (a) and (b) of this theorem and the fact that constant functions and the 
function z are analytic on C imply that every polynomial in z is analytic on C. Of 
course, since Z is not analytic, we cannot expect mixed polynomials that contain 
powers of both z and Z to be analytic. 


Parts (b) and (c) of the theorem imply that f/g is differentiable at z if f and 

g are and if g(z) 4 0. They also imply the quotient rule 
(t) ae fg) = 9 (2) F(2) 
g 9? (2) 

The chain rule also holds for the complex derivative. 
Theorem 2.2.7. If g is differentiable at a and f is differentiable at b = g(a), then 
fog is differentiable at a and 

(fo9)'(a) = f'(g(a))9'(a). 


Proof. Let U be a neighborhood of b on which f is defined. We define a function 
h(w) on U in the following way 


Also, 
(2.2.4) foglz)~ feg(4) _ pig, 9) — Ie) 


for all z in the deleted neighborhood V = g~!(U) \ {a} of a. If we take the limit 
of both sides of (2.2.4) and use the fact that f and h are continuous at b and g is 
continuous at a, we conclude that (f o g)/(a) = f’(g(a))g'(a), as required. 
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Example 2.2.8. Suppose p(z) is a polynomial in z. Where is the function e?(?) 
analytic and what is its derivative? 


Solution: Since e* and p(z) both are differentiable everywhere, so is the com- 
position e?(*), by Theorem 2.2.7, and the derivative is 


(en). = pig) bs 


The Cauchy-Riemann Equations. Since a function f of a complex variable 
may be regarded as a complex-valued function on a subset of R?, we can write it 
in the form 
(2.2.5) f(z + iy) = u(z,y) + iv(z,y), 
where u and v are the real and imaginary parts of f, regarded as functions defined 
on a subset of R?. It is natural to ask what the existence of a complex derivative 
for f implies about the functions u and v as functions of the two real variables x 
and y. It is easy to see that it implies the existence of the partial derivatives uz, 
Uy, Uz and vy. In fact, it implies much more as the following discussion will show. 


Recall that a function g of two real variables is said to be differentiable at (x, y) 
if there are numbers A and B such that 


g(ath,y+k)—g(a,y) = Ah+ Bkt+e(h,k), 
where €(h, k)/|(h, k)| > 0 as (h,k) > (0,0). If g is differentiable at (a, y), then the 
numbers A and B are the partial derivatives g, and gy at (x,y). 

Suppose f is a complex-valued function defined in a neighborhood of z € C. If 
M = f'(z) exists, then we may write 
(2.2.6) f(z +A) — f(z) = MA+ (A), 
where €(\)/A > 0 as A > 0. In fact, €(A) is given by 

e(A) = f(z +A) — f(z) - MA, 
and so, the fact that e(A)/A > 0 as A > 0 is equivalent to the statement that f(z) 
exists and is equal to M. 

If we write f, MW, z,, and ¢« in terms of their real and imaginary parts: f = 
utiv,M =C+idD,z=a+iy,A\=h+ik, and € = p+ iw, then (2.2.6) becomes 
(2.2.7) ulath,y+k)+iv(a+h,yt+k) —u(a2,y) — iv(2, y) 

= (C+iD)(h+tk) + p(h,k) + iw(h, k). 
On equating real and imaginary parts, this leads to the two equations 
v(a+h,y+ k) —v(x,y) = Dh+Ck-+w(h,k). 
The condition that «(A)/A > 0 as A — O implies that p(h,k)/|(h,k)| > 0 and 
w(h, k)/|(h, k)| > 0 (note that |(h,k)| = Vh? + k? = |A|). Thus, we can draw two 
conclusions from the existence of f’(z): (1) u and v are differentiable at (a, y), and 
(2) the partial derivatives of u and v at (x,y) are given by 


(2.2.8) 


Ug(z,y) =C, u,(x,y) = —D, 
(2.2.9) (x,y) y (2, Y) 
vz(t,y) = D, v(x, y) =C. 
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A surprising consequence of this is that if f’ exists at z = x + iy, then 


Ug = Vy, 
(2.2.10) 


Uy = Vz 


at (a, y). Equations (2.2.10) are the Cauchy-Riemann equations. Equations (2.2.9) 
also show that if f’ exists at z, then f’(z) =C+iD = uz + ivg = —i(uy + iv,). If 
we set f, = Uz tiv, and fy = uy +iv,, then this can be written as f’ = f, = —ify 
wherever f’ exists. 

The above discussion shows that, at any point where f has a complex derivative, 
its real and imaginary parts are differentiable functions and satisfy the Cauchy- 
Riemann equations. The converse is also true: If the real and imaginary parts of f 
are differentiable and satisfy the Cauchy-Riemann equations at a point z= «+ ty, 
then f’(z) exists. The proof of this is a matter of working backwards through the 
above discussion, beginning with the assumption that u and v are differentiable at 
(x,y), with partial derivatives that satisfy uz = vy = C and uy = —v,z = —D. This 
leads to (2.2.8), which eventually leads back to the conclusion that C+ iD is the 
derivative of f at z= x+y. We leave the details to the exercises. The result is 
the following theorem. 


Theorem 2.2.9. If f = u+iv is a complex-valued function defined in a neigh- 
borhood of z € C, with real and imaginary parts u and v, then f has a complex 
derivative at z if and only if u and v are differentiable and satisfy the Cauchy- 
Riemann equations (2.2.10) at z=a+ iy. In this case, 


f ‘= fo = —tf, y: 
Example 2.2.10. We already know that e* is analytic everywhere. However, give 
a different proof of this by showing e” satisfies the Cauchy-Riemann equations. 


Solution: With z = «+ iy, we write e* = e”(cosy +isiny). The real and 
imaginary parts of e* are u(z, y) = e* cosy and vu(z,y) =e” siny. Thus, 


Ur(t,y) =e” cosy=vy, and 
u,(2,y) = —e* siny = —v5. 
Example 2.2.11. Use the Cauchy-Riemann equations to prove that, for each 


branch of the log function, log(z) is analytic everywhere except on its cut line 
and has derivative 1/z. 


Solution: We first prove that the principal branch of the log function is an- 
alytic on the right half-plane H = {z € C: Re(z) > O}. For z € H we have 
z=a2t+iy=re where 


r=V/a2+y? and 6=tan*(y/z). 
Thus, the principal branch of log on H is 


log(« + iy) = (1/2) In(x? + y?) + itan"!(y/2). 
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Taking partial derivatives yields 


0 5 2) _ x 
9, (t/2) In(a* + y*) = Page 
0 -1 —y/x? —Y 
=— tan o)= = ; 
(2.2.11) Ox (y/2) 1l+(y/x)?  «*+y? 
_ 0 2 Dy y 
Bee ry = ayy 
1/x x 


— tan l(y/xz) = = . 

Oy (y/a) 1l+(y/x)? x+y? 
Thus, the Cauchy-Riemann equations are satisfied by the principal branch of the 
log function on H. Furthermore 


O x—iy 1 
/ —_ , — — 
(log z)’ = 9, los(e + ty) Geage  o 
Now if z is any point not on the negative real axis and not in H, then we simply 
rotate z into H. That is, we choose a = +7/2 such that e’* z € H. Then 


log z = log(e’® z) — ia. 


Since log has derivative 1/w at w =e’ z, it follows from the chain rule that log has 
derivative e’* /(e’* z) = 1/z at z. Thus, the principal branch of the log function is 
analytic with derivative 1/z at any point z not on its cut line. 


The analogous statement for other branches of the log function also follows 
from a rotation argument, as above. That is, each such function is just the principal 
branch of the log function composed with a rotation. 


Harmonic Functions. In the next chapter, we will prove that analytic functions 
are C°— that is, they have continuous complex derivatives of all orders. This, in 
particular, implies that analytic functions have continuous partial derivatives of all 
orders with respect to x and y. Assuming this result for the moment, we have 


Theorem 2.2.12. The real and imaginary parts of an analytic function on U are 
harmonic functions on U, meaning they satisfy Laplace’s equation 


Una + Uyy = 0. 


Proof. If f = u+ iv is an analytic function, then u and v satisfy the Cauchy- 
Riemann equations and so 


Une (Ua) x (Vy) x (Uz )y (—tty)y = ~Uyy- 


This shows that the real part of f satisfies Laplace’s equation. Since v is the real 
part of the analytic function —7f, it follows that v is also harmonic. Thus, both 
real and imaginary parts of an analytic function are harmonic. 


If u and v are harmonic functions such that the function f = u+iv is analytic, 
then we say u and v are harmonic conjugates of one another. 


Example 2.2.13. Prove that u(x, y) = e” cosy is a harmonic function on all of R? 
and find a harmonic conjugate for it. 
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Solution: The function u is the real part of f(z) = e* and is, therefore, 


harmonic by the previous theorem. The imaginary part of f is v(a,y) = e*siny, 
and so this function v is a harmonic conjugate of wu. 


I — ay 


ON Ae cee he 


Exercise Set 2.2 


Fill in the details in Example 2.2.4 by verifying the inequality (2.2.3) and 
showing that the limit of the expression on the right is 0. 


Prove Theorem 2.2.5. 
Prove Part (b) of Theorem 2.2.6. 
Prove Part (c) of Theorem 2.2.6. 


Use induction and Theorem 2.2.6 to show that (z”)! = nz"~1 if n is a non- 
negative integer. 

Find the derivative of 2? + 524 — 223 + z# —1. Which results from this section 
are used in this calculation? 


Find the derivative of e 


8. If we use the principal branch of the log function, at which points of C does 


11. 
12. 


13. 


14. 


15. 


16. 


log z 


have a complex derivative? What is its derivative at these points? 
Zz 


Finish the proof of Theorem 2.2.9 by showing that if f = u+iv, u and v are 
differentiable at z, and u and v satisfy the Cauchy-Riemann equations at z, 
then f’(z) exists. 

2 


. Use the Cauchy-Riemann equations to verify that the function f(z) = 2? is 


analytic everywhere. 
Describe all real-valued functions which are analytic on C. 
Derive the Cauchy-Riemann equations in polar coordinates: 


Ur = rtp, 


Ug = —TU,r 
by using the change of variable formulas 7 = rcos@, y = rsin@ and the chain 
rule. 


We showed in Example 2.2.11 that each branch of the log function is analytic 
on the complex plane with its cut line removed. Use the Cauchy-Riemann 
equations in polar form (previous problem) to give another proof of this fact. 


Assuming each branch of the log function is analytic, use the chain rule to give 
another prove that each such function has derivative 1/z. 

Use the Cauchy-Riemann equations to prove that if f is analytic on an open set 
U, then the function g defined by g(z) = f(Z) is analytic on the set {Z : z € U}. 


Verify that the function log |z| is harmonic on C \ {0} and find a harmonic con- 
jugate for it on the set consisting of C with the non-positive real axis removed. 


2.3. Contour Integrals 41 


2.3. Contour Integrals 


Integration plays a key role in this subject — specifically, integration along curves 
in C. A curve or contour in the plane C is a continuous function y from an interval 
on the line into C. Such an object is sometimes called a parameterized curve and 
the interval J is called the parameter interval. We will be interested in a particular 
kind of curve, one whose parameter interval is a closed bounded interval which can 
be subdivided into finitely many subintervals, on each of which y is continuously 
differentiable. 


Smooth Curves. Let J = [a,b] be a closed interval on the real line and let 
y:I— C be a complex-valued function on I. If c € I, then the derivative 7/(c) of 
y at c is defined in the usual way: 


(2.3.1) y'(c) = lim WO = Ke). 


Of course, 7 is complex-valued and so this limit should be interpreted as the type 
of limit discussed in Section 2.1. It can be calculated by expressing y in terms of 
its real and imaginary parts, that is, by writing y(t) = x(t) + y(t), where x(t) and 
y(t) are real-valued functions on I. Then y(t) = 2’(t) + ty’(t) (Exercise 2.3.6). 

What about the endpoints a and b of the interval I? Should we either not talk 
about the derivative at the endpoints or, perhaps, use one-sided derivatives defined 
in terms of one-sided limits (limit from the right at a and limit from the left at 6)? 
Actually, there is no need to do anything special at a and 6 or to exclude them. If 
the domain of ¥ is [a,b], then our domain dependent definition of limit takes care 
of the problem. If c = a, the limit as t > a in (2.3.1) only involves values of t to 
the right of a, since only those are in the domain of the difference quotient that 
appears in this limit. Similarly, if c = b, the limit as t > b involves only points to 
the left of b. Thus, the derivatives at a and b that our definition leads to are what 
in calculus would be called the right derivative at a and the left derivative at b. 


The curve 4 is differentiable at c if the limit defining y’(c) exists. It is contin- 
uously differentiable or smooth on I if it is differentiable at every point of J and if 
the derivative is a continuous function on J. In this case we will write y € C1(J). 


Definition 2.3.1. A curve ¥: [a,b] > C in C is called piecewise smooth if there 
is a partition a = a9 < ay <--: < a, =) of [a,b] such that the restriction of y to 
[a;-1, aj] is smooth for each 7 = 1,--- ,n. A curve which is piecewise smooth will 
be called a path. 


With appropriate choices of parameterization, familiar geometric objects in C 
can be described as the image of a path. 


Example 2.3.2. Find a path y that traces once around the circle of radius r, 
centered at 0, in the counterclockwise direction. Describe y’. 

Solution: The smooth path y(t) = re”, t € [0,27] does the job. Its derivative 
may be obtained by writing it as r(cost + isint) and differentiating the real and 
imaginary parts. The result is y(t) = r(—sint + icost) = ire”. 
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y(b) 


y@ 
y@ 


Figure 2.3.1. A Path in the Plane. 


Example 2.3.3. Let z and w be two points in C. Find a path which traces the 
straight line from z to w and find its derivative. 


Solution: The path +, with parameter interval [0,1], defined by 
y(t) = (1-t)z+tw=2z+t(w—2z), 


satisfies 7(0) = z and y(1) = w. It is a parametric form of a straight line in the 
plane, and its derivative is y/(t) = w — z. 


Example 2.3.4. Find a path that traces once around the square with vertices 
0,1,1+ 7,2 in the counterclockwise direction. Find 7’(t) on the subintervals where 
y is smooth. 


Solution: We choose [0,1] as the parameter interval and define a path y as 
follows (see Figure 2.3.2): 


At, if0<t<1/4; 
1+(4t-1)i, if1/4<t<1/2; 
3-4t+i, if 1/2<t<3/4; 
(4 — 4t)i, if3/4<t<1. 


y(t) = 


This is continuous on [0,1] and smooth on each subinterval in the partition 0 < 
1/4 < 1/2 < 3/4 < 1. It traces each side of the square in succession, moving in 
the counterclockwise direction. On the first interval, 7’ is the constant 4, on the 
second it is 42, on the third it is —4, and on the fourth it is —4%. 


Riemann Integral of Complex-Valued Functions. The integral of a function 
along a path will be defined in terms of the Riemann integral on an interval. This 
is the familiar Riemann integral from calculus, except that the functions being 
integrated will be complex-valued. This difference requires a few comments. 

If f(t) = g(t) + th(£) is a complex-valued function on an interval [a,b], where 
g and hare real-valued, then we will say that f is Riemann integrable on |{a, 6] if 
both g and A are Riemann integrable on [a,b] as real-valued functions. We then 
define the integral of f on [a,b] by 


b 


(2.3.2) [10 a= [90 ari f h(t) dt. 


a 
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Figure 2.3.2. The Path of Example 2.3.4. 


This Riemann integral for complex-valued functions has the properties one 
would expect given knowledge of the Riemann integral for real-valued functions. 
The next three theorems cover some of these properties. 


Theorem 2.3.5. Let fi and fo be Riemann integrable functions on [a,b] and a 
and 8 complex numbers. Then, af; + Bf2 is integrable on [a,b], and 


b b b 
i (afi(t) + Bfo(t)) dt =a / flt)at +B / folt) dt. 


Proof. That this is true if the constants a@ and £6 are real follows directly from 
expressing f; and fe in terms of their real and imaginary parts. Thus, to prove 
the theorem we just need to show that ft if (t) dt = if? f(t) dt if f =g+ih is an 
integrable function on [a, b]. However, 


b b 
[ow +ineyar= f (—A(t) + ig(t)) at 


= — [me ari fol 3 ( [we + inca) . 


This completes the proof. 


Theorem 2.3.6. If f is a function defined on [a,b] and c € (a,b), then f is 
integrable on [a,b] if and only if it is integrable on [a,c] and [c, b]. In this case 


[rou Prods frou 


Proof. This follows from the fact that the same things are true of the integrals of 
the real and imaginary parts g and h of f. 


Theorem 2.3.7. If f is an integrable function on [a,b], then 


iP f(t) dt 


b 
< / F(t) | de. 
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Proof. This is proved using a trick. We set w = Ab f(t) dt. If w = 0, there is 
nothing to prove. If w 4 0, let u = W/|w|. Then ww = |w| and so 


[sou =uf sous fuoa 


a 
Since this is a real number, the integral of the imaginary part of uf is zero and we 


have 
b 
| f(t) dt 


A complex-valued function which is defined and continuous on an interval [a, b 
is clearly Riemann integrable on [a, bj, since its real and imaginary parts are continu- 
ous, and continuous real-valued functions on closed, bounded intervals are Riemann 
integrable. 


b b b 
=f Rewureyats f usojae= f felt. 


Integration Along a Path. If 7 is a path, then 7 exists and is continuous on 
each interval [a;_1, a;] in a partition a = ag < a, < +--+ < dy, = b of the parameter 
interval [a,b]. At the points aj,a2,--- ,@,—1 the definition of 7’ is ambiguous — 
7'(a;) has one value from the derivative of y on [a;-1,a;] and another from the 
derivative of y on [a;,a;+1]. In order to remove this ambiguity, we choose to define 
7’ so as to be left continuous at these points. That is, at a;, we choose the value for 
7’ that comes from its definition on [a;_1,a,;]. Then 7’ is well defined on I = [a, }]. 


If f is a complex-valued function defined and continuous on a set E containing 
¥(Z), then the function f(7(t))7/(t) is a well-defined function on J which is piecewise 
continuous in the following sense: It is continuous everywhere on [a,b] except at 
the partition points @),a2,--- ,@n—1. It is left continuous at these points, and the 
limit from the right exists and is finite at these points as well. In other words, this 
function is continuous from the left everywhere on [a,b] and continuous except at 
finitely many points where it has simple jump discontinuities. 


A function of this type is Riemann integrable on [a, b]. To see this, first observe 
that it is Riemann integrable on each subinterval [a;—1,a;] because, on such an 
interval, the function agrees with a continuous function except at one point, aj;_1. 
A continuous function on a closed interval is Riemann integrable and changing its 
value at one point does not effect this fact or the value of the integral. Furthermore, 
by Theorem 2.3.6, if a function is Riemann integrable on two contiguous intervals, 
then it is integrable on their union. It follows that a function which is integrable 
on each subinterval in a partition of [a,b] will be integrable on [a, }]. 

The above discussion settles the question of the Riemann integrability of the 
integrand in the following definition. 


Definition 2.3.8. Let y : [a,b] > C be a path and let f be a function which is 
defined and continuous on a set E which contains y({a,b]). Then we define the 
integral of f over y to be 


b 
(2.3.3) i f(2)dz = / f(v(t))9/ (8) at. 
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One may think of this definition in the following way: the contour integral on 
the left in (2.3.3) is defined to be the Riemann integral obtained by replacing z by 
y(t) and dz by 7’(t)dt and integrating over the parameter interval for y. 


In practice, we will calculate contour integrals by breaking the path up into its 
smooth sections, calculating the integrals over these sections and then adding the 
results. That this is legitimate follows from the fact that the Riemann integral of 
a function over the union of two contiguous intervals on the line is the sum of the 
integrals over the two intervals. 


Examples. 


Example 2.3.9. Find hy zdz if y is the circular path defined in Example 2.3.2. 


Solution: By Example 2.3.2, we have y(t) = re’ for 0 < t < 2m and 9/(t) = 
ire’’. Thus, 


2 2 
/ zdz= ip re” ire’ dt = ir? ‘| et di ir? | (cos 2t + isin 2t) dt 
Y 0 Y 


27 Qn 
= ir? | cos 2t dt — r? | sin 2t dt = 0. 
0 ) 


Example 2.3.10. Find a path y which traces the straight line from 0 to 2 followed 
by the straight line from 7 toi+1. Then calculate is 2 dz for this path y. 


Solution: We may choose y to be the path parameterized on [0,2] as follows: 


it, if0<t<1; 
y(t) = 4. 
i+t—-—1, ifl<t<2. 


We calculate the integrals over each of the two smooth sections of the path. On 


[0, 1] we have (y(t))? = —#? and 9/(t) = 7%. Thus, the integral over the first section 
of the path is 


i (7(t))?4/ (t) dt = [ —?idt = 15/3), = —i/3. 


On [1,2] we have (y(t))? = ¢? — 2t+2(t—1)i and 7/(t) = 1. Thus, the integral over 
the second section of the path is 


[ow wa= f@-2+20-np a= @/8—# + (2-29 off = 2/344 


Thus, Je dz= 1/3 — 2/3 +4 = —2/34 21/3. 


Example 2.3.11. Find a path y which traces once around the triangle with vertices 
0,1,2 in the counterclockwise direction, starting at 0. For this path 7, find fi Zdz. 


Solution: A path 7 with the required properties has parameter interval (0, 3] 
and is given by 
t, if0<t<1; 
y(t)=<{2-t+(t-1)i if1<t<2; 
(3-t)i if2<t<3. 
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On the interval [0, 1], we have y(t) = ¢ and 7/(t) =1. Hence, 


[ Wroa= [rw-p 


On the interval [1,2], we have y(t) = 2—t-— (t—1)i and 7/(t) = —1+ 7. Hence, 


[roa fe-srnaai 


On the interval [2,3], we have y(t) = ¢—3 and 7/(t) = —7. Hence, 


1 3 
i ¥(t)y' (t) dt = | (3 —t)idt = 4/2. 
0 2 
If we add the contributions of each of these three intervals, the result is 


[re = 1/2+71+%/2 = 1/2 + (3/2)i. 


SE 
Exercise Set 2.3 

. Find fy et dt. 

. Find fy sin(it) dt. 

. Find ies et emt dt for all integers n and m. 


. Find a path which traces the straight line joining 2 — 7 to —1 +4 31. 


oF Wo YR 


. If zo € C, find a path which traces the circle of radius r, centered at zo, (a) 
once in the counterclockwise direction, (b) once in the clockwise direction, (c) 
three times in the counterclockwise direction. 


6. Prove that if y(t) = x(t) + zy(t) is a curve defined on an interval J, with real 
and imaginary parts x(t) and y(t), and if ¢ € J, then y’(c) exists if and only if 
x'(c) and y’(c) exist and, in this case, 7/(c) = x’(c) + iy’(c). 

7. Show that if f is a smooth complex-valued function on an interval [a,b], then 

b 
Ja F’(t) dt = f(b) — f(a). 

8. Suppose ¥ is a path with parameter interval [a, b]. Use the result of the previous 

exercise to show that ty ldz = y(b) — (a). 


9. Find ie 2? dz if y traces a straight line from 0 to w. 
10. Find f) 2~* dz and f, Zdz for the circular path y(t) = 3e", 0<t < 2z. 
11. Find t Re(z) dz if 7 is the path of Example 2.3.11. 
12. With + as in the previous exercise, find f Im(z”) dz. 
13. Is it generally true that Re({, f(z)dz) = aie Re(f(z)) dz? 
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2.4. Properties of Contour Integrals 


We begin this section with the question of parameter independence. To what 
extent does the integral of a function along a path depend on how the path is 
parameterized? The same geometric figure y(1) may be parameterized in many 
ways. For example, the top third of the unit circle may be parameterized by 


yi(t)=—-t+iV1—#, —V3/2<t< V3/2, or 


yo(t) =e" =cost+isint, 7/6<t< 57/6, 


(2.4.1) 


and these are only two of infinitely many possibilities. Does the integral of a function 
over the upper third of the unit circle depend on which of these parmeterizations 
is chosen? 


Parameter Changes that Change the Integral. The following example shows 
that some changes of parameterization do change the integral. 
Example 2.4.1. Find f,, 1/zdz if y(t) = re on [0,27] is the circular path of 
Example 2.3.2. Does the answer change if the circle is traversed in the clockwise 
direction instead, using the path y2(t) = re~” on [0, 27]? 

Solution: From Example 2.3.2 we know that the path 7(t) = re” has yj (t) = 
ire and so the given integral is 


d 27 it\! 27 
/ ==/ ee) a= f idt = 2ni. 
yy % 0 re 0 


—it 


On the other hand, the derivative of y2 =e~* is —ire~“ and so 


d Qn 
/ ==/ —idt = —2ni. 
y * 0 


This example shows that the integral along a path depends not only on the 
geometric figure that is the image y(/) of the path, but also on the direction the 
path is traversed (at the very least). 

Also, traversing a portion of the curve more than once may affect the integral. 
For example, if we were to go around the circle twice in Example 2.4.1, by choosing 
7(t) = et on [0,27], the result would be 47i instead of 277i. 


The Independence of Parameterization Theorem. There is a degree to which 
the integral is independent of the parameterization. Certain ways of changing the 
parameterization do not effect the integral, as the following theorem shows. 


Theorem 2.4.2. Let y, : [a,b] ~ C be a path anda: [c,d] > [a,b] a smooth 
function with a(c) =a and a(d) = b. If y2 is the path with parameter interval [c, d] 
defined by y2(t) = yi(a(t)), then 


flz)dz= | flejdz 
2 “Val 


for every function f defined and continuous on a set E containing y([a,b]) = 


q2(e, d]). 
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Proof. We have 72(t) = y1(a(t)) and, by the chain rule, 


a(t) = Vi (a(t))a’(t). 
Thus, 


d 
if f(2)dz = i. F(ral(t))-4(t) at 


d 
2 i: F(rn(a(t)))74(a(t))al (t) at 


-[ 


f(m(s))%i(s) ds 
f(z) dz, 
V1 
where the third equality follows from the substitution s = a(t). This completes the 
proof. 


Note that the condition that a(c) = a and a(d) = b is essential in the above 
theorem. It says that a takes the endpoints of the parameter inverval [c, d] to the 
endpoints of the parameter interval [a,b] in an order preserving fashion. 


Example 2.4.3. Are the integrals of a continuous function over the two paths in 
(2.4.1) necessarily the same? 


Solution: Yes. If we set a(t) = — cost, then a is a smooth function mapping 
the parameter interval [7/6, 57/6] to the parameter interval [(-V3/2, V3/2] in an 
order preserving fashion. Furthermore, 72 = 7,0 a. Thus, the above theorem 
insures that the integral of a continuous function over 7; is the same as its integral 
over 72. 


Doesn’t Example 2.4.1 contradict Theorem 2.4.2? After all, if y(t) = e on 
[0,27] and a: [0,27] — [0, 27] is defined by a(t) = 27 — t, then y(t) = y1(a(t)) = 
e’t. By Example 2.4.1 the integrals of 1/z over these two curves are different. 
Doesn’t Theorem 2.4.2 say they should be the same? No. The conditions a(a) = c 
and a(b) = d are not satisfied by this choice of a, since a(0) = 27 and a(27) = 0. 
In other words, this choice of a reverses the order of the endpoints of the parameter 


interval rather than preserving that order. 


In general, the conditions a(a) = c and a(b) = d guarantee that, overall, 2 
traverses the curve in the same direction as 7. If a’ were positive on the entire 
interval, then a would be increasing on this interval and 7, and 72 would be moving 
in the same direction at each point of the curve. If a’ is not positive on all of [c, d], 
then there may be intervals where one path reverses direction and backtracks, while 
the other path does not. These things do not affect the integral, because if a curve 
does backtrack for a time, it has to turn around and recover the same ground in 
order to catch up to the other curve in the end. This is an intuitive explanation; 
the actual proof that the integral is unaffected is in the proof of the above theorem. 

Theorem 2.4.2 leads to a strategy which, for some paths y, and 72 with the 
same image, yields a proof that they determine the same integral: Suppose that the 
parameter intervals for the two paths can each be partitioned into n subintervals 
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in such a way that for 7 = 1,---,n, y1 on its jth subinterval and y2 on its jth 
subinterval are related by a smooth function aj, as in Theorem 2.4.2. If this can 
be done, then it clearly follows that is f(z)dz = 1 ee f(z) dz for any function f 
which is continuous on a set containing y,(/). For this reason, Theorem 2.4.2 is 
sometimes called the independence of parameterization theorem. 


Remark 2.4.4. Since path integrals are essentially independent of the way the 
path is parameterized, we will often describe a path without specifying a parame- 
terization. Instead, we will just give a description of the geometric object that is 
traced, the direction, and how many times. For example, we may describe a path 
as tracing once around the unit circle in the counterclockwise direction, or tracing 
once around the boundary OA of a given triangle A in the counterclockwise direc- 
tion, or as tracing the straight line path from a complex number wy, to a complex 
number we. In the first two cases we may simply write 


i, f(z)dz or fle) dz 
[z|=1 aA 


for the corresponding path integral. In the latter case, we may write 


‘i : f(2)dz 


for the path integral along the straight line from w to we. 


Closed Curves. The curves in Examples 2.3.2 and 2.3.4 both have the property 
that they begin and end at the same point — that is, they are closed curves. A closed 
curve 7 on a parameter interval [a,b] is one that satisfies y(a) = 7(b). A closed 
curve which is a path will be called a closed path. 


The famous integral theorem of Cauchy states that the integral of an analytic 
function f around a closed path is 0, provided there is an appropriate relationship 
between the curve y and the domain U on which f is analytic (roughly speaking, 
the curve should lie in U but not go around any holes in U). Since the function 
f(z) = z is analytic on C (as is any polynomial in z), the next example illustrates 
this phenomenon. 


Example 2.4.5. Find J, zdz if y is the path of Example 2.3.4. 


Solution: From Example 2.3.4 we know that the path y(t) has values 4¢, 1 + 
(4t—1)i, 3—4t+i, (4—4t)i and derivatives 4, 47,4, and —4i on the four subintervals 
of the partition 0 < 1/4 < 1/2 < 3/4 < 1. Thus, the integrals over the four smooth 
pieces of our curve are 


1/4 14 
/ At -Adt = 8t2|'/4 = 1/2, 
0 


0 
ee er 2 1/2, 
ie (1+ (4t — 1)i) - di dt = (Ati — 8t° + 4t) ija = 1/2, 
ee 3 4 (3/4 
I (3—4t+4)- (4) dt = (128 + 80? — ati)" = -1/2-4, 


is (4 — 4t)i - (—47) dt = (4+16t — 87)| 5/4 = 2 
3 


50 2. Analytic Functions 


Y2(¢) 
Y¥, (@) 


7, (0) = ¥2(0) 


Seach: 


E 
b 
Figure 2.4.1. The Join of Two Paths. 


Since these add up to 0, we have [| zdz = 0. 


The function 1/z is also analytic, except at z = 0. The circular path of Example 
2.4.1 is closed and lies in the domain where 1/z is analytic. So why is the integral 
not 0? Because the path goes around a hole in the domain of 1/z — it goes around 


{0}. 


Additivity Properties of Contour Integrals. If y is a path with parameter 
interval [a,b], then we can use Theorem 2.4.2 to change the parameter interval to 
any other interval [c,d] with c < d, in a way that does not affect the image of y or 
integrals over y. In fact, if we set 


a(t)=a+ ie Cc), 


then a is smooth, a([c, d]) = [a,b], a(c) = a and a(d) = b. Thus, y(t) = y(a(t)) 
defines a path 7, with the same image as y and, by Theorem 2.4.2, a path which 
determines the same integral for continuous functions on its image. Thus, without 
loss of generality, we may always assume that the parameter interval for a path is 
any interval we choose. 


If 7, and yz are two paths so that 7, ends where 72 begins, then we can join 
the two paths to form a single new path 7; + y2. We do this as follows: If 7, has 
parameter interval [a,b], we choose a parameter interval of the form [b,c] for y2. 
The fact that +2 begins where 7; ends means that 7(b) = y2(b). We define 71 +72 
on [a,c] by 


V1 (t) if te [a, bI, 
2.4.2 + t)= 
(2.4.2) (11 + 72) (t) He if £€ [b.. 
The path 7, + 72 is called the join of 7 and 72. 


In Example 2.4.1, changing the path from one tracing the circle counterclock- 
wise to one tracing the circle clockwise had the effect of changing the sign of the 
integral. As we shall see, this always happens. If y : [a,b] :> C is a path, denote 
by —y the path defined by 


—y(t) = ya + b— t). 
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Then —7(a) = 7(b) and —y(b) = y(a). In fact, —+ traces the same geometric figure 
as y, but it does so in the opposite direction. 


For some closed curves, such as circles, and boundaries of rectangles, triangles, 
etc., there is clearly a clockwise direction around the curve and a counterclockwise 
direction. If such a curve is parameterized so that it is traversed in the counter- 
clockwise direction, we will say the resulting closed path has positive orientation. 
If it is traversed in the clockwise direction, we will say it has negative orientation. 
Clearly, if y has positive orientation, then —y has negative orientation. 


The common starting and ending point of a closed path can be changed without 
changing the integral of a function over this path. This is done by representing the 
closed path as the join of two paths which connect the original starting and ending 
point to the new one. One then uses part (b) of the next theorem. The details are 
left to the exercises. 

The next theorem states the elementary properties of path integrals having 
to do with linearity and path additivity. Part (b) follows immediately from the 
corresponding additivity property of the Riemann integral on the line and we have 
already used it several times. We leave the proofs of (a) and (c) to the exercises 
(Exercise 2.4.5). 


Theorem 2.4.6. Let y,71,72 be paths with y, ending where y2 begins, f and g two 
functions which are continuous on a set E containing the images of these paths, 
and a and b complex numbers. Then 


(a) [ (af(2) + bg(2)) dz =a ‘, flayde +b f(z) de 


y 


(b) / _fea=f teas [sean 
(0) / fae =- / f(2) de. 


Part (a) of this theorem says that a path integral is a linear function of the 
integrand, Part (b) says that it is an additive function of the path, while Part (c) 
shows why the notation —y is appropriate for the curve that is 7 traversed in the 
opposite direction. 


Length of a Path. We define the length ¢(7) of a path y in C in the same way 
the length of a curve in R? is defined in calculus. 


Definition 2.4.7. If y(t) = x(t) + iy(t) is a path in C with parameter interval 
(a, b], then the length ¢(+) of 7 is defined to be 


b b 
&() = ' I'(@)lat = / Je? + yp dt. 


Example 2.4.8. Prove that the above definition of length yields the correct length 
for a path which traces once around a circle of radius r. 


Solution: The path is y(t) = re’’, with parameter interval [0,27]. The deriv- 
ative of y is 7/(t) = ire’ and so |7(t)| =r. Thus, £(y) = aa pdt = 2ar. 
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It will be important in coming sections to be able to obtain good upper bounds 
on the absolute value of a path integral. The key theorem that produces such upper 
bounds is the following. 


Theorem 2.4.9. Let y be a path in C and f a function continuous on a set con- 
taining y(1). If |f(z)| <M for all z € y(1), then 


[te dz 


Proof. If the parameter interval for + is [a, 6], then 


[1 dz 


< Mey). 


b b 
[ foods | ifowy ola 


b b 
< f Mh'wlat= a fp’ @lae= Mec. 


The next example is a typical application of this theorem. 


Example 2.4.10. Show that if f is a bounded continuous function on C, and yz 
is the path yr(z) = Re” for t € [0,27], then 


(2.4.3) lim i ee dz =0 
R-0oo YR (z — w) 
for each w € C. 


Solution: The statement that f is bounded means there is an upper bound 
M for |f|. That is, |f(z)| < M for all z € C. We also have |z — w| > |z| — |w| 
by the second form of the triangle inequality. If z € y(J), then |z| = R and so 
|z — w| > R—|w|, which implies |z — w|~? < (R —|w|)~?. Thus, for z € y(I), we 
have the following bound on the integrand of (2.4.3): 
fe)|_.__M 
z—w|~ (R—|wl)?’ 
Since (yr) = 27R, Theorem 2.4.9 implies that 

27M R 


f) 
———,, dz| < ——_.,... 
i: (z—w)? (R— |wl)? 
The right side of this inequality has limit 0 as R — oo and this implies (2.4.3). 


a 


PS ——————————— ____—______., 
Exercise Set 2.4 


1. Compute aie 2? dz if y is any path which traces once around the circle of radius 
one in the counterclockwise direction. 

2. Compute Js 1/z dz if 7 is any path which traces twice around the circle of radius 
one, centered at 0, in the counterclockwise direction. 

3. If z and wo are two points of C, compute as zdz if y is any path which traces 
the straight line from zo to wo once. 
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Compute the integral of the previous exercise for any smooth path y which 
begins at zo and ends at wo. 


5. Prove Parts (a) and (c) of Theorem 2.4.6. 


10. 


11. 


12. 


13. 


Describe a smooth, order preserving function @ which takes the parameter 
interval [0,1] to the parameter interval [2, 5]. 


Prove that a parameter change y — yo, like the one in Theorem 2.4.2, does 
not change the length of a path provided a is an non-decreasing function (has 
a non-negative derivative). 


COS Z 


Show that / — dz| < 27e if y is a path that traces the unit circle once. 
Y 


z 
Hint: Show that | cos z| < e if |z| = 1. 

Show that if A is a triangle in the plane of diameter d (length of its longest 
side), and if f is a continuous function on A with |f| bounded by M on A, 
then 


(z) dz 
OA 


Prove that L p(z) dz = 0 if 7(t) =e", 0< t < 27, and p(z) is any polynomial 
in z (this is a special case of Cauchy’s Theorem, but do not assume Cauchy’s 
Theorem in your proof). 


< 3Md. 


Let R(z) be the remainder after n terms in the power series for e*. That is, 


k=1 k=n+1 
Pinethat RO So a et 
nay sal (en ie 


Prove that f° e* dz = 0 if y(t) = e”, 0 < t < 2m using the previous exercise 
and Exercise 10. 


Prove that if y is a closed path with parameter interval J = [a,b] and common 
starting and ending point z = y(a) = 7(b) and w is any other point on y(J), 
then there is another closed path 7, with y(1) = y(1), which determines the 
same integral, but has w as common starting and ending point. Hint: Use part 
(b) of Theorem 2.4.6. 


2.5. Cauchy’s Integral Theorem for a Triangle 


The core material of any beginning Complex Variables text is the proof of Cauchy’s 
Integral Theorem and the exploration of its consequences. Roughly speaking, 
Cauchy’s Integral Theorem states that the integral of an analytic function around 
a closed path is zero, provided the path is contained in the open set U on which the 
function is analytic and does not go around any “holes” in U. Part of the problem 
here is to make sense of the idea of a “hole” in an open set and to decide what it 
means for a path to go around such a hole. 
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We take a first step toward the proof of Cauchy’s Theorem in this section by 
proving it in the case where the path is the boundary of a triangle and the function 
is analytic on an open set containing the triangle. 


The proof of this result will make essential use of a couple of properties of 
compact sets. Thus, we will precede the proof with a discussion of compact sets. 


Compact Sets. A subset K of R” is called compact if every open cover of K 
has a finite subcover. Here, by an open cover of K, we mean a collection of open 
sets whose union contains kK. A finite subcover is then a finite subcollection of this 
collection which also has union containing Kk. 

Here we will state without proof a number of facts about compact sets. The 
proofs can be found in any text on Advanced Calculus or undergraduate Real 
Analysis. 


Theorem 2.5.1 (Heine-Borel Theorem). A subset of R” is compact if and only if 
it is closed and bounded. 


Another characterization of compact sets is obtained by using complementation 
to turn the statement about open covers in the definition into a statement about 
collections of closed sets. The result is the following: 


A set K is compact if and only if for every collection of closed subsets of 
with empty intersection, there is a finite subcollection with empty intersection. The 
same thing stated somewhat differently is: 


Theorem 2.5.2. A set K is compact if and only if, whenever a collection of closed 
subsets of K has the property that each finite subcollection has non-empty intersec- 
tion, then the full collection also has non-empty intersection. 


A consequence of the previous theorem is the following: 


Corollary 2.5.3. If 


A, D AgD+::D An D>: 


is a nested sequence of non-empty compact subsets of R", then (.\An #9. 


This is one of the properties of compact sets that we shall need in our proof of 
Cauchy’s Theorem on a triangle. The others are as follows: 


Theorem 2.5.4. If f is a continuous function, defined and continuous on a com- 
pact subset K of R”, with values in R™, then f(K) is also compact. 


A non-empty compact subset of R contains both a maximal element and a 
minimal element. If f is a real-valued function, defined and continuous on a compact 
set K, then f(A) is a compact subset of the line and, hence, has maximal and 
minimal elements. This proves the following corollary of the previous theorem. 


Corollary 2.5.5. A continuous real-valued function on a compact set has a mazi- 
mal value and a minimal value. 
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Antiderivatives. There is one case in which it is very easy to prove that the 
integral of a continuous function f around a closed path is 0. This is the case where 
the function f has an antiderivative. 


As with functions of a real variable, an antiderivative for a function f, defined 
on an open set U, is a function g such that g' = f on U. 


Theorem 2.5.6. If f is a continuous function defined on an open set U, and if f 
has an antiderivative g on U, then 


[ f42= 90) ~ 90a) 


if y ts any path in U with parameter interval [a,b]. If y is a closed path, then this 
integral is 0. 


Proof. Since g’ = f on U, we have 


b b 
fiode=f towynod=f coy oae. 


There is a version of the chain rule which holds for the composition of an analytic 
function with a path (Exercise 2.5.4). It tells us that 


(9(y(t)))’ = 9 (ye) ()- 
Thus, 


b 
[ fe@de= footy at = 9) - ala), 


by the complex version of the Fundamental Theorem of Calculus (Exercise 2.3.7). 
If the path is closed, then +(b) = y(a) and the integral is 0. 


Cauchy’s Theorem. The fact that a function f has a complex derivative at 
w means that, near w, it can be approximated by a linear function of z (more 
precisely, by a polynomial of degree one in z). Such a function has a complex 
antiderivative, as does any polynomial, and so its integral around a closed curve is 
zero. Thus, a function with a complex derivative at w can be approximated near w 
by a function whose integral around any closed path is zero. This is the basis for 
an argument that the integral of a function with a complex derivative at w, around 
a small triangle containing w, is much smaller than one would predict (using, for 
example, the estimate given in Exercise 2.3.9). This is made precise in the next 
lemma, which is the basis for the proof of Cauchy’s Theorem for triangles. 


Lemma 2.5.7. Let f be a function which is continuous on a neighborhood of w € C 
and which has a complex derivative at w. Then for every « > 0, there is a6 > 0 
such that 


(z) dz| < ed? 


OA 
if A is any triangle containing w, of diameter d < 6. 


Proof. Since f is continuous on a neighborhood of w, we may choose an r > 0 
such that f is continuous on the open disc D,(w). 


56 2. Analytic Functions 


Since f has a complex derivative at w, 


Zw zZ—-—w 
exists. Thus, we may choose a positive 6 < r such that |z — w| < 6 implies that 
(2.5.1) f(2) = fw) aa Fw) oe us 
zZ—-W 3 
If we multiply (2.5.1) by |z — w], the result is 
(2.5.2) lf(z) — f(w) — f'(w)(z — w)| < lz —w| forall z€ D;(w). 


If A is a triangle of diameter d < 6, containing w, we set 


[= I. f(z)dz. 
Then 


mf (su) + Hoye wpe + ff (£2) = Hla) ~ Fwy(e—w) ye 


A 
However, 


| (f(w) + f(a) (2 — w))dz = 0, 
OA 


because the integrand has a complex antiderivative: f(w)z + f’(w)(27/2 — wz) 
(remember w is a constant — the variable is z), and so 


(2.5.3) T= i I) = Fle) = F"(w)(2— w)) de 
Then (2.5.2) implies that 
|I| < de, 


since the modulus of the integrand in (2.5.3) is bounded by ed/3 and the length of 
the path OA is no more than 3d. This completes the proof. 


Theorem 2.5.8. Let f be a function which is analytic in an open set U, and 
suppose that A is a triangle contained in U. Let OA denote the boundary of A, 
considered as a closed path with positive orientation. Then 


f(z)dz =0. 
OA 


r= ff fle)ae 


Our objective is to prove that J = 0. We will do this by showing that |I| < € for 
every positive number e. Thus, let € be an arbitrary positive number. 


Proof. We set 


We subdivide the triangle A into four smaller triangles by joining the midpoints 
of the sides of A. The resulting four triangles are all similar to A with sides exactly 
half as long as the corresponding sides of A (see Figure 2.5.1). 


We now apply Parts (b) and (c) of Theorem 2.4.6. The sum of the integrals 
around each of these smaller triangles is a sum of integrals along their edges, with 
each of the edges interior to the original triangle occurring twice — once going one 
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Figure 2.5.1. Subdividing the Triangle A in Theorem 2.5.8. 


direction and once going the opposite direction. Thus, the contributions of these 
interior edges cancel, leaving only the contributions from the edges which lie along 
the boundary of the original triangle. It follows that the sum of the integrals 
of f around the boundaries of these four smaller triangles is J, and so one of 
these integrals must have modulus at least |I|/4. Let A; denote the corresponding 
triangle. In other words, A, is chosen from the four subtriangles so that 


\fi| > |Z|/4 where [= f(z) dz. 
OA, 


Note also that, if h is the diameter of A (which is the length of its longest side), 
then A, has diameter h, = h/2. 


We now repeat the above construction with A replaced by A,. That is, we 
subdivide A, into four similar triangles and choose one of them, call it A», with 
the property that 


\I2| > |t1|/4 > |1|/42 where Ip = f(z) dz, 
OA2 
and with diameter hz = hi /2 = h/2?. 


Proceeding by induction, we may choose for each n a triangle A,,, of diameter 
hy, so that 


An Cc Bais 
(2.5.4) [In| > |Z|/4" where I, -| flz)dz 
OAn 
and 
(2.5.5) hn = h/2”. 


The collection {A,,} is a nested sequence of closed bounded non-empty sets in 
the plane (see Figure 2.5.2) and, hence, by Corollary 2.5.3, there is a point w in 
the intersection (],, An. 

We now apply the previous lemma with €/h? replacing the € of the lmma. We 


conclude there is a 6 > 0 such that the integral of f around any triangle containing 
w, of diameter d < 6, is less than d?€/h?. 
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Figure 2.5.2. The Nested Sequence of Triangles in Theorem 2.5.8. 


We may then choose n large enough that h, = h/2" < 6. Since h, is the 
diameter of A, and w € A,, we have 


Putting this together with (2.5.5), we conclude 
€ 
\In| < ane 
Combined with (2.5.4), this yields 
|| <4"|I,| <e. 
Since € was an arbitrary positive number, we conclude that J = 0. This completes 
the proof. 


We will need a slightly stronger version of this theorem in which we allow the 
possibility that there is one point in A where f may not have a complex derivative, 
but where f is continuous. 


Theorem 2.5.9. Let f,U, and A be as in the previous theorem except that we 
assume that f is continuous on U and analytic on U \ {c} for some exceptional 
point ce A. Then we still have 


f(z)dz = 0. 
OA 

Proof. If c is a vertex of A, then, given « > 0, we may subdivide A into smaller 
triangles in such a way that the one containing c has circumference less than «/M, 
where M is the maximum value of |f| on A (Figure 2.5.3(a)). The integral of f over 
the boundary of this triangle will then be less than or equal to «. The integrals of 
f over the boundaries of other triangles in the subdivision are all 0 by the previous 
theorem (none of them contains c). As before, the integral of f over 0A is the sum 
of the integrals over the boudaries of the triangles in the subdivision and, hence, 
has modulus less than or equal to €. Since € was arbitrary, we conclude that the 
integral of f over OA is zero. 


If cis in A but is not a vertex, then the triangle can be subdivided into triangles 
which do contain c as a vertex (Figure 2.5.3(b)). The integral around the boundary 
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(a) (b) 


Figure 2.5.3. Dealing with an Exceptional Point c. 


of each of these is zero, so the integral around OA is also 0. This completes the 
proof. 


eC 
Exercise Set 2.5 


1. Prove the Bolzano-Weierstrass Theorem: If K is a compact subset of R”, then 
every sequence in K has a subsequence which converges to an element of K. 


2. Use Corollary 2.5.5 to show that if K is a compact subset of C and f isa 
continuous complex-valued function on K, then the modulus |f(z)| of f takes 
on a maximal value at some point of K. 


3. Show that if K is a compact subset of C, then there is a point z € K of 
minimum modulus — that is, a point zo € K such that 
\zo| <|z| forall ze. 
4, Prove that if g is analytic on an open subset U of C and 7: [a,b] > U is a path 
in U, then 
(g(r(t)))’ = o'r)" 
for t € [a,b]. Hint: The proof is very similar to the proof of Theorem 2.2.7. 
5. Calculate f z” dz if n is a non-negative integer and y is a path in the plane 
joining the point z 9 to the point wo. Hint: Use Theorem 2.5.6. 
6. Show that J, plz) dz = 0 if y is any closed path in the plane and p is any 
polynomial. 
7. Calculate is 1/zdz if y is any path in C joining —i to i which does not cross 


the half-line (—co, 0] on the real axis. Hint: Use the result of Example 2.2.11 
and Theorem 2.5.6. 
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11. 


12. 


13. 


14. 


15. 


. Using the same hint as in the previous exercise, show that 


1 
[eee 
oe 


if y is any closed path contained in the complement of the set of non-positive 
real numbers. Compare this with Example 2.4.1. 

. If /z is defined by /z = e%°8*)/? for the branch of the log function defined 
by the condition —7/2 < arg(z) < 37/2, find an antiderivative for \/z and 
then find hs \/zdz, where y is any path from —1 to 1 which lies in the upper 
half-plane. 

. Prove that if f is analytic in an open set containing a rectangle R, then the 

path integral of f around the boundary of this rectangle is 0. 

Let y be the path which traces the straight line from 1 to 1+7, then the straight 

line from 1+ 7 to 2 and then the straight line from 7 to 0. Calculate J, 2” dz. 


Let A be the triangle with vertices 1—7,i,and—1-—i and S be the square with 
vertices 1 —7,1+7,-1+i,and— 1-1. If f is any function which is analytic on 


C\ {0}, prove that 
[ toe=f toa, 
OA Os 


where OA and OS are traversed in the counterclockwise direction. 
For any pair of points a,b in C, denote the integral of a function f along the 


straight line segment joining a to b by tb f(z) dz, as in Remark 2.4.4. Suppose 
f is analytic in an open set containing the triangle with vertices a,b,c. Show 


that : : ; 
[ to«- | fle)ae = f f(z) dz. 


Show that Theorem 2.5.9 can be strengthened to conclude that the integral of 
f around any triangle in U is 0 if f is continuous on U and analytic on U \ J, 
where J is an interval contained in U. Hint: First consider the case where one 
side of the triangle lies along the interval J. 


If f is analytic on an open set U, then the integral of f around the boundary of 
any triangle in U is 0 (Theorem 2.5.8), as is its integral around the boundary 
of any rectangle in U (Exercise 2.5.10). What other geometric figures have this 
property? What is the most general theorem along these lines you can think 
of? 


2.6. Cauchy’s Theorem for a Convex Set 


A 


convex set C’ in C is a set with the property that if a and b are points in C, then 


the line segment joining a and b is also contained in C. 


Existence of Antiderivatives. The strategy for proving Cauchy’s Theorem for 


convex sets is to prove that every analytic function on a convex set has an antideriv- 
ative and then apply Theorem 2.5.6. The first step in this program is accomplished 


wi 


th the following theorem. 
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Figure 2.6.1. The Triangle A of Theorem 2.6.1. 


Theorem 2.6.1. Let U be a convex open set and suppose f is a function which is 
continuous on U and has the property that its integral around the boundary of any 
triangle in U is zero. Ifa € U is fixed and F(z) is defined for all z € U by 


Fa) =f fw) dw, 
then F"(z) = f(z) for all z € U. 


Proof. Let [a, z] denote the line segment joining a to z, considered as a path from 
ato z. For z € U, this line segment lies entirely in U and so we may define a 
function F(z) by 


F@)- | * fw) deo, 


where by this we mean the path integral of f along the path [a, z], as in Remark 
2.4.4. We will show that F’(z) = f(z). To do this, we let z and zp be points of U 
and consider the triangle A with vertices a, z, zo (see Figure 2.6.1). The fact that 
U is convex implies that A Cc U. 


Let OA denote the boundary of A, considered as a contour which goes from a 
to z to zg and then to a again. Since, by hypothesis, the integral of f around the 
boundary of any triangle in U is 0, we have 


We conclude that 
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If we add and subtract the number f(z) in the integrand of this integral, we obtain 


F(z) — Flo) = f° flco)dw+ f(F00) ~ F(20)) ew 


Z0 
= Heo) (e— 20) + f (lw) = f(e0)) dw. 
Z0 
If we divide by z — zp and subtract the first term on the right from both sides, we 
get 
F(z)- F(z 1 & 
goa) FR PEO) (25) = 4 f (rw) - fea) aw 


z— £0 z— 20 Z0 


Thus, to finish the proof that F’(zo) = f(zo), we just need to show that the 
expression on the right in (2.6.1) has limit 0 as z > zo. 

Given « > 0, we may choose a 6 > O such that |f(w) — f(zo)| < € when 
|w — Z| < 6. This follows from the fact that f is continuous on U. If |z — zo| < 4, 
then |w — zo| < 6 for every w on the line segment [zo, z] and so |f(w) — f(zo0)| < € 
for every w on this line segment. Then 


[ (00) - Feo) au See 


20 


and so 
1 


Zz — 20 


[ (600) - Feo au <e 


20 


whenever |z — zo| < 6. This shows that 


tim —— f (Fw) — Fo) dw = 0, 


220 Z — 20 20 


which completes the proof. 


Cauchy’s Integral Theorem. We now have all the tools in place to prove 
Cauchy’s Integral Theorem for convex sets. This is not the most general form 
of the theorem — that will come later — but it is sufficiently general to allow us to 
derive a wealth of surprising consequences. 


Theorem 2.6.2. Let U be a convex open set and suppose f is a function which is 
analytic on U, except possibly at one point, where it is at least continuous. Then 


[tow =0 


for every closed path in U. 


Proof. By the previous theorem, and Theorem 2.5.8, f has a complex antideriva- 
tive F in U. Then Theorem 2.5.6 implies that the integral of f around any closed 
path is zero. 


One of the obvious applications of Cauchy’s Theorem is in proving independence 
of path results for path integrals. 


Corollary 2.6.3. If U is a convex set and f is analytic on U, and a,b € U, then 
fs f(z) dz is the same for all paths y in U which begin at a and end at b. 
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De 


Figure 2.6.2. The Picture for Example 2.6.4. 


The proof is left as an exercise. Another kind of path independence is illustrated 
by the following example. 


Example 2.6.4. Without doing any calculating, prove that the integral of 1/z 
around any positively oriented ellipse with 0 inside is 277. 


Solution: From Example 2.4.1 we know that the integral of 1/z around a 
positively oriented circle centered at 0 is 277. Choose such a circle, with radius 
small enough that the circle lies inside the ellipse. Then join the circle to the ellipse 
with four line segments, two of which lie along the x-axis, and two of which lie along 
the y-axis. This creates four closed paths, each of which consists of a path along 
a piece on the circle followed by a line segment, followed by a piece of the ellipse 
followed by a line segment leading back to the original point. Each of these closed 
paths is contained in a convex open set on which 1/z is analytic and so the integral 
of 1/z around each of them is 0. However, the sum of these integrals is also the 
difference between the integral of 1/z around the circle and its integral around the 
ellipse, because the contributions of the line segments cancel. Thus the integral of 
1/z around the circle is the same as that around the ellipse and we conclude that 
the latter is 277. 


Index of a Path around a Point. Having proved Cauchy’s Integral Theorem 
for a convex set, we can now prove a companion result — Cauchy’s Integral Formula 
on a convex set. There are several versions of this result. The one we will present 
here allows the integral to take place over a very general path, but requires that we 
know how many times the path goes around a given point. The tool that measures 
this is described in the following definition. 


Definition 2.6.5. Let y : I + C be any closed path in C and let z be a point of 
C which does not lie on y(I). We set 


1 dw 
Ind, (z) => aa f os 
x 


This is called the index of z with respect to y. It is also sometimes called the 
winding number of y around z. 


Theorem 2.6.6. If is a closed path in C with parameter interval I = [a,b], then 
Ind,(z) is an integer-valued function of z defined on the complement of y(1). 
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Proof. Let zp a point in the complement of 7(J). Since ¥ is a closed path, we have 
(a) = 7(b). We define a complex-valued function A(t) on the interval a < t < b by 


= [en 


Then \(a) = 0 and \(b) = 2m Ind,(z). If we can show that e*) = 1, then the 
proof will be complete, since the only numbers w with e” = 1 are the numbers 
27in where n is an integer. 


By the Fundamental Theorem of Calculus, 


while the derivative of e* is 


(AO) = XO V(t) = OO 7 (t) 
It follows that 


er(t) 1 7, +! (t) : ae : 
(<5 — =) ~ (y(t) — 20)? (c 7(t) — 20 (y(t) — 2%) — ey ) 0. 


Hence, e*) /(7(t) — zo) is a constant. We conclude that 


er(t) er(@) 1 


y(t) — 20 7 y(a)— 2 (a) — 20 


for every t € [a,b]. If we set t = b, this gives us 


er() — ah O) = 20 
y(a) — 20 


Since y(a) = 7(b), it follows that e*() = 1. This completes the proof. 


Cauchy’s Integral Formula for Convex Sets. 


Theorem 2.6.7. Let U be a convex open set, f a function which is analytic on U 
and y:I—U a closed path inU. Then 


Ind,(z) f(z) = : [2s dw, 


201 w-Zz 


for every point z € U which does not lie on (I). 


Proof. Consider the function g(z, w) defined for z,w € U by 


fw)-flz), 
g(z,w) = wz sie 
F(2)5 otherwise. 


For each fixed z € U, this function is analytic in w everywhere on U except 
possibly at w = z, but it is at least continuous at w = z. Since Theorem 2.6.2 holds 
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even if the function is not analytic at some point but is continuous there, it follows 


that 
0= f ewydw= f a [ ha 


= / LO) py — 2ni Ind,(z) f(z), 


W 


as long as z is not on the contour y (note that this is required in order to write 
the integral in the first line above as the difference of two integrals, since otherwise 
these two integrals might not exist individually). We conclude that 


Ind,(z) f(z) = =| F(w) dw, 


2071 


as required. This completes the proof. 


This is a striking result, for it says that the values of an analytic function at 
points “inside” a closed path are determined by its values at points on the path. 
Here, a point is considered inside the path if the path has non-zero index at the 
point. 


Corollary 2.6.8. If U is a convex open set, z € U and ¥y is a closed path in U 
with Ind,(z) = 1, then 


for every function f analytic on U. 


Intuitively, the meaning of the hypothesis Ind,(z) = 1 in the above corollary is 
that the closed path y goes around z once and does so in the positive direction. 


Cauchy’s Integral Theorem and Cauchy’s Integral Formula have a wealth of 
applications. We will begin exploring these in the next chapter. 


However, in order for Cauchy’s Integral Theorem, in the above form, to be us- 
able, we need to be able to easily compute the index of a curve around a given point. 
The last section of this chapter is devoted to developing the essential properties of 
the index function which make this possible. 


eC 
Exercise Set 2.6 


1. Prove that a function which has complex derivative identically 0 on a convex 
open set U is constant on U. 

2. Calculate Tate — 4)~1dz if y is the unit circle traversed once in the positive 
direction. 

3. Calculate J, —e*)~1dz if 7 is the circle y(t) = 2i + e*. 

4. Calculate ie 1/z dz if y is any circle which does not pass through 0. Note that 
the answer depends on 7. 

5. Find ie 1/z? dz if y is any closed path in C \ {0}. 
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. Show that the principal branch of the log function can be described by the 


formula log(z) = f/ 1/w dw for z ¢ (—oo, 0}. 


7. Prove Corollary 2.6.3. 


8. Without doing any calculating, show that the integral of 1/z around the bound- 


10. 
. Calculate Ind,(1+ 7) if y is the path which traces the line from 0 to 2, then 


12. 


13. 


14. 


15. 


16. 


ary of the triangle with vertices 7,1 —7,—-1—7 is 277. 


. Let f be a function which is analytic on C\{zo}. Show that the contour integral 


of f around a circle of radius r > 0, centered at zg, is independent of r. 


Calculate Ind,(zo) if y(t) = zo + e’™’, t € [0,27] and n is any integer. 


proceeds counterclockwis around the circle |z| = 2 from 2 to 2% and then traces 
the line from 27 to 0. What is the answer if this path is traversed in the opposite 


direction? 
< 


Use Cauchy’s Integral Formula to calculate i © de. 
|z|=1 © 


Use Cauchy’s Formula to show that 


1 1 
/ + dz = 71, i: > dz = — 71. 
Jz—-1|=1 Cee | Jz+1|=1 ed 


Show that 
1 
= pol dz = 0. 


Hint: Use the result of the preceding exercise. 


Use Cauchy’s Integral Formula to prove that if f is a function which is analytic 
in an open set containing the closed unit disc D,(0), and if T = {z: |z| = 1} is 
the unit circle, then |f(0)| <M, where M is the maximum value of |f| on T. 


Show that if y is a path from z; to z2 which does not pass through the point 


zo, then 
1 = 
/ ee (2-2) . 
y W- 2 41 — 20 


for some branch of the log function. Note that, in the case where z; = Z2, this 
is just Theorem 2.6.6. 


2.7. Properties of the Index Function 


If y is a closed path, then removing 7(J) from the plane results in a set which is 
divided into a number of connected pieces. These are open sets called the connected 
components of the complement of y(I). We will prove that Ind,(z) is constant on 
each of these components. Thus, to calculate Ind,(z) on a given component, one 
only needs to calculate it at one point of the component. 


Before proving this, we need to have a firm idea of what a connected component 


is. This leads to a discussion of connected sets. 
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Connected Sets. 


Definition 2.7.1. A set E C C is separated if there exists a pair A,B of open 
subsets of C such that FE C AUB, ANE #9, BNE AW and ANB=9. The 
pair A, B is then said to separate E. If E is not separated, then it is said to be 
connected. 


The union of a family of connected sets with a point in common is also connected 
(Exercise 2.7.1). It follows that, if z € E, then the union of all connected subsets 
of F containing z is itself connected. This implies that each point of E is contained 
in a maximal connected subset of &. A maximal connected subset of FE’ is called 
a connected component of E or simply a component of E. Two components of E 
are either disjoint or identical, since, otherwise, their union would be a connected 
set larger than one of them. Thus, the components of & form a pairwise disjoint 
family of subsets of EF whose union is E. 


In this section we are primarily concerned with open sets and their components. 
If F is open, then the sets AN E and BN E of Definition 2.7.1 are open subsets 
of EF. It follows that an open set E is separated if and only if it is the union of 
two disjoint non-empty open subsets of itself. It is connected if this is not the case. 
The next theorem states the essential facts regarding connected open sets that we 
will need in this section. 


An open set U is said to be path connected if every two points in U can be 
connected by a path which lies entirely in U. 


Theorem 2.7.2. Let U be an open subset of C. Then 


(a) each component of U is also open; 


(b) U is connected if and only if it is path connected. 


Proof. We prove (b). The proof of (a) is left as an exercise. 


Suppose U is connected. Given z € U, let Vz be the set of points of U that are 
connected to z by a path in U, and let w be some other point of U. There is an 
open disc D, centered at w, which is contained in U. Since any two points in D are 
connected by a line segment, either all points of D are in V-, or all points of D are 
in U\ V.. Hence, V. and U \ V, are open subsets of U whose union is U. Since U 
is connected, one of them must be empty. Since it contains z, Vz is not empty, and 
so U\ V, must be empty. This means V, = U and every point of U is connected to 
z by a path in U. Hence, U is path connected. 


Conversely, suppose U is path connected. If U = AUB, where A and B are 
disjoint non-empty open sets, then the function f which is 1 on A and 0 on Bisa 
continuous function on U, since the inverse image of any open subset of R under f 
is A, B, U, or 0, and these are all open. Now since U is path connected, there is a 
path y connecting a point of A to a point of B. Then f 07 is a continuous function 
on an interval J which takes on the values 1 and 0 and only these values. This is 
impossible, by the Intermediate Value Theorem. The resulting contradiction shows 
that there is no pair A, B as above, and so U is connected. 
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By the above theorem, if K is a compact subset of C (such as the image y(J) 
of a closed path 7), then C \ K is the union of its connected components, each of 
which is an open, path connected set. 


Theorem 2.7.3. If K is a compact subset of C, then C \ K has exactly one un- 
bounded component. 


Proof. If K is a compact set, then K is closed and bounded. Since it is bounded, 
it is contained in some closed disc D,(0). Then its complement C \ K is open and 
contains the complement of D,.(0). Since the complement of D,.(0) is connected, it 
is contained in one of the components of C\ kK. This means all the other components 
of C \ K are contained in D,(0) and, hence, are bounded. 


Example 2.7.4. What are the components of C \ T, where T is the unit circle? 


Solution: Clearly the sets {z € C: |z| < 1} and {z € C: |z| > 1} are path 
connected and, hence, connected. These two connected open sets have C \ T as 
union and so they must be the components of C \ T. One of them is bounded and 
the other is unbounded. 


Index is Constant on Components. We can now establish the result alluded 
to at the beginning of this section. 


Theorem 2.7.5. If y: I — C is a closed path, then Ind,(z) is constant on each 
component of C \ y(I), and is zero in the unbounded component of C \ y(1). 


Proof. The set y(J) is the image of a compact set under a continuous function and 
so it is compact, hence, closed. Its complement C \ 7(JZ) is, therefore, open. Thus, 
if z € C\ y(J), there is an open disc, centered at 29, and contained in C\7(JI). Let 
R be the radius of one such disc. We will show that, on some smaller disc, centered 
at zo, Ind,(z) is constant. 


Suppose r is a positive number less than R and z € D,(zo). Then 


Ind,(z) — Ind,(zo) = : - a a : ; ii a 
y ae 


271 w-—Zz 271 — 2 


(2.7.1) 


1 / zZ— 2% d 
— Ww 
2ri J (w— z)(w— 2) 
Furthermore, every point w of (I) is at least a distance R away from z and a 
distance R —r away from z. That is, 
jw—z|>R and |w-—2z|>R-r. 


Since |z — zo| < r, this implies that the integrand of the last integral in (2.7.1) is 
less than or equal to r/R(R—r) and, hence, that 


rey) 
Ind — Ind eee 
[Indy(2) ~ Ind, (0)| < 5a 
We can make the right side of this inequality as small as we want by choosing r 
sufficiently small. In particular, we can make it less than 1. However, Ind,(z) and 
Ind,(z) are both integers. If they differ by less than 1, then they are the same. 
Thus, if r is chosen small enough, Ind,(z) is constant on D,.(2o). 
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Let A be a component of C \ y(Z), and for each integer n let V,, be the set of 
points of A on which Ind,(z) =n. The above argument shows that each V,, is an 
open subset of A. So is the union of all the sets V,, for which m #4 n. These two 
sets separate A unless one of them is empty. Since A is connected, one of them 
must be empty. This means that if V, is not empty, then it is all of A. Thus, only 
one of the sets V, can be non-empty and this means that Ind,(z) is constant on A. 


It remains to show that Ind,(z) = 0 on the unbounded component of C \ 7(J). 
Let D be an open disc containing y(I) and let zo be a point outside this disc. Then 
zo is in the unbounded component of C \ y(J). Furthermore, 

1 d 
Ind, (zo) = / ae) 
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by Cauchy’s Integral Theorem, since D is a convex set containing y(I) and 


W— 20 
is analytic on D. Since Ind,(z) is constant on each component of C \ (J), it must 
be identically 0 on the unbounded component. 


Example 2.7.6. Calculate Ind,(z) for the path 7 which traces n times around a 
circle of radius r centered at zo, where, if n is positive, this means y traces the 
circle in the counterclockwise direction, and, if n is negative, it means 7 traces the 
circle in the clockwise direction. 

Solution: A parameterization for such a ¥ is y(t) = z +re”! 
interval I = [0,27]. Here 7'(t) = irne’™ and so 


1 20 ’(t)\ dt 1 20 
Ind,(zo) = == | aus = — | indt =n. 
2ri Jo «=y(t)— 2% 2Ti Jo 


We use the previous theorem to find the index at other points z. Since the interior 
of the circle traced by 7 is a component of C \ y(J), Ind,(z) must be constant on 
it. Therefore, it has the value n at every z with |z — zo| <r. The other component 
of C \ y(Z) is the unbounded component {z : |z — z0| > r}. On it, Ind,(z) = 0. 

Thus, in this example, Ind,(z) is an integer n which is the number of times the 
path goes around z if the path has positive orientation (goes in the counterclockwise 
direction), and is the negative of this number if the path has negative orientation. 
This includes the case where the path does not go around z at all, because z lies 
outside the circle. Then n = 0. 


with parameter 


Crossing a Path. For most paths, the index function can easily be computed 
using the principle that if a path is crossed from right to left at a “simple” point of 
the path, then the index increases by 1. We will make this statement precise below 
and outline its proof. Most of the details are left to the exercises. 


Definition 2.7.7. Let y be a path with parameter interval I = [a,b] and let D be 
an open disc in the plane. We will say that y simply splits D if 


(a) J = y~\(D) is a non-empty open subinterval of J, or (in the case where the 
path is closed and y(a) = y(b) € D) a union of two half-open subintervals 
[a,c) and (d, b]; and 


(b) D\ y(J) has exactly two components. 
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Figure 2.7.1. A Disc Simply Split by a Path. 


Roughly speaking, a disc D is simply split by a path if the path passes just 
once through D and cuts it into exactly two connected components. 


In this situation, there is a way to make sense of which of the two components 
is to the left of the path and which is to the right (Exercise 2.7.3). 


Theorem 2.7.8. Let y be a closed path which simply splits a disc D. Then 
Ind,(z) = 1+ Ind,(w) 
if z is in the left and w in the right component of D\ y(J). 


Thus, if Zo is a point of y which is the center of a disc which is simply split by 
y, then Ind,(z) increases by 1 as z crosses y from right to left at zo. 


The proof is left to the exercises. 


The next example illustrates how to use this to compute Ind,(z) in specific 
situations. 


Example 2.7.9. Suppose y is a path which traces the circle |z| = 2 once in the 
counterclockwise direction beginning at 2 and then traces the circle |z—1| = 1 once 
in the counterclockwise direction. Find Ind,(z) for each z that is not in y(J). 


Solution: The components of C \ {y(Z)} are 
A={zeEC:|z| > 2}; 
B={zeC: |z| <2, |z-1| > 1}; 
C={zeEC:|z-1| <1}. 


Since A is the unbounded component, Ind,(z) = 0 if z € A. Crossing 7 from right 
to left at 27 takes us from points of A to points of B. Hence, by the preceding 
theorem, Ind,(z) = 1 for z € B. Crossing 7 from right to left at 1+7 takes us from 
points of B to points of C' and so, again by the preceding theorem, Ind,(z) = 2 if 
zEC. 


If y is a path with parameter interval I = [a,b], and to € (a,b), then the 
derivatives of y as a function on [a,to] and y as a function on [to, 6] both exist at 
to (see Definition 2.3.1 and the discussion preceding it). They are equal if to is a 
smooth point of the path. If to is not a smooth point, then 7 has two derivatives 
at to — a left derivative Dey and a right derivative D,y. At the endpoint a of I, y 
has only a right derivative, while at the endpoint 6 it has only a left derivative. 
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+ 20 


1+1 


Figure 2.7.2. The Path for Example 2.7.9. 


Definition 2.7.10. If y is a path with parameter interval J = [a,}], a point 2 
on ¥(L) is said to be a simple point if zo = (to) for exactly one parameter value 
to € (a,b) or for the two values a and 0 (in this case, y is closed), and if the left 
and right derivatives of y at to (at a and 6 if z = y(z) = y(b)) are both non-zero. 


In other words, a point is a simple point of a path if the path passes through 
the point just once and it both approaches the point from a definite direction with 
a positive speed and leaves the point in a definite direction with a positive speed. 
This leads to a very useful criterion for a point on a path to be the center of a disc 
that is simply split by the path. 


Theorem 2.7.11. If z is a simple point of the path y, then there is an open disc, 
centered at zo, which is simply split by y. 


Exercises 2.7.11 through 2.7.14 are devoted to proving this theorem in the case 
where the point zg is actually a smooth simple point of y. In Exercise 2.7.15, the 
reader is asked to modify this argument so as to prove the theorem in general. 


Note that in attempting to prove the above theorem, we may assume that 
zo = 7(to) for some interior point to of the parameter interval (otherwise we can 
just reparameterize to make this the case). Also, we may assume that zp = 0 since, 
otherwise, we can just translate the curve to make this the case. Both of these 
assumptions are made in Exercises 2.7.11 to 2.7.15. 


Theorems 2.7.11 and 2.7.8 imply that if a closed path y is crossed from right 
to left at a simple point, then Ind, increases by 1. For most of the paths y that 
we shall encounter, all but finitely many points of 7 are simple points. Exceptions 
to this rule are paths which retrace parts of themselves, cross themselves infinitely 
often, or come to a dead stop over some segment of the parameter interval. 


a 
Exercise Set 2.7 


1. Prove that the union of a family of connected sets with a point in common is 
also a connected set. 
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11. 


Figure 2.7.3. The Path for Exercise 2.7.9. 


Prove Part (a) of Theorem 2.7.2. That is, prove that each component of an 
open set is open. 


Let D be an open disc and y: I > C be a closed path which simply splits D. 
Argue that, if we think of the positive direction along the curve through D as 
being “up”, then it makes sense to think of one of the components into which 
y splits D as the “left” one and the other as the “right” one. Describe how to 
tell which is which. 


Suppose a closed path y simply splits a disc D as in Figure 2.7.1. Define two new 
paths y; and 7 as follows: The curve 7; agrees with y until y enters D. It then 
departs from y and instead traces the boundary of D in the counterclockwise 
direction until it rejoins y. It agrees with y from that point on. The path 
y2 does the same thing except it traces the boundary of D in the clockwise 
direction. For which points z inside D does Ind,(z) = Ind,,(z)? For which 
points z inside D does Ind,(z) = Ind,,(z)? What is Ind, (z) — Ind,, (z) if z is 
any point inside D? Hint: Use Cauchy’s Integral Theorem and Example 2.7.6. 


Use the results of the previous exercise to prove Theorem 2.7.8. 


Prove that if y is a closed path whose complement has just two components 
and if y has at least one simple point, then Ind,(z) = +1 on the bounded 
component. 


In Example 2.7.9 how would the answers differ if the inner circle is traced in 
the clockwise direction rather than the counterclockwise direction? 

If a path ¥ traces a figure eight once, what are the possibilities for Ind,(z) in 
the two bounded components of the complement of the figure eight? 
Determine the value of Ind,(z) in each of the components of C\y(J) if 7 is the 
curve of Figure 2.7.3. 

Suppose 7; and yz are closed paths and z is not on either path. Show that 
Indy, +4.(z) = Indy, (z) + Ind,,(z) and Ind_,, = —Ind,,(z). Hint: Use Theo- 
rem 2.4.6. 

Let y(t) = x(t) + iy(t) be a path with parameter interval J = [a,b] and to a 
point in (a,b) at which the path is smooth and simple. For further simplicity, 
assume (to) = 0 (we can always achieve this by translating the path). Prove 
that, even though 7’ (to) may not exist, the second derivative of the function 


h(t) = ly)? = 27(t) + 9° (6) 
does exist at to and equals 2|7’(to)|?. 
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13. 


14. 


15. 


Let y and to be as in the previous exercise. Prove that there is an inter- 
val (c,d) C (a,b), containing to, such that |y(t)| is strictly decreasing on 
[c,to] and strictly increasing on [to,d]. Show that this implies that, if 6 = 
min{|y(c)|, |y(d)|}, then y(t) crosses each circle of radius less than 6, centered 
at 0, exactly once for ¢ € (c,to) and exactly once for t € (to, d). 


Let +, to and (c,d) be as in the previous exercise. Prove that there is an open 
disc D, centered at 0, such that y~1(D) is an open subinterval J of (c,d). Hint: 
Begin by showing you can choose D small enough that it contains no points 
y(t) for t ¢ (c,d); then use the result of the previous exercise. 

With ¥, to, (c,d), and D as in the previous exercise, prove that D is simply 
split by y. This proves Theorem 2.7.11 in the case of a smooth simple point. 
How would the argument outlined in the previous four exercises need to be 
modified to prove Theorem 2.7.11 for a point which is a simple point of 7, but 
not a smooth point? Note that, in this case, y(t) will have two derivatives at 
to — one from the left and one from the right. 


Chapter 3 


Power Series Expansions 


In this section we present several striking applications of Cauchy’s theorems. The 
first of these is the existence of local power series expansions for analytic functions. 
This leads to a number of other results, including the Fundamental Theorem of 
Algebra and detailed information about the zeroes and singularities of analytic 
functions. 


Before we show that analytic functions have power series expansions we need 
to develop a deeper understanding of convergence issues for power series. The first 
section of the chapter is devoted to this task. 


3.1. Uniform Convergence 


We would like to be able to integrate and differentiate power series term by term. 
This is shown to be legitimate in the case of real power series in the typical advanced 
calculus or foundations of analysis course. The key to doing this is to show that 
power series converge uniformly on certain sets. We will give a brief development 
of these ideas in the context of complex-valued functions of a complex variable. 


Definition 3.1.1. Let {fn} be a sequence of functions defined on a set S C C. 
Then 


(a) the sequence {f,} converges pointwise to the function f on S if, for each 
z € S, the sequence of numbers { f;,(z)} converges to the number f(z) — that 
is, for each z € S and each € > 0, there is an N such that 


lfn(z) — f(z)|<e forall n>N; 


(b) the sequence { f,,} converges uniformly on S if for each « > 0 there exists an 
N such that 


\fn(z) —f(z)|<e forall n>N andall zeS. 


There is a subtle but crucial difference between statements (a) and (b) in the 
above definition: In (b), given e, there must be an N that works for all z € S. In 
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(a), for each z there must be an N, but N depends on z, in general, and there may 
not be an N that works simultaneously for all z € S. 


The importance of uniform convergence stems primarily from two facts that 
are proved below and are extensively used thereafter: (1) The limit of a uniformly 
convergent sequence of continuous functions is also continuous; and (2) the integral 
along a path of the limit of a uniformly convergent sequence of continuous functions 
is the limit of their integrals. 


Theorem 3.1.2. If E is a subset of C and {f,} is a sequence of continuous func- 
tions on E which converges uniformly on E to a function f, then f is also contin- 
uous on EB. 


Proof. Let z) be a point of E. Given € > 0, we choose N such that 
n>N implies |f(z) — fn(z)| < 5 for all z€ LE. 
We can do this because { f,} converges uniformly to f on E. 
We next choose a 6 > 0 such that 
\fn(z) — fn (Z0)| < 5 whenever z€ FE and |z— 2| <0. 
We can do this because fy is continuous on EF. 
Then |z — zo| < 6 and z € E imply 
If (2) — Flzo)| < [Ff (2) — fin (2) + [fv (2) — fv (20)| + Lf (20) — (20) 
<5t+gtgre 


We conclude that lim,_,., f(z) = f(zo), and so f is continuous at zp. Since zo was 
a general point of FE, f is continuous on EF. 


Theorem 3.1.3. If y : I > C is a path and {fn} is a sequence of continuous 
functions on y(I) which converges uniformly on y(I) to f, then 


(3.1.1) Jim fn(z) dz = / f(z) dz. 


Proof. Given ¢ > 0, we choose N such that 
f(z) — falz)| < €/@(y) forall n> WN, z€ y(J). 
Then Theorem 2.4.9 implies that, for n > N, 


i. f(z) dz — i fn(2) dz i: (f(z) — fal2)) az 


and this proves (3.1.1). 


Example 3.1.4. If fn(z) = |z|", then prove that the sequence {f,} converges 
pointwise on D;(0) but not uniformly. Show that it does converge uniformly on 
any disc D,.(0) with r < 1. 

Solution: If |z| < 1, then |z|" — 0. If |z| = 1, then |z|”" > 1. Thus, the 
sequence converges pointwise and the limit function f(z) is 0 if |z| < 1 and 1 if 
|z| = 1. The convergence is not uniform because the limit function is not continuous. 
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Figure 3.1.1. The Sequence {x”} does not Converge Uniformly on [0, 1]. 


The fact that the convergence is not uniform can also be seen directly: No 
matter how large n is chosen, we can always find a z with |z| < 1 such that 
lfn(z) — f(z)| = |z|" > 1/2. In fact, (1/2)'/” is such a z. Thus, the condition for 
uniform convergence fails to hold for « = 1/2. 


On the other hand, if z € D,(0) with r < 1, then |z| <r and |z|" <r”. Given 
€ > 0, if N is chosen larger than log e/logr, then n > N implies 


|fn(z) — F(2)| = lal? Sr? <e 


Since N was chosen independent of z, the convergence is uniform on D,,.(0). 


The real analogue of the above example is the sequence {x”} on [0,1], which is 
illustrated in Figure 3.1.1. 


Uniform Convergence of Series. We say that an infinite series 77° 4 f(z) of 


functions, defined on a set EF’, converges uniformly on F if the sequence of partial 
sums {s,,} converges uniformly on F, where we recall that 


sn(z) = do fa(2)- 
k=0 


There is a very useful criterion which insures uniform convergence of such a se- 
quence. This is the Weierstrass M -test: 


Theorem 3.1.5 (Weierstrass M-Test). Let 


(3.1.2) S> fe(z) 
k=0 
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be an infinite series of functions defined on a set E. If there is a convergent series 
of non-negative numbers 


(3.1.3) ie Mp 
k=0 


such that | fx(z)| < My for all k and all z € E, then (3.1.2) converges uniformly on 
E. 


Proof. The comparison test, comparing (3.1.2) to (3.1.3), shows that, for each 
z € E, the series (3.1.2) converges. Let s(z) be the number it converges to, and let 
8n(z) denote the nth partial sum of (3.1.2). Then 


(3.1.4) Is(z) — snl2)l< 32 Ife < D> Me. 
k=n+1 k=n+1 


Since the series (3.1.3) converges, given € > 0, we can choose N such that the right 
side of (3.1.4) is less than € for alln > N. Then (3.1.4) implies that |s(z)—sn(z)| < € 
for alln > N and all z € FE. Since N was chosen independently of z, this shows 
that the convergence is uniform. 


Example 3.1.6. Show that the series )>?°., 2*/k? converges uniformly on the 
closed unit disc D,(0). 

Solution: We have |z"/k?| < 1/k? if |z| < 1. Furthermore, 77°, 1/k? con- 
verges, because it is a p-series with p = 2. Hence, by the Weierstrass M-test, the 
series )\>-_, 2*/k? converges uniformly on D;(0). 


Uniform Convergence of Power Series. In Section 1.2 we stated without proof 
that a complex power series converges on a certain open disc and diverges at all 
points in the complement of the corresponding closed disc. The radius of this disc 
is called the radius of convergence of the power series. We are now prepared to 
prove this result and give a formula for the radius of convergence. 


The theorem that does this uses the notion of limsup of a sequence. This is 
defined as follows. 


If S is a non-empty set of real numbers, then an upper bound for S$ is a number 
M such that s < M for every s € S. If there is an upper bound for S, then S is said 
to be bounded above. The completeness axiom for the real number system states 
that each non-empty set of real numbers S' that is bounded above, has a least upper 
bound L. This means L has two properties: (1) it is greater than or equal to each 
element of S', and (2) it is less than every other number with this property. We 
will denote the least upper bound of a non-empty set S which is bounded above by 
sup(S). If the set is non-empty, but not bounded above, we set sup(S) = co. The 
notion of inf or greatest lower bound is defined analogously, but the inequalities are 
all reversed. 


Definition 3.1.7. If {a,} is a sequence of real numbers, then limsup{a,} is the 
limit of the non-increasing sequence {u, } defined by 


Un = sup{a, :k > n}. 
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The sequence {u,} of this definition is non-increasing because as n increases, 
the set of numbers {a, : k > n} gets smaller. The sequence {u,, } may not, however, 
be bounded below and so limsup{a,} may be —oo. Also, the uy, could all be +00, 
in which case lim sup{a;} = +00. 

Of course, there is an analogous notion, liminf, which uses inf instead of sup 
in the above definition. 

The lim sup and liminf of a sequence {a;} always exist (but may be infinite), 
even though lim a, itself may not exist. In fact the sequence has a limit (which may 
be infinite) if and only if lim sup ay, = liminf ag. In this case lim a, is this common 
value. 


Theorem 3.1.8. Given a power series yy ck(z — 20)*, let 
-1 
R= (Jim sup [ex|/*) ; 


Then the series converges absolutely if z € Dr(zo) and diverges if z ¢ Dr(z0). 
Furthermore, it converges uniformly on each closed disc D,(z0) with r < R. Thus, 
R is the radius of convergence of the given power series. 


Proof. Since we can always make a change of variables which replaces z — zo by 
z, we may as well assume that zo = 0. 


'/k is the limit of the non-increasing sequence {u,} 


By definition, lim sup |c,| 
where 
un = sup{|ce|!/* : & > nj. 
If r < R, we choose a number t with r <t < R. Then t7! > R71 =limu,. This 
implies that for large enough n the numbers u, are less than t~!. If n is one such 


integer, then, for all k > n, 
len|'/* <t7? and, hence, |c,| < t7*. 


Now if |z| <r, then this implies that 
k 
(3.1.5) |cpz*| < (*) forall k>n. 


Since |r/t| < 1, the geometric series )77-,,(r/t)* converges. Then the Weierstrass 
M-test implies that the series 77°, cxz” converges uniformly in the disc D,(0). 
The same is true of the original series 77° 5 c.2z", since the convergence or uniform 
convergence of a series is unaffected by the first n terms if n is fixed. 


Since the series converges on each closed disk D;.(0), with radius less than R, 
it converges at each point z in the open disc Dr(0). 


It remains to prove that the series diverges at each z with |z| > R. Given such 
a z, we have 
|z\~' < limun. 
This implies that, for each n, there is a k > n with 


|z|\~? < |ex|/*, so that |c,z*| > 1. 


But this means that there is a subsequence of the sequence of terms {c,z"} con- 
sisting of numbers with modulus greater than 1. Since the sequence of terms does 
not converge to 0, the series diverges by the term test (Exercise 1.2.9). 


80 3. Power Series Expansions 


The above theorem has the following corollary, the proof of which is left as an 
exercise. 


Corollary 3.1.9. If f has a power series expansion about z which converges on 
the disc Dp(Zo0), then f is continuous on this disc. 


Example 3.1.10. Prove that if Sa c.z" is a power series with radius of con- 
vergence R, then the power series )>~_, kcpz*—+ also has radius of convergence 
R. 

Solution: If we multiply the second series by z, the set on which the series 
converges does not change, and so its radius of convergence does not change. The 
resulting series is 77° kexz*. Let R, be its radius of convergence. By the previous 
theorem, 


= 
R= (Jim sup [ex|/*) ‘ 
and 
—1 -1 
R= (limsup [ecu |") = (Jim sup k!/*|e,|'/*) ; 
The sequence k'/* has limit 1 (Exercise 3.1.11), and so the factor k!/* does not 
effect the limsup (Exercise 3.1.12). Hence, R, = R. 
Theorem 3.1.8 and Theorem 3.1.3 combine to prove that it is legitimate to 


integrate a power series term by term. 


Theorem 3.1.11. Let f(z) = pg ce(z — 20)", where the radius of convergence 
of this power series is R. Then 


(3.1.6) f(w) dw = > fk_ (2 _ zy)h+1 
for all z € Dr(Zo). 


Proof. If we set 8n(z) = op» ck(z — 20)* for each positive integer n, then 


z n Ck 
i Sn(w) dw = S> bai” = zg)**? 
20 k=0 


because the integral is linear and we know how to integrate (z — 29)". To finish 
the proof of (3.1.6), we just need to take the limit of both sides and use Theorem 
3.1.3 to bring the limit inside the integral on the left. Of course, we need to know 
that the convergence of {s,} to f is uniform on [zo,z]. This, however, follows 
from Theorem 3.1.8, since the interval [z, z] is inside the closed disc D,.(zo), where 
r=|z|<R. 


a= 
Exercise Set 3.1 


1. Show that the sequence {1/(nz)} converges uniformly to 0 on every set of the 
form {z : |z| > r} for fixed r > 0, but it does not converge uniformly on 


{z: 20}. 
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16. 


. Show that the sequence {sin(#/n)} converges uniformly to 0 on any interval of 


the form [0,4], but it does not converge uniformly on [0, 00). 


. Show that the sequence {arctan(nx)} converges pointwise but not uniformly 
on R. 

. Use the Weierstrass M-test (but not Theorem 3.1.8) to show that the series 
OO Lk 
S- a converges uniformly on Dr(0) for each R > 0. 
k=1 ~ 


co 
; k+z ; 
. Use the Weierstrass M-test to show that the series s ———_ converges uni- 
ke +1 


formly on D,(0). 


. Show that for each r > 0 the series 


> 
kh? —z 

k=0 
converges uniformly on the set 


Beales 2) <n eee fore 01,2 seh. 


. Prove that the series 577°, k~* converges uniformly on each set of the form 


{z € C: Re(z) > s}, with s > 1. The function to which it converges is called 
the Riemann Zeta Function. 


. If the series of the previous exercise is differentiated term by term, does the 


resulting series still converge uniformly on {z € C: Re(z) > s} if s > 1? 


. For each n find sup{1 + (—1)* +1/k:k > n}. 
. Find the radius of convergence of the power series )7?°_,(2 + (—1)*)*z*. 
. Prove that lim k!/* = 1. 


. Prove that if {a,} and {b,} are two sequences of non-negative numbers with 


lim ay = a and limsup by = b, then lim sup a;zb;, = ab. 


. Prove Corollary 3.1.9. 


. Can a power series of the form )77°.9 ce(z — 1)* converge at z = 3 and diverge 


at z = 0? Why? 
1 


co 
. Using the power series expansion = y (—1)*w*, find a power series 
k=0 


l+w 


z 
i 
expansion for Hh in dw about 0. What is the radius of convergence of this 
0 W 


power series? What function does it converge to? 
If a function E(z) is defined on C by 


E(z) =) ew dw, 
0 


find a power series expansion for E(z) about 0. Where does this power series 
converge? 
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3.2. Power Series Expansions 


A function of a real variable can be differentiable, even infinitely differentiable on an 
interval and still not have a convergent power series expansion in that interval. For 
functions of a complex variable, the situation is quite different. We will prove that 
every analytic function has convergent power series expansions about each point of 
its domain. In fact, we will prove that a function f is analytic if and only if it has 
such expansions. First, we show that a function which has a power series expansion 
on a disc is analytic on that disc. This involves showing that we can differentiate 
power series term by term. 


Differentiating Power Series. The next theorem and its corollaries concern a 
function f defined by a convergent power series 


Co 


(3.2.1) f@ =>) enlz—- 2%)” 


n=0 


with radius of convergence R. 


Theorem 3.2.1. If f is defined as above, then f is analytic on Dr(zo) and f’ has 
a convergent power series expansion 


f(z) = Do nen(z— 20)", 
n=1 
which converges to f’ on Dr(Zo). 
Proof. If f has a power series expansion (3.2.1) with radius of convergence R, let 


g be the function which we hope turns out to be the derivative of f — that is, we 
set 


lo) 
g(z) = S- nen(Z— 2)" 1. 
n=1 
This series has the same radius of convergence as the series for f (see Example 


3.1.10) and so it converges on Dr(zo) and converges uniformly on any smaller 
closed disc. By Corollary 3.1.9, g is continous on Dr(zo), and by Theorem 3.1.11, 


J 9) duo = Yo enz" = He) = He) 


on Dr(z0). Theorem 2.6.1 tells us this function is an antiderivative for g(z). Since 
f (2) is a constant, this means f’ = g on Dr(zo), as required. 


Example 3.2.2. Find a power series expansion for the principal branch of the log 
function about the point z) = 1. 

Solution: We know that the derivative of log(z) is 1/z (Exercise 2.2.14). We 
also know that, since 
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the power series expansion of 1/z about zp = 1 is 


(3.2.2) - = So(l— 2)” = S0(-1)"(z- 1)”. 
n=0 n=0 


Since we can differentiate term by term, a series which has this as its derivative is 
the series 


cad ye n+1 iSaed x» —1) 
(3.2.3) si yn = =-S°( pyri a 
n=0 n=1 


The series (3.2.2) and (3.2.3) both have radius of convergence 1. If f(z) denotes 
the sum of series (3.2.3), then f’(z) = 1/z = log’(z). It follows that f and log 
differ by a constant. Since they both have the value 0 at z = 1, they are the same. 
Therefore, (3.2.3) is the power series expansion of log(z) about 1. 


Using Theorem 3.2.1, the following can be proved in the same way as its real 
variable counterpart. The details are left to the exercises. 


Corollary 3.2.3. If f has a power series expansion (3.2.1) about zo, with radius 
of convergence R, then it has derivatives of all orders on Dp(zo). Its kth derivative 
4s 


FQ) =o le 2a) 
n=k . 


In particular, its kth derivative at zo is given by 
f') (zo) = kl cp. 
This immediately implies: 


Corollary 3.2.4. If f has a power series expansion (3.2.1) about zo, with positive 
radius of convergence, then it has only one such expansion. In fact, the coefficients 
{cn} for such an expansion are uniquely determined by the equations 


f™ (zo) 


Sa 

Power Series Expansions of Analytic Functions. We are now ready to present 
the most important application of Cauchy’s theorems — the proof of the existence 
of local power series expansions of analytic functions. 


Theorem 3.2.5. Let f be analytic in an open set U and suppose D,(z9), r > 0, is 
an open disc contained in U. Then there is a power series expansion for f 
co 
f(z) = }> enlz - 20)”, 
n=0 
which converges to f(z) on D,(29). Furthermore, the coefficients of this power 
series are the numbers 


1 
(3.2.4) eee Ol, 
amt |w—zol=s 


where s is any number withO<s <r. 
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Figure 3.2.1. Setup for the Proof of the Existence of Power Series Expansions. 


Proof. If0 <t<s<r, |w— z| =s, and |z — zo| < ¢, then 


and so we have 


= ioe) n 
W— 20 z— 20 z— 20 
3.2.5 =([1 — 
( ) W—- Zz ( | » (2) 


n=0 


where the geometric series on the right is dominated by the constant geometric series 
yr 9 (t/s)". By Theorem 3.1.5, this implies that (3.2.5) converges uniformly as a 
function of z € D;(zo) and also as a function of w € O0D,(z9). 

If we multiply (3.2.5) by f(w)/(w— zo) and integrate around the circle of radius 
8, then, since the series converges uniformly in w, we may integrate term by term. 
Using Cauchy’s Integral Formula, this yields 


a f(w) 

f(Z)= Oni eee dw 
soy _ FO). \ ay 
ren = (w—z9)"1 i) (z— 20)”. 


This gives us a power series expansion of f on D,(zo) with coefficients given by 
(3.2.4). 


Now given any z € D,(z9), we may choose s such that |z — z| < s <r. With 
this choice of s, the above series is defined and converges at z. However, it follows 
from Cauchy’s Integral Theorem that the integrals defining the coefficients of this 
series do not depend on the choice of s (see Exercise 2.6.9). Thus, we have a power 
series expansion for f which converges on D,(zo), with coefficients given by (3.2.4). 
This completes the proof. 


Corollary 3.2.6. If f is analytic on an open set U, then f has derivatives of all 
orders on U and they are all analytic. 
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Figure 3.2.2. Shift to an Expansion About a Different Point of U. 


Proof. Given any point z) € U, there is a disc D,(zo) centered at zo which is 
contained in U. On this disc, f has a convergent power series expansion. By 
Corollary 3.2.3 f has derivatives of all orders on this disc. These derivatives are 
analytic because each of them has a complex derivative. Therefore, f has analytic 
derivatives of all orders on all of U. 


It is important to emphasize that the power series expansion of an analytic 
function f about a point zp converges in the largest open disc, centered at zo, that 
is contained in the domain U of f. In general, it will not converge at other points 
of U. To obtain a power series expansion of f that converges in a neighborhood 
of a point z outside this disc, we have to shift to a power series expansion about a 
different point of U — a point z,; with the property that the largest disc centered 
at 2, and contained in U contains the point z (see Figure 3.2.2). For example, 
the power series expansion of log z about z = 1 given in Example 3.2.2 has radius 
of convergence 1, and so it does not converge at z = 7. There is a power series 
expansion of log z about z = i (Exercise 3.2.7), but it is a different power series 
than the one about z = 1. 


Example 3.2.7. Show that if f is a function which is analytic in an open set U, 
zo € U, and f(z) = 0, then g(z) = f(z)/(z — 2) can be given a value at zp) which 
makes it analytic on U. 

Solution: By the above theorem f has a power series expansion about 29 
which converges in the largest open disc D which is centered at z) and contained 
in U. Since f(z) = 0, the constant term of this series is 0. Hence, this expansion 
has the form 


ae i en ea a Lae 


If we give the function g(z) the value c; at z = zo, then it agrees on D with the 
sum of the power series 


G1 + Go(z — 29) + e3(z — 29)? +++ ten(2— ap)? +e. 


Since it has a power series expansion on D, g is analytic on D. Also, g is analytic 
in U \ {zo} since f is analytic, and z— 29 is analytic and non-vanishing on this set. 
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A function, defined on the union of two open sets and analytic on each of them, is 
clearly also analytic on their union; and so g is analytic on U. 


Cauchy’s Estimates. We now know that a function which is analytic in an 
open disc D,(z9) has a power series expansion about z which converges in that 
disc. We also have integral formulas (3.2.4) for the coefficients of this power series. 
However, we also have the formulas 


f™ (20) 


n! 


for these coefficients from Corollary 3.2.4. Combining these yields integral formulas 
for the derivatives of an analytic function. 


Theorem 3.2.8. Let f be analytic in an open set containing the closed disc Dp(z0). 
Then, 


n! 


(3.2.7) f(z) = al Oe eras eee dw 


Ont 


forn =0,1,2,--- 


Proof. We just need to observe that if Dr(zo) C U, with U open, then there is an 
open disc D,(zo) with Dr(zo) C D;(z0) C U (Exercise 3.2.4). We can then apply 
Theorem 3.2.5 with s = R to obtain a power series expansion of f with coefficients 
given by (3.2.4). Then Corollary 3.2.3 relates these coefficients to the derivatives 
of f at zo. 


This leads to a very powerful tool. By estimating the size of the integrands 
in this formula, we can get estimates on the size of the derivatives of f. These 
estimates are called Cauchy’s estimates. 


Theorem 3.2.9 (Cauchy’s Estimates). If f is analytic on an open set containing 
the closed disc Dr(z0), and if |f(z)| < M on the boundary of this disc, then 


niM 


(3.2.8) f"Go)| Se 


forn=0,1,2,---. 


Proof. We use the previous theorem. Since |w — zo| = R and |f(w)| < M for w on 
the path |w — zo| = R, the integrand of (3.2.7) is bounded by M/R"*!. The length 
of the path is the circumference of a circle of radius R and so it is 27R. Thus, 
Theorem 2.4.9 implies that 


1 M IM 
—_InR = 


(n) ae ts 
lf (20) | = 97 Rt Rr 


for each non-negative integer n. 


This theorem will provide the crucial step in the proof of Liouville’s Theorem 
in the next section. 
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Example 3.2.10. Find upper bounds on the derivatives at 0 of a function f which 
is analytic on the unit disc D,(0) and has modulus bounded by one on this disc. 
Also find bounds on the moduli of coefficients in the power series expansion of this 
function about 0. 


Solution: We apply Cauchy’s estimates. If r < 1, then f is analytic in the 
open set D,(0), which contains D,(0). Since |f(z)| < 1 on D,(0), we may choose 
M =1 and R =r in Cauchy’s estimates. We conclude 


yOol<™. 


However, since r was any positive number less than 1, we may pass to the limit as 
r — 1 and conclude that 

Jf (0)| < nt. 
By (3.2.6), the corresponding estimate on the power series coefficients is 


lcn| <1. 


Morera’s Theorem. This is a very handy tool for showing that a function is 
analytic. 


Theorem 3.2.11 (Morera’s Theorem). Let f be a continuous function defined on 
an open set U. If the integral of f is 0 around the boundary of every triangle that 
is contained in U, then f is analytic in U. 


Proof. Theorem 2.6.1 says that a function f that is continuous on a convex open 
set U, and has the property that its integral around any triangle in U is 0, has 
a complex antiderivative g in U. However, the fact that g’ = f on U means, in 
particular, that g is analytic on U. But then f is analytic on U by Corollary 3.2.6. 


The hypothesis that U is convex in the above argument is not necessary, since 
every open set is a union of convex open sets (open discs, in fact). Thus, we can 
apply the argument of the previous paragraph to each open disc contained in U 
and conclude that f is analytic on each of them. In particular, it has a derivative 
at each point of U and, hence, is analytic on U. 


An example of how Morera’s Theorem is used is provided by the following 
theorem. 


Theorem 3.2.12. Let {f,} be a sequence of analytic functions on an open set U 
and suppose this sequence converges uniformly to f on each compact subset of U. 
Then f is analytic on U. 


Proof. Since f, — f uniformly on each compact subset of U, f is continuous on 
U. The convergence is uniform, in particular, on OA for every triangle A contained 
in U. Given such a triangle A, Theorem 3.1.3 implies that 


(z) dz = lim fn(z) dz. 
aA noe JON 


Since each f,, is analytic, Theorem 2.5.8 implies 


fn(z) dz =0 
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for each n. We conclude that 


for every triangle A Cc U. By Morera’s Theorem, f is analytic on U. 


f(z) dz =0, 
aA 


. Use the power series expansion for 


Exercise Set 3.2 


about 0 to find the power series 


expansion of ; about 0. 


1 
(1-2) 
Find a power series expansion of 71 + z about 0, where the square root function 
is defined in terms of the principal branch of the log function. What is the radius 
of convergence of this series? 


3. Prove Corollary 3.2.3. 


10. 


11. 


12. 


13. 


Prove that if Dr(zo) is a closed disc contained in an open set U, then there is 
an open disc D,.(zo) such that Dr(zo) C D;(z0) C U. 
Show that if f is analytic on an open set U, then, as a function on R?, it is C* 


— that is, its partial derivatives of all orders exist and are continuous. 


The function has a power series expansion about zp = 0. Without finding 


z 
the series, show that its radius of convergence is 7/2. 


Find the power series expansion of the principal branch of the log function 
about the point z = 7. There are several ways to do this, one of which is really 
easy (see Example 3.2.2). 


Use power series methods to show that the function which is Ee when z # 0 
z 

and 1 when z = 0 is analytic on the whole complex plane. 

If f is analytic and not identically 0 on a disc D,(zo), show that there is a 

non-negative integer k and a function g, which is also analytic in D,(z9), such 

that f(z) = (2 — 20)*g(z) and g(zo) #0. 

Prove that if f is analytic on the disc Dr(zo) and |f(z)| < M on Dr(zo), then 

f"(z0)| < M/R. 

Suppose p(z) = a3z° + a22z7 + a1z + ap is a polynomial of degree 3. If |p(z)| < 1 

on the unit circle {z : |z| = 1}, then show that |a3| < 1. 

Suppose f is analytic in an open set U. Also, suppose z € U and the distance 

from z to the complement of U is d. If |f(w)| < M for all w € U, find estimates, 

similar to Cauchy’s estimates, on the size of |f()(z)| in terms of M and d. 

Suppose f is analytic on a disc D,(z9) and unbounded (there is no M such 


that | f(z)| <M on D,(z)). Then prove that the radius of convergence of the 
power series expansion of f about 2g is r. 


3.3. Liouville’s Theorem 89 


14. Use Morera’s Theorem to show that if f is continuous on an open set U and 
analytic on U\ E, where F is either a point or a line segment, then f is actually 
analytic on all of U. 

15. Use Cauchy’s estimates to prove that if {f,} is a sequence of analytic functions 
on an open set U, converging uniformly to f on each compact subset of U, then 
{ pet converges uniformly to f“) on each compact subset of U. 

16. Use Morera’s Theorem to prove that if U is an open subset of C, I = [a, }] is 
an interval on the real line, and g(z,t) is a continuous function on U x I which 
is analytic in z for each t € J, then the function 


b 
f(2) = i g(z,t) dt 


is analytic in U. 


3.3. Liouville’s Theorem 


Liouville’s Theorem is simple to state, very easy to prove (given what we know at 
this point), and extremely powerful. It concerns entire functions, where an entire 
function is a function which is analytic in the entire complex plane. It also concerns 
bounded functions, where a function is bounded on a set F if there is a positive 
constant M such that |f(z)| <M for every z € E. If f is bounded on its domain, 
we simply say it is bounded. Thus, a bounded entire function is a function which is 
analytic and bounded on C. 


Theorem 3.3.1 (Liouville’s Theorem). The only bounded entire functions are the 
constant functions. 


Proof. The reader who did Exercise 3.2.10 of the preceding section has nearly com- 
pleted the proof of Liouville’s Theorem. The exercise states a simple consequence 
of the Cauchy estimates: If a function f is analytic on a disc of radius R, centered 
at zo, and if |f(z)| < M for all z in this disc, then 


M 
/ 

(3.3.1) If (zo) S - 
If f is bounded and entire, then f(z) is analytic on the entire plane and | f(z)| 

is bounded by some number M on the entire plane. This implies that (3.3.1) holds 
for all positive numbers R and all zo € C. If we take the limit as R > oo in (3.3.1), 
we conclude that |f’(z9)| = 0 for all z € C. In other words, the derivative of f is 
identically zero. This implies f is a constant (see Exercise 2.6.1). 


One has to see the consequences of this theorem to appreciate its power. In 
the remainder of this section and the exercises we will introduce a number of these. 
Others will occur later. 
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The Fundamental Theorem of Algebra. At the very beginning of the text, we 
promised that we would prove that every non-constant polynomial with complex 
coefficients has a complex root. This is the Fundamental Theorem of Algebra. 
Before proving this theorem, it will be convenient to introduce limits at infinity. 


Definition 3.3.2. If f is a function defined on an unbounded set FE (so F contains 
points of arbitrarily large modulus) and L € C, then we say 


eee 


if, for every € > 0, there is an R > 0 such that |f(z) — L| < €« whenever |z| > R and 
ze #. 


This concept satisfies the same basic rules as other kinds of limits: limit of the 
sum is sum of the limits, limit of the product is product of the limits, limit of the 
quotient is quotient of the limits if the denominator does not have limit zero, etc. 
These facts, as well as the fact that 


(Exercise 3.3.1), are used in the proof of the Fundamental Theorem of Algebra. 
Before proving that theorem, we prove the following simple result. 


Theorem 3.3.3. If a function f is defined and continuous on the entire plane and 
if limz+oo f(z) exists, then f is bounded on C. 


Proof. If lim... f(z) = LD, there exists an R > O such that |f(z) — L| < 1 
whenever |z| > R. By the triangle inequality, this implies 
lf(z)|<|L)+1 if |z|>R. 


Since f is continuous on C and DR(0) is closed and bounded, hence compact, f is 
bounded on Dp(0). Since f is bounded on Dpr(0) and on its exterior, it is bounded 
on all of C. 


Theorem 3.3.4 (Fundamental Theorem of Algebra). Every non-constant complex 
polynomial has a complex root. 


Proof. Let p(z) = an2" + dn_12""' +++: +12 + a9 be a non-constant complex 
polynomial of degree n. Then n > 1 and a, # 0. We will show the assumption 
that p has no root leads to a contradiction. 

If p has no root, then p(z) 4 0 for every z € C. This implies that 1/p is an 
entire function. We will show that it is also bounded. 

If we define a function h(z) by 


ie I 


h = = 
”) D(z) An + Gn—1271 +++ Faz?! + ag2z7”” 
then 
1 h(z) 
3.3.2 = 
le) p(z) oz 


for z £0. Furthermore 
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and so 


Since the limit of 1/p exists at infinity, the previous theorem implies that 1/p is 
bounded on all of C. So Liouville’s Theorem implies that it is a constant. In 
fact, the constant must be zero, since 1/p(z) has limit 0 at oo. This is clearly a 
contradiction, since 1/p(z) cannot take on the value 0 on C. We conclude that p(z) 
must have a root. 


The Fundamental Theorem of Algebra has a number of important consequences. 
We will discuss only a few of them. 


Factoring Polynomials. A polynomial is said to factor completely if it can be 
written as a product 
p(z) = W(z — 21) (2 — 22) +++ (2 — 2n) 


of linear factors. Here, n is the degree of p and the numbers 21, z2,--- , Zn are 
the roots of p. The roots need not all be distict. If a root occurs k times in this 
factorization, it is said to be a root of mutiplicity k. Necessarily, the number of 
roots is the degree of the polynomial if each root is counted as many times as its 
multiplicity. 


Corollary 3.3.5. Each complex polynomial factors completely. 
Proof. The proof is by induction on the degree n of the polynomial. Obviously 
a polynomial of degree 0 or 1 factors completely. If every polynomial of degee n 


factors completely and p is a polynomial of degree n + 1, then we use the previous 
theorem to assert that p has a root — call it z,41. It follows that p factors as 


P(z) = (2 — Zn41)a(2), 
where gq is a polynomial of degree n. By assumption, q factors as 
q(z) = b(z — a1) (2 — 22) +++ (2 — %n). 
Then p factors as 
p(z) = b(z — 21)(z — 2) +++ (2 — 2n)(% — Zn41): 


This completes the induction step and finishes the proof of the corollary. 


Eigenvalues of Matrices. An eigenvalue for an n x n matrix A is a complex 
number A such that the matrix \J — A is singular (has no inverse). Here, I is the 
n x n identity matrix. 


Corollary 3.3.6. Ann xn matric A has at least one complex eigenvalue. 


Proof. The determinant det(AJ — A) of AJ — A is a polynomial in \ of degree n. 
This is the characteristic polynomial of A. By Kramer’s Rule, AJ — A is singular 
for a given \ if and only if det(AZ — A) = 0 — that is, if and only if A is a root 
of the charcteristic polynomial. By the Fundamental Theorem of Algebra, the 
characteristic polynomial has a root. Thus, A has an eigenvalue. 
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The above result is the essential ingredient in the proof that every complex 
matrix can be put in upper triangular form (Exercise 3.3.14). 


Example 3.3.7. Find the eigenvalues of the matrix e ): 
Solution: The characteristic polynomial of this matrix is 


A-1 -2\_ 42 
act ( : 43) => —AA+5. 


By the Quadratic Formula, the roots of this polynomial are 2 + 2. Thus, the 
eigenvalues of the above matrix are 2 + 27 and 2 — 21. 


Differential Equations. The Fundamental Theorem of Algebra also has appli- 
cations to Differential Equations. A homogeneous constant-coefficient differential 
equation is an equation of the form 


(3.3.3) any” a Any") +++ +a yl + ay =0. 


Example 3.3.8. Prove that each homogeneous constant-coefficient differential 
equation has a solution of the form y = e**, where \ is a complex number. Which 
numbers X yield solutions? 


Solution: We simply plug y = e*” into the equation (3.3.3) and see if there 
are values of \ that yield solutions. Since (e*”)! = \**, the result is 


(QnX” + Gn_1A"—1 + +++ + aA + a9) e** = 0. 


The polynomial in parentheses is called the auxiliary polynomial for (3.3.3). Clearly 
e** is a solution of (3.3.3) if and only if \ is a root of this polynomial. Since every 
non-constant polynomial has a root, equation (3.3.3) has a solution of the form 
y=er, 

If the auxiliary polynomial has distinct roots A1,--- ,An, then the general so- 
lution to equation (3.3.3) is a linear combination of the solutions e**. 


If the coefficients of (3.3.3) are real numbers and we are looking only for real so- 
lutions to this differential equation, then we exploit the fact that the non-real roots 
of a polynomial with real coefficients occur in conjugate pairs (Exercise 3.3.10). If 
A=a+i and \=a-— if are roots of the auxilliary equation for (3.3.3), then 


AL Ax 
e+e 
e** cos Ba = ar aaa and 
Aig ert f=: ert 
e* sin Ba = ; 
27 


both give real solutions to (3.3.3), as does any linear combination 
Ce cos Ba + De sin Ba = e (C cos Ba + Dsin Bx), 
where C and D are arbitrary real constants. 


Example 3.3.9. Find all solutions to the differential equation y” — 2y’ + 5y = 0. 
Then find all real solutions. 
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Solution: The auxiliary equation is \? — 2’ + 5 = 0, which has solutions 
A = 1+ 27. Thus, the general solution to the differential equation is 


y= Acl+2# 4 B el), 
where A and B are complex constants. The general real solution is 
y =e" (Ccos 2x + Dsin 2x), 


where C' and D are real constants. 


Characterization of Polynomials. In the proof of Liouville’s Theorem, we only 
use Cauchy’s estimate on the first derivative of an analytic function on a disc. Here 
we present a generalization of Liouville’s Theorem that uses Cauchy’s estimates on 
higher derivatives. 


Theorem 3.3.10. An entire function f is a polynomial of degree at most n if and 
only if there are positive constants A and B such that 


(3.3.4) |f(z)| < A+ Blz|” 
for allz €C. 


Proof. We will prove that every polynomial satisfies an inequality of the form 
(3.3.4). We leave the converse as an exercise in the application of Cauchy’s esti- 
mates. 

Suppose p(z) = an2" + Gn—12"" 1 +-++++ 412+ 40 is a polynomial of degree at 
most n. Then 


lim ——~ = apy. 
pe EAL 


If we apply the definition of limit, using « = 1, we conclude that there is an R > 0 
such that |z| > R implies 


It follows from the triangle inequality that 


Ilp(z)| 


|2|" 


<lan|+1 if |z)>R. 


If we set B = |a,| +1, then 
|p(z)| < Blz|" if |z| > R. 


This gives a bound on |p| on the complement of the closed disc Dp(0). A closed 
disc of finite radius is a compact set and so p is bounded on Dp(0) — say, |p(z)| < A 
on this disc. If we combine this with our bound on the complement of Dr(0), we 
conclude that 


Ip(z)| < A+ Blz|" 


on all of C, as required. 
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Exercise Set 3.3 


1 
. Prove that lim — = 0. 


ZOO Z 


. We say lim, f(z) = oo if for each K > 0, there is an M > 0 such that 


|f(z)| > K whenever |z| > M. Prove that lim,» f(z) = oo if and only if 
lim,-+oo 1/ f(z) = 0. 

Show that if f is an entire function and lim,_,.. f(z) = co, then f must have 
a zero somewhere in C. Hint: See the previous exercise. 

Prove that if f is an entire function which satisfies |f(z)| > 1 on the entire 
plane, then f is constant. 

Prove that if an entire function has real part which is bounded above, then the 
function is constant. 

Prove that if an entire function f is not constant, then its range f(C) is dense in 
C — meaning that the closure of f(C) is C. Hint: If f(C) is not dense, then there 
is a point zo and a disc D,.(z0), centered at zo, such that f(C)N D,(z0) = 0. 
Show that if f is an entire function and |f(z)| < K|z| for all z € C, where K is 
a positive constant, then f(z) = Cz for some constant C. 

Show that if f is an entire function and |f(z)| < K|e*| for all z € C, where K 
is a positive constant, then f(z) = Ce* for some constant C. 

Finish the proof of Theorem 3.3.10 by using Cauchy’s estimates to prove that 
the only entire functions f that satisfy an inequality of the form |f(z)| < 
A+ B\z|" for all z € C are polynomials of degree at most n. 


. Show that if p is a polynomial with real coefficients, then the non-real roots of 


p occur in conjugate pairs. That is, show that if w is a root, then so is W. 


. Find the roots of the polynomial p(z) = z? — 2z +2. 


= od 


. Find the eigenvalues of the matrix ( , | ; 


. Find all solutions of the differential equation y” — 4y’ + 13y = 0. Then find all 


real solutions. 


. Use Corollary 3.3.6 to prove that if A is an n x n matrix, then A is conjugate 


to an upper triangular matrix. 


Use the result of Exercise 10 to prove that every polynomial with real coeffi- 
cients factors as a product of polynomials of degree at most 2, also with real 
coefficients. 


Are there any non-constant entire functions f that satisfy an inequality of the 
form 


|f(z)| < A+ Blog|z| for all z with |z| > 1, 


where A and B are positive constants? 
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3.4. Zeroes and Singularities 


The existence of power series expansions leads to a great deal of information about 
the local structure of analytic functions. For example, Exercise 3.2.9 makes an 
assertion that is important enough to be expanded and restated as a theorem. 


Theorem 3.4.1. If f is a function which is analytic in a open set U, then for each 
zo € U, exactly one of the following statements is true: 
(1) there is an open disc, centered at zo, on which f is identically 0; 
(2) there is a non-negative integer k, an open disc D,(z9), and a function g, 
analytic on U, such that 
(3.4.1) f(z) =(z—20)*g(z) for all z € D(z) 


and g(z) is non-zero at each point of D,(z0). 


Proof. The function f has a power series expansion 
(3.4.2) f(z) = Yo en(z— 20)” 

n=0 
which converges in a disc Dr(zo) of positive radius R. Some of the coefficients c, 
may be zero. If they are all zero, then f is identically zero on Dr(zo) and so (1) 
holds in this case. 


If the coefficients c, are not all zero, there is a smallest n for which c, 4 0 - 
call it k. Then (3.4.2) becomes 


(3.4.3) f(z) = So en(z — 20)" = (z — 20)* So ene (2 — 20)”, 
n=k n=0 


where cx # 0. We may then define g by 
BS Cntk(Z— 20)", if z € Dr(z0); 
= <¢ n=0 


g(2) = 
we if z € U \ {zo}. 


This is a consistent definition, since on Dr(zo) \ {zo} the functions f(z) /(z — 20) 
and nee Cn+k(Z — Zo)” are equal. 


k 


Since g is continuous and g(zo) = cx # 0, there is a positive r < R such that 
\g(z) — g(Z0)| < |cx| whenever |z — zo| < r. This implies g(z) 4 0 if |z—- zo| <r. In 
other words, g(z) 4 0 for every z € D,(zo). In this case, (2) holds. 


Zeroes of Analytic Functions. By a zero of a function, we mean a point in 
its domain at which it vanishes (has value 0). The previous theorem leads to an 
important and somewhat surprising result about the zeroes of an analytic function 
f on a connected open set: Unless f is identically zero, each zero of f has no 
neighboring zeroes. This is made precise in Part (b) of the following theorem. 


Theorem 3.4.2. Let f be a function which is analytic on a connected open set U 
and is not identically zero. Then 
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(a) for each zo € U, there is a non-negative integer k, anr > 0, and a function g, 
analytic in U, such that 


f(z) = (z— 2)*g(z) forall z€U, 


and g(z) has no zeroes on D,(Zo); 

(b) each z € U is the center of an open disc D-(z0) C U in which there are no 
zeroes of f except possibly zo itself; 

(c) the set of zeroes of f is at most countable. 


Proof. Theorem 3.4.1 shows that, at each point zo of U, there are two possibilities: 
(1) there is a disc centered at zp in which f is identically 0, and (2) there is a 
disc centered at zp in which f has no zeroes except possibly at Zp itself. Let V;, 
j = 1,2 be the set of points zo for which the jth possibility is the one which occurs. 
Obviously, V; and V2 are both open sets, Vi N V2 = 0, and Vj UV, = U. Thus, 
either V, or V3 is empty, since, otherwise, they would separate the connected set 
U. If Vo = 9, then f is identically 0 on U. Since f is not identically 0, we conclude 
that V; = @. Since the second of the possibilities in Theorem 3.4.1 is the only one 
that occurs in this situation, we conclude that (a) and (b) above both hold at every 
zo EU. 

We can modify the disc D,(zo) in statement (a) of the theorem so that it has a 
center (which may no longer be zo) with rational coordinates and a rational radius 
and still has the property that it contains z) and has no zeroes other than possibly 
zo. We simply choose a point zj with rational coordinates, and a positive rational 
number p such that |z — 26| < p< r/2. Then zo € D(z) C Dr(z0) and so D,(zj) 
contains z but no other zeroes of f. Since we may do this for each zero of f in U 
and since there are only countably many discs with rational centers and rational 
radii, we conclude that f can have only countably many zeroes in U. 


Recall that an isolated point of a set E is a point which is contained in an open 
disc which contains no other points of E. Thus, if Z(f) denotes the set of zeroes of 
an analytic function f on its domain U, then Part (b) of the above theorem implies 
that each point of Z(f) is an isolated point of Z(f). Actually it says something 
much stronger. It says that every point z) of U (whether in Z(f) or not) is the 
center of a disc containing no points of Z(f) other than zo. There is a term to 
describe subsets with this property: 


Definition 3.4.3. Let U be an open subset of C and E a subset of U. We say 
that FE is a discrete subset of U if every point zp of U has a neighborhood which 
contains no points of EF other than possibly zp itself. 


Thus, Part (b) of the above theorem says that the zero set Z(f) of a non- 
constant analytic function on a connected open set U is a discrete subset of U. 


It turns out that a subset of an open set U is discrete if and only if no sequence 
of distinct points of E' converges to a point of U (see Exercise 3.4.1). Of course, 
there may be sequences in & which converge to points not in U. 

Theorem 3.4.2 has the following easy but important consequence. We leave the 
proof as an exercise (Exercise 3.4.2). 
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Theorem 3.4.4 (Identity Theorem). Suppose f and g are two analytic functions 
with domain a connected open set U. If f(w) = g(w) at each point w of a non- 
discrete subset E of U, then f(z) = g(z) at every point of U. 


If the f of Theorem 3.4.2 actually has a zero at zo, then the integer k is positive. 
We call it the order of the zero of f at zo. 


Example 3.4.5. What is the order of the zero of the function f(z) = cos z— 1 at 
0? What is the function g of Part (a) of Theorem 3.4.2 in this case if z = 0? 


Solution: If we subtract 1 from the power series expansion of cos z about 0, 
we obtain 


22 oA Pe aie 
cosz-1= Tar +---(-1) ore 
1 2 y2n-2 
= [os edi n baste iene 
(-4+9 oer ). 


We conclude that the order of the zero of cos z — 1 at 0 is 2 and the function g of 
Part (a) of Theorem 3.4.2 is the function given by the power series in parentheses 
above. This power series has infinite radius of convergence by the ratio test. 


Theorem 3.4.6. If an analytic function g is not zero at a point zo in its domain, 
then in some neighborhood V of z there is an analytic function h such that g(z) = 
h(z) in V 

e inV. 


Proof. To find such an h, we simply choose a branch of the log function that does 
not have g(zo) on its cut line. Then the set on which this branch of the log function 
is analytic is an open set W which contains g(zo). If we set V = g~1(W) and define 
h on V by 


h(z) = log(g(z)), 
then V is a neighborhood of zp and g(z) =e” on V. 


If we combine this result with Theorem 3.4.2, we have: 


Theorem 3.4.7. Let f be an analytic function on an open set U and let zo be 
a point of U such that f is not identically zero in a neighborhood of zo. Then 
there exist a non-negative integer k, a neighborhood V C U of z, and an analytic 
function h on V, such that 


f(z) = (z- 20) Fe 
for allz EV. 


Isolated Singularities. If U is an open set, zo € U, and f is a function which is 
analytic on U \ {zo}, then f is said to have an isolated singularity at zo. If f can be 
given a value at z) which makes it analytic everywhere on U, then the singularity 
is said to be removable. 


Theorem 3.4.8. If f has an isolated singularity at zo and is bounded in some 
deleted neighborhood of zo, then zo is a removable singularity of f. 
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Proof. Suppose f is analytic and bounded on U \ {zo}. If we define a function g 
by g(z) = (z — 20)? f(z) for z 4 2 and g(zo) = 0, then g is differentiable at zo. In 
fact, 
/ _ g(2) — 920) _ ), 
g (20) = a eee Jim (z — 20) f(z) = 0. 

That this limit is 0 is proved as follows. Let M be a bound on |f(z)| on U \ {zo}. 
Then |(z — zo) f(z)| < M|z— zo| on U. Since lim,_,,, M|z — zo| = 0, it follows that 
lim,_,,,(z — 20) f(z) = 0 as well. 

The function g is differentiable at every point of U \ {zo} and, by the above, is 
also differentiable at z9. Thus, it is analytic on all of U. Since g(zo) = g’(z0) = 0, 
the first two terms of its power series expansion about zp are 0. It follows that 
we may factor (z — 29)? out of every term of its power series expansion and write 
g(z) = (2 — 20)”h(z) for an analytic function h defined by a power series in a disc 
centered at z9. Clearly h and f are the same in this disc, except at zo, where f is 
not defined. Thus, setting f(zo) = h(zo) serves to define f at zg in such a way that 
it becomes analytic on all of U. 


COS Z — 


1 
Example 3.4.9. Show that f(z) = has a removable singularity at 0. 
ye 


Solution: This follows immediately from the factorization of cos z—1 obtained 
in Example 3.4.5. If f is given the value —1/2 at z = 0, it becomes analytic on the 
entire plane. 


There are two types of isolated singularities that are not removable. A function 
f defined on U \ {zo} of the form 


_ _ 92) 
f(z) i (z — z)*’ 
where g is analytic on U, g(zo) 4 0, and k is a positive integer, is said to have a 
pole of order k. If the order of the pole is 1, then it is called a simple pole. An 
isolated singularity which is not a pole and is not a removable singularity is called 
an essential singularity. 


Example 3.4.10. If U is an open set and zp € U, then analyze the singularities of 
a function of the form f/g, where f and g are analytic on U. 


Solution: The singularities of f/g in U are all isolated because the zeroes of 
g are isolated. If we factor f and g as in Theorem 3.4.2, then 


f(z) = (2-%)’p(z) and g(z) = (2 — 20)*h(2), 
where 7 and k are the orders of the zeroes of f and g at z and p and fh are 
analytic in U and non-vanishing in some neighborhood of zo. Then f(z)/g(z) = 
(2 — 20)I-"p(z)/h(z) with p(z)/h(z) analytic and non-vanishing in a neighborhood 
of zo. The point zo is a removable singularity for f/g if 7 > k and, otherwise, is a 
pole of order k — 7. 


1 
1—e*' 
Solution: The denominator of this fraction has zeroes at the points {2rki} 
for k an integer. Each of these is a zero of order 1 because the derivative of 1 — e” 


Example 3.4.11. Analyze the singularities of the function f(z) = 
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is — e* and this is non-zero for every z and, in particular, is non-zero at the points 
{2rki}. It follows from the preceding example that each of these points is a simple 
pole for f. 


Essential singularities are quite wild. In fact, the Big Picard Theorem states 
that a function with an essential singularity at zo) takes on every complex number 
but one as a value in every open disc centered at zo. We will prove the Big Picard 
Theorem and its little brother — the Little Picard Theorem — in Chapter 7. The 
following is a very much weaker statement than the Big Picard Theorem, but it is 
still enough to show that an analytic function behaves very wildly near an essential 
singularity. 

Theorem 3.4.12. If f is analytic in U\ {20} and has an essential singularity at 20, 


then for every open disc D, centered at zo and contained in U, the set f(D \ {zo}) 
has closure equal to the entire complex plane. 


Proof. Suppose there is a disc D, centered at z and contained in U and there is 
some complex number w which is not in the closure of f(D \ {0}). Then there is 
an r > 0 such that f(D \ {zo})N D,(w) = 0. This means | f(z) — w| > r for every 
z € D\ {z}. Then 


1 
f(z) -w 
Thus, 1/(f(z)—w) is analytic and bounded on D\ {zo} and, hence, has a removable 
singularity at zo. In other words, there is an analytic function h on D such that 

1 
Te) —w 
on D \ {zo}. If h has no zero at zp, set k = 0; otherwise, let k be the order of the 
zero of h at 0. Then 


< 


1 
- forall ze D\ {zo}. 
_ 


= h(2) 


h(z) = (z — z0)*g(z) 
for some analytic function g on D which does not have a zero at zp. Solving for f, 
we find ‘ ’ JE 4 1 /gl2) 
wz — 2)" + 1/glz 
AG eee Ya eee en 
in some disc containing zp where g is non-vanishing. Since the numerator is analytic 
in this disc, f has a pole of order & at zo (or a removable singularity if k = 0). 
Since neither of these things is true, we conclude that there is no w which fails to 
be in the closure of f(D). This completes the proof. 


The following theorem gives an easy way to identify whether a given isolated 
singularity is removable, a pole, or essential. 


Theorem 3.4.13. Let f be an analytic function with an isolated singularity at zo. 
Then 


(a) f has a removable singularity at zo if and only if lim, f(z) exists and is 
finite; 

(b) f has a pole at zo if and only if limz-.., f(z) = 00; 

(c) f has an essential singularity at zo if and only if lim,_,., f(z) does not exist, 
even as an infinite limit. 
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Proof. The function f has a removable singularity at zo if and only if it can be 
given a value w at zo which makes it analytic in a neighborhood of zg. In this case, 
lim,_,., f(z) = w, since f with its new value at zo must be continuous at zo. 


On the other hand, if f has a finite limit as z > zo, then f is bounded in a 
neighborhood of z) and, by Theorem 3.4.8, the singularity at zp is removable. This 
proves (a). 


g(2) 


If f has a pole at 2, then f(z) = ; for some k > 0 and some g 


(a — 20 
analytic in a neighborhood of z with g(z9) # 0. Then lim,_,., 9g(z) = g(z0) 4 0 
and lim,_,,,(z— z9)* =0. It follows that lim,_,., f(z) =o. 


On the other hand, if lim,_,., f(z) = co the singularity is not removable since 
f does not have a finite limit as z — zp. It cannot be essential either, since the 
previous theorem says that, if it were essential, f would take on values arbitrarily 
close to any given complex number in every open disc centered at zo. Thus, f could 
not have limit oo at zo if the singularity were essential. This proves (b). 


If lim,_,,, f(z) does not exist, even as a finite limit, then by (a) and (b) f does 
not have a removable singularity or a pole. Thus, it has an essential singularity. 
Conversely, if f has an essential singularity at zo, then it does not have a removable 
singularity or a pole. Then, also by (a) and (b), f does not have a finite limit at 
zo nor does it have limit oo. This proves (c). 


Example 3.4.14. Analyze the singularity of the function f(z) = e!/* at z=0. 


Solution: This is an essential singularity. The function f(z) = e!/* takes on 
the value 1 at all points of the form z = (27n)~! and the value e” at all points of 
the form z = n~'. Thus, f(z) approaches 1 as z approaches 0 along one sequence 
of points and it approaches oo as z approaches 0 along another sequence of points. 
Thus, f certainly does not have a limit, finite or infinite, as z — 0. 


Meromorphic Functions. For many reasons, it is important to study functions 
which are analytic on an open set U except on a subset of U consisting of points 
where poles occur. Necessarily, such a subset is a discrete subset of U. 


Definition 3.4.15. Let U be an open set and EF a discrete subset of U. If f isa 
function which is analytic on U \ E and has a removable singularity or a pole at 
each point of EF, then f is called a meromorphic function on U. 


One reason the set of meromorphic functions on U is interesting is that it is a 
field, if U is a connected open set. Obviously, we can add and multiply meromorphic 
functions and the results are still meromorphic. Just as obviously, the appropriate 
commutative, associative and distributive laws hold and there are zero and identity 
elements and additive inverses. All of these things are also true of the class of 
analytic functions on U. However, in the class of meromorphic functions we also 
have the last field axiom satisfied: every non-zero element has a multiplicative 
inverse. 


Theorem 3.4.16. If U is a connected open set and f is a meromorphic function 
on U which is not identically zero, then 1/f is also meromorphic. 
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Proof. By Theorem 3.4.2 the set Z(f) of zeroes of f is a discrete subset of U. By 
definition, the set P(f) of poles of f is a discrete subset of U. It follows that the 
set E = Z(f)UP(f) is also a discrete subset of U. The function 1/f is analytic on 
U \ EF and so the only thing we need to establish is that at points of E it has only 
removable singularities or poles. 


Let z) be a point of E. Since, F is discrete, there is a disc D, centered at z 
in which zp is the only point of FE. If zo € E, then f is analytic everwhere in D 
except at zo where is has either a zero or a pole. 

If f has a zero of order k at zo, then it factors as (z — 2o)"g(z) where g is 
analytic and non-vanishing in D. Obviously then 1/f(z) = (z — 20)~*/g(z) has a 
pole of order k at Zo. 

If f has a pole of order k at zo, then f factors as f(z) = (z — z0)~*h(z) where 
h is analytic and non-vanishing in D. Then 1/ f(z) = (z— 20)*/h(z) has a zero of 
order k at z and, hence, a removable singularity at zo. 


SSS SS ara 
Exercise Set 3.4 


1. Prove that a set E is a discrete subset of an open set U if and only if no 
sequence of distinct points of EF converges to a point in U. 

2. Prove Theorem 3.4.4. 

3. Is there a function, analytic on C, which is 0 on the set of points {1/n} for 
n a positive integer and not identically 0? Justify your answer. What if the 
function is only required to be analytic on C \ {0}? 

4. If f(z) = sinz — z, find the order of the zero of f at 0. Then give the factor- 
ization of f at 0, as in Theorem 3.4.1. 

5. If f(z) = cosz—1+ 27/2, find the order of the zero and the factorization at 0 
as in the previous exercise. 

6. Give an example to show that Theorem 3.4.2 no longer holds if we drop the 
hypothesis that U is connected. 

7. Prove that if f is an analytic function on a connected open set U and if Kk is 
a compact subset of U, then there can be at most finitely many zeroes of f in 
K. 

8. Show that if f is an analytic function with a zero of order k at zo, then there 
is a neighborhood V of 29 and an analytic function g on V such that f = g* 
on V and g'(zo) £0. 

9. Suppose f and g are analytic functions on an open set U, 2 € U, and f(z) = 
g(zo) = 0. Show that 


and that this limit exists if co is allowed as a possible value. 

10. Suppose U is a connected open set and z € U. Prove that if f is a non- 
constant analytic function on U \ {zo} and f takes on a certain value c at least 
once in every deleted neighborhood of zo, then f has an essential singularity 
at Zo. 
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11. Prove that if f is a function which is analytic in the exterior of the closed disc 
D,.(0) and if lim,_,.. f(z) = 0, then f has a power series expansion of the form 
fiZy= s Ganz"; 
n=1 
which converges on the set {z € C: |z| > r}. Hint: Consider the function 
g(z) = f(1/2). 
In the next five problems, analyze each singularity z of f. Is it removable, a 
pole, or essential? If it is a pole, what is its order? If it is removable, what 
value should you give the function at zo to make it analytic? 
1 
12. = 
i= 
13. f(z) =sin1/z 
el =z 
14. f(z) = 2 
1 1 
15. = -—= 
ACs aespormeas ia 
log z : enue! ; 
16. f(z) = —22” where log is the principal branch of the log function. 
—Zz 
Se 
3.5. The Maximum Modulus Principle 


This is another important application of Cauchy’s theorems. Before stating it, we 
state and prove a technical lemma that will be used in its proof. The lemma states 
that if the average value of a continuous function on an interval is as large, in 
modulus, as all values of the function on the interval, then the function must be 
constant. 


Lemma 3.5.1. Let f be a continuous complex-valued function defined on an in- 
terval I = [a,b] on the real line. If |f(t)| <M on TI, where 


(3.5.1) 


b 
if foal =m, 


then f is a constant of modulus M on I. 


Proof. If we choose a complex number u of modulus 1 such that 


? 


i , f(t) dt 


uf Hoa= 


then (3.5.1) may be written as 


(3.5.2) fot —uf(t)) dt =0. 
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Let uf = g + ih, where g and fh are real-valued continuous functions on I. Note 
that |f(t)| < M implies that g(t) < M and, hence, that M — g(t) > 0. Equation 
(3.5.2) implies 


fot — g(t)) dt = 0. 


However, fe (M — g(t)) dt is a differentiable function of « with non-negative deriva- 
tive M — g(x) on I and, hence, is a non-decreasing function. Since it is 0 at a and b, 
it must be identically zero. This implies that its derivative M — g(a) is identically 
0. 

We now have that the real part of uf = g+7h is the constant M. However, we 
also have that 


M? > |f(P? =luf(OP = 9°) +h?) = M? + h*(8), 


and this implies that h(t) = 0 on I. Thus, f is the constant u~'M, which has 
modulus M. 


The Maximum Modulus Theorem. 


Theorem 3.5.2. If f is analytic on a connected open set U and |f| has a local 
maximum at zo € U, then f is constant on U. 


Proof. If f has a local maximum at z € U, then we may choose an r > 0 such 
that D,(zo) C U and such that |f(zo)| is a maximum for |f(z)| on D,(zo). Then 
Cauchy’s Integral Theorem tells us that 


a f(z) 
fl%) = oe z— Zo dz 


1 27 


— flzo + re’) dt 
27 Jo 


(3.5.3) 


Since | f(zo + re’’)| < |f(zo)| for each t, by our choice of r, we have the hypotheses 
of the previous lemma satisfied with M = |f(zo)|, [a, 6] = [0,27], and f(zo + re”) 
playing the role of the function f of the lemma. Based on the lemma, we conclude 
that f is a constant c on the circle z + re”. Since this circle is a non-discrete 
subset of U, it follows from the Identity Theorem (Theorem 3.4.4) that f is the 
constant c on all of U. 


Recall that a subset of the plane is compact if it is both closed and bounded. 
Suppose U is an open set which is bounded. Then its closure U is both closed and 
bounded and, hence, is compact. Suppose U is connected. If f is a continuous 
complex-valued function on U, then the continuous real valued function | f(z)| has 
a maximum value on U. If f is also analytic on U and non-constant, then the 
previous theorem implies that this maximum cannot occur at a point of U. This 
means it must occur only on the boundary OU. This proves the following corollary 
of Theorem 3.5.2. 


Corollary 3.5.3. Suppose U is a connected, bounded, open subset of C. If f is 
a function which is continuous on U, analytic on U, and non-constant, then the 
maximum value of |f(z)| on U is attained on OU and nowhere else. 
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The typical example of a set U of the type described in the above corollary is 
an open disc D,(z) of finite radius. 


Example 3.5.4. Find where the function f(z) = 2? — z attains its maximum 
modulus on the closed unit disc. 

Solution: By Corollary 3.5.3, the maximum occurs only on the unit circle 
{z = ce : t € [0,27]}. Thus, we need to find where the maximum modulus of 
the function |f(e”)| occurs for t € [0,27]. This is equivalent to finding where the 
square of the function has a maximum. Thus, we wish to maximize the function 


h(t) = | e** — e” |? = |e —1]? = 2 — 2cost. 


Clearly, the maximum occurs at t = a and only there. Thus, the maximum of 


z* — z| on the closed unit disc is 2 and it occurs only at z = —1. 


Schwarz’s Lemma. Schwarz’s Lemma is a nice application of the Maximum 
Modulus Theorem. It will be quite useful later in the theory of conformal mappings. 


Lemma 3.5.5 (Schwarz’s Lemma). Let f be analytic on D,(0), with f(0) =0 and 
f(z)| <1 for every z € Di(0). Then, 


(3.5.4) |f(z)| < |z| for all z € D,(0) 
and |f'(0)| <1. If |f’(0)| =1, then there is a constant c of modulus one such that 
f(z) =cz. 


Proof. Since f(0) = 0, Theorem 3.4.2 implies that f(z) = zg(z), where g is also 
analytic in D,(0). Since |f(z)| < 1 on Dj (0), it follows that 


1 
lg(z)| < = on the circle |z| =r 


for each r < 1. The Maximum Modulus Theorem implies that this inequality also 
holds inside the disc of radius r. Since this is true of each r < 1, we conclude that 
\g(z)| < 1 on all of D,(0) and this implies (3.5.4). 

The inequality | f’(0)| < 1 follows from (3.5.4), since 

Wee see WON e a8 _ 
f'(0) = lim —— = lim g(z) = 9(0). 

If | f’(0)| = 1, then |g(0)| = 1 and this is the maximum value of g on D,(0). 
The Maximum Modulus Theorem says this cannot happen unless g is a constant c. 
Then f(z) = cz. 


We now give a simple application of Schwarz’s Lemma, which is a precursor 
of its later use in conformal mapping theory. Let U and V be open sets in C. A 
bi-analytic map from U to V is an analytic function f : U — V with an analytic 
inverse f-': V > U. That is, f-1o f(z) = z for every z € U and fo f-!(w) =w 
for every w € V. 


Theorem 3.5.6. The only bi-analytic maps from the unit disc to itself that take 
0 to 0 are of the form f(z) = cz for a constant c of modulus 1. That is, the only 
bi-analytic maps of the unit disc onto itself which fiz 0 are the rotations. 
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Proof. If f : Di(0) + D,(0) is bi-analytic with inverse f~1, then both f and f~! 
satisfy the hypotheses of Schwarz’s Lemma. Thus, 
(3.5.5) IOM<1 and [(fYO|<1 


However, it follows from the chain rule, applied to the composition f~!o f(z) = z, 
that 


(0): 
Combining this with (3.5.5), we conclude that |f’(0)| = 1. By Schwarz’e Lemma, 
f(z) = cz for some constant c of modulus 1. 


Harmonic Functions. Theorems about analytic functions, like Cauchy’s For- 
mula and the Maximum Modulus Theorem, imply things about harmonic functions. 
This is due to the fact that, locally at least, each harmonic function is the real part 
of an analytic function: 


Theorem 3.5.7. Let u be a function which is of class C? and harmonic on a conver 
open setU. Then wu has a harmonic conjugate v on U. That is, there is a harmonic 
function v on U such that the function f = ut iv is analytic on U. 


Proof. Consider the function g = u, — iuy. It is @', therefore differentiable, and 
satisfies the Cauchy-Riemann equations, since 
Use = —Uyy and Ugy = Uya- 


Thus, g is analytic in U. Since U is convex, Theorem 2.5.6 implies that g has an 
antiderivative h in U. This means h is analytic in U and h’ = g. Ifh =w-+iv, 
with w and v real, then 


Uz — ty =g=h' =w, + ive = Wy — Wy. 
On equating real and imaginary parts in this equation, we conclude that 
Ug = Wz, 
Uy = Wy. 


It follows that w = u-+c for some real constant c. Thus, f = h—-c=u-+iv is an 
analytic function in U with real part wu. 


This theorem leads to two important results about harmonic functions: a max- 
imum principle for harmonic functions and an integral formula. 


Theorem 3.5.8. [fu is a harmonic function on a connected open set U and u has 
a local maximum at some point z € U, then u is constant on U. 


Proof. Let V be a convex neighborhood of z9 with V Cc U. The previous theorem 
implies that u has a harmonic conjugate v on V. Then, f = u+ iv is analytic on 
V, as is the function 
g(z) =e (2) | 

Since |g(z)| = e“), if wu has a local maximum at z, then so does |g(z)|. By 
the Maximum Modulus Theorem, this implies that g is constant on V. But if g 
is constant on the connected open set V, then f is also constant on V (Exercise 
3.5.10). Hence u is constant on V. 
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The completion of the proof involves showing that if a harmonic function on 
a connected open set U is constant on a non-empty open subset of U, then it is 
constant on all of U. We leave this as an exercise (Exercise 3.5.12). 


The next theorem shows that a harmonic function u has the mean value prop- 
erty: the value of u at a point is equal to its mean value over any circle centered at 
the point. 


Theorem 3.5.9. If u is harmonic on an open set U and D,(z) C U, then 


1 20 F 
| u(zo + re") dt. 
0 


(3.5.6) u(zo) = = 
Proof. Choose R > r such that Dr(z) C U. Then Theorem 3.5.7 implies that u 
is the real part of an analytic function f on De(zo). The Cauchy Integral Formula 
applied to f and the path 7(t) = z9 + re” yields 


1 20 


f(z) f(zo tre”) dt. 


Equation (3.5.6) follows from this by equating real parts. 


= Ore 


Example 3.5.10. Find a harmonic congugate for the harmonic function x? — y?. 


Solution: We recognize x? — y? as the real part of the analytic function 27 = 
(x +iy)?. The imaginary part of this function is 2ry and so 2xy is a harmonic 


conjugate of x? — y?. 


Example 3.5.11. Prove that 
x 
2 +4 y? 


is harmonic on C \ {0} and find a harmonic conjugate for it. 


u(z,y) = 


Solution: We simply observe that u(z,y) is the real part of 


x1 1 
x2 + y? ie 
Therefore, u is harmonic and has 
mc 
2 + y? 


as a harmonic conjugate. 


Exercise Set 3.5 


1. Find where the function z? — 1 attains its maximum modulus on the closed 
unit disc. 

2. Find where the function |e*| attains its maximum value on the closed unit 
disc. 

3. Find where the function (z—1)? attains its maximum modulus on the triangle 
with vertices at 0,1 +72,1— 1. 
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10. 


11. 


12. 


13. 
14. 


15. 


Show that if f is a non-constant analytic function on a connected open set U 
and if f has no zeroes on U, then there are no points of U where |f(z)| has a 
local minimum. 

Show that if f is a non-constant, continuous function on D,(0), which is an- 
alytic on D,(0) and |f(z)| = 1 for all z on the unit circle, then f has a zero 
somewhere in D,(0). 

Prove that if f is a non-constant entire function, and c > 0 is a constant such 
that the closed set K = {z € C: |f(z)| < c} is bounded, then the open set 
U ={z€C: |f(z)| < c} contains at least one zero of f. 

Supppose f is an analytic function on the unit disc D,(0). Prove that if 
|f(z)| < 1 on D1 (0) and f has a zero of order 2 at 0, then |f(z)| < |z|? for all 
zeED, (0). 

If f is a harmonic function u on a connected open set U, prove that any two 
harmonic conjugates for u must differ by a constant. 

Prove that if U is a connected open set with compact closure U, and u is a 
continuous function on U which is harmonic on U, then u attains its maximum 
and minimum values on OU. Also, prove that if u attains either its maximum 
or its minimum at a point of U, then it is constant. 

Prove that if f is a continuous function on a connected open set V and if ef) 
is constant on V, then f is also constant on V. 


Showman f(y. 


which takes 0 to 1/2. Hint: Show that |f(z)| = 1 on the unit circle and 
conclude from this that f maps the unit disc into itself. Then show it has an 
inverse function which also maps the unit disc into itself by directly solving 
the equation w = f(z) for z as a function of w. 

Prove that if a harmonic function on a connected open set U is constant on a 
non-empty open subset of U, then it is constant on all of U. 

Find a harmonic conjugate for u(x, y) = e* cosy on C. 

Find a harmonic conjugate for u(a, y) = 1/2log(«? + y?) on the complement 
of the non-positive real axis in C. 

Give an example of an open subset U of C and a harmonic function on U 
which has no harmonic conjugate on U. 


is a bi-analytic map from the unit disc onto itself 


Chapter 4 


The General Cauchy 
Theorems 


In this chapter we extend Cauchy’s theorems in two ways: (1) we remove the 
condition that the open set U be convex; and (2) we replace the path y by a more 
general type of object called a cycle. 


In making these improvements, we finally come to grips with an issue which 
we have avoided so far. This issue concerns the topology of the plane. Specifically, 
there is a phenomenon that occurs in the plane which does not occur in the line. 
On the line, every connected open set is an open interval, which certainly has no 
gaps or holes. However, in the plane, there are connected open sets which do have 
holes. An example is an open annulus of the form 


A={zeEC:r<|z| < R}, 


with 0<r< R. The integral of an analytic function on A around a closed path in 
A may fail to be zero. In fact, the integral of 1/z around any positively oriented 
circle in A, centered at 0, is 277, not 0, even though 1/z is analytic on A. Thus, 
Cauchy’s Integral Theorem, as stated in Theorem 2.6.2, is not valid if we simply 
drop the condition that U be convex. The problem here is that there is a hole in 
the domain A on which f is analytic (the missing disc of radius r) and the path 
goes around this hole. In our final version of Cauchy’s Theorem we will avoid this 
problem, not with a hypothesis on the shape of U, but rather with a hypothesis that 
ensures that the path y does not go around any holes in U. We do this by adding 
the hypothesis that the path 7 has index 0 around every point in the complement 
of U. 


We begin by introducing a compact and efficient notation for expressing an 
otherwise complicated sum of integrals over a number of different paths. This is 
the language of chains and cycles, as used in the study of homology in algebraic 
topology. Using this language will allow for relatively simple statements and proofs 
of theorems that otherwise could be, at least notationally, quite complicated. 
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4.1. Chains and Cycles 


In many calculations involving path integrals of an analytic function, we may in- 
tegrate the same function over several paths and add the results, or add some of 
the results and subtract others. We may integrate over the same path a number of 
times. We may break a single path up into a collection of several paths, integrate 
over each and then add the results. We may replace a path by one which simply 
reverses the direction of travel, resulting in an integral which is the negative of the 
original. We have already seen examples of some of these things (Examples 2.6.4 
and 2.3.4 come to mind). The language of chains and cycles, introduced below, will 
provide us with a compact and efficient way to deal with these kinds of integrals. 


In this section, all paths will have parameter interval [0, 1]. 


1-Chains. An abelian group is a set X with a single operation (x,y) > a+y: 
X x X — X which is associative and commutative, has an identity (denoted by 0) 
and in which every element x has an inverse (denoted by —x). So an abelian group 
satisfies the addition axioms of a vector space, but it is not assumed that there is 
also a scalar multiplication operation. 


Let U be an open subset of C. We will construct an abelian group called the 
group of 1-chains in U from the set of all paths y : [0,1] > U as follows: we define 
a 1-chain in U to be a finite formal linear combination, with integral coefficients, 


P 
P= Ss M5 V5 5 
j=l 


of distinct paths y; in U. We agree that a chain remains the same if we either 
throw out or add in some summands m,y; with m,; = 0. 

The operation in our group of chains is addition. We add two chains in the 
obvious way: if [ and A are chains and 71,72,°-: ,%n are the paths that occur in 
summands of either I or A, then 


P Pp 
T= njyy and A= ys; M57; 
j=l j=l 


for coefficients {n;} and {m,;} some of which may be zero. Then we define 


Pp 
T+ A= SO(n; + My); 


j=l 


The operation of addition, so defined, is clearly associative and commutative and 
so the set of 1-chains forms an abelian group. 


In group theory, the group of chains, as defined above, is known as the free 
abelian group generated by the set of paths in U. 


A path itself is a 1-chain (a 1-chain where there is only one summand and its 
coefficient is 1). However, often it is useful to break up a path into pieces that form 
the summands of a 1-chain. The original path and the 1-chain formed by its pieces 
are equivalent in a sense that will be discussed later in the section. 


4.1. Chains and Cycles 111 


Example 4.1.1. Show how to use a path in U, in the sense of the previous chapter, 
to produce a 1-chain in U which is a linear combination of smooth paths. 


Solution: Suppose ¥ : [a,b] > U is a closed path. Let 
a=to <ty <---<th=b 
be a partition such that y is smooth on each subinterval. Let z; = y(t;) for 
j=1,---,n. For 7 =1,--- ,n let y; be a reparameterization of the restriction of 


y to [t;-1,¢;] which changes the parameter interval to [0,1]. If we define a chain T 
to be the formal sum e 
P= om 


then this is a chain consisting of smooth paths. 


Integration Over Chains. We introduced 1-chains in order to integrate over 
them. The definition of the integral is as follows: 


Definition 4.1.2. Let : 
T= Sms 
j=l 
be a L-chain. With I = [0,1], we set 
16 ha ee 
m 540 


If f is a continuous function on a set E C C with T(J) Cc EF, then we define the 
integral of f over [ by 


(4.1.1) [i@« = Som; [ f(z) dz. 


j=1 


It is an immediate consequence of the definition of the integral over a 1-chain, 
that if ! and A are two 1-chains and f is a function defined and continuous on a 
set containing both T(J) and A(J), then 


(4.1.2) ne f(z)dz= [re a+ f 1 dz 


Definition 4.1.3. Suppose [ and A are chains with I'(/) and A(J) both subsets 
of a set E CC. We will say that [ and A are E-equivalent if 


[re ae dz 


for every continuous function f on E. If (7) = AU) = E and T and A are 
E-equivalent, then will will simply say that T ae ri are equivalent. 


Example 4.1.4. Let A be the triangle with vertices {a, b, c} listed in counterclock- 
wise order. Recall that OA denotes the path which traverses the boundary of A 
once in the counterclockwise direction. Show that 0A and T = [a, }] + [b,c] + [c, a] 
are equivalent, as are 0A and A = [a,b] + [b,c] — [a,c]. 

Solution: Clearly 0DA(IZ) = T(1) = A(J) - each of them is just the boundary of 
the triangle A. Also, it follows from Theorem 2.4.6, Parts (b) and (c), that 0A,T, 
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and A all determine the same integral for continuous functions on the boundary of 
A. Thus, by definition, the three chains are equivalent. 


0-Chains. Just as the group of 1-chains is the free abelian group generated 
by paths, the group of 0-chains in U is the free abelian group generated by the 
singleton subsets of C (sets {z} containing a single point z € C) — that is, it is the 
group of formal linear combinations, 


domes}: 


with integral coefficients, of distinct singleton subsets of U. Again, linear combi- 
nations which differ only by summands with 0’s as coefficients are all identified. 
Addition is defined as before, and the result is another abelian group. 


A path 7 determines both a 1-chain (the chain with y as its only summand and 
a O-chain {y(1)} — {y(0)}. This 0-chain is called the boundary of y. Notice that 
it is the 0 element of the group of 0-chains if and only if {y(1)} = {y(0)} — that 
is, if and only if y is a closed path. Both the boundary of a path in this sense and 
the concept of a closed path generalize to the context of chains. The result is as 
follows: 


The Boundary Map and Cycles. 


Definition 4.1.5. If U is an open subset of C, we define the boundary map O from 
1-chains in U to 0-chains in U by 


Pp 


A | domi | = Doeryty)} — mily (0). 


j=l 


This may not result in a linear combination of distinct singleton sets, but 
we fix this, combining terms involving the same singleton subset by adding their 
coefficients. In order for 0 to determine a well defined map from 1-chains to 0- 
chains, one must show that it preserves the identifications made in our definition 
of 1-chains. This simply requires that any summand in a 1-chain that has zero 
as coefficient is sent by 0 to a O-chain with all zeroes as coefficients, and this is 
obviously true. 

Once we know that 0 is well defined, it is quite evident from the definition that it 
is a group homomorphism 0 from 1-chains to 0-chains (meaning 0([+A) = OT +04). 
This ensures that ker 0 = {T : OT = 0} is closed under addition and taking additive 
inverses and, hence, is a subgroup of the set of 1-chains in U. Elements of this 
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DS 
= 


Figure 4.1.1. A Cycle which is a Sum of Closed Paths. 


subgroup are called cycles in U — that is: 


Definition 4.1.6. A 1-chain I in U is called a 1-cycle if OF = 0. 


As we shall see below, a cycle is a chain whose summands can be fit together 
to form a series of loops (closed paths). 


Given a chain I’, there are always many other chains which are equivalent to it. 
This is due to the fact that, as in the previous example, paths in a chain may be 
partitioned into sums of subpaths without changing the integral, and several paths 
may be joined to form a single path if their endpoints correspond in the right way. 
This is what is going on in the following theorem. 


Theorem 4.1.7. [fT is a 1-cycle, then there is a 1-cycle A which is equivalent to 
T and which is a sum of closed paths. 


Proof. We will make a succession of changes to I’, none of which will change ['(J) 
or the integral (4.1.1). 


We first express [’ as a linear combination of paths in which the coefficients are 
all 1 or —1. That is, each term m,y; is replaced by a sum of m,; copies of y; if m,; 
is positive and by a sum of —m, copies of (—1)7,; if m, is negative. This does not 
change the chain I. 

The next step is to replace each summand of the form (—1)y,; with the path 
—7;, where we recall that —7,(t) = 7,;(1 —t), so that —7, is y; traversed in the 
reverse direction. Theorem 2.4.6, Part (c), implies that this change results in a 
cycle I’ which is equivalent to I. 

At this point we have replaced T' with a cycle I which is a simple sum of some 
number of paths. Say the number is n. We next show that if these paths are not 
all closed paths, then we can replace I with a sum of fewer than n paths without 
changing the integral. 

Suppose 7; is a path in P which is not closed. Then 7;(0) 4 7;(1). Since 
aL = 0, 7;(1) must be equal to 7%(0) for some path 7, in I’; otherwise there would 
be no term to cancel with {7,;(1)} in the expression for OT. We may join 7, and 
7j, aS in (2.4.2), to form a new path which begins at y;(0) and ends at (1). By 
Theorem 2.4.6, Part (b), replacing y; and +, in T’ by this new path does not change 
the integral. Thus, if its summands are not all closed paths, we may replace T with 
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a path with fewer summands, which determines the same integral. This forms the 
basis for an induction argument, which is carried out below. 


If a cycle consists of a single path 7, then the condition 


Oy = {9} H 19) =O 


implies y is a closed path. Suppose we know that any cycle which can be written 
as a sum of fewer than n paths may be replaced by an equivalent cycle which is a 
sum of closed paths. Then the argument of the previous paragraph shows that any 
cycle which can be written as a sum of n paths is equivalent to some cycle which 
is a sum of closed paths. By induction, every cycle is equivalent to a sum of closed 
paths. 


Index of a Cycle. The notion of index of a path around a point can be extended 
to cycles as follows. 


Definition 4.1.8. If Tis a l-cycle in C and z € C is a point which does not lie on 


T(J), then we set 
1 1 
Indr(z) = | dw. 
r 


271 wz 


The number Indp(z) is called the index of T around z. 


By Theorem 4.1.7 the cycle P may be replaced by one which is a sum of closed 
paths without changing ['(/) or the integral defining Indr(z). Thus, Indp(z) is a 
finite sum of numbers of the form Ind,(z), where ¥ is a closed path. This, together 
with Theorems 2.6.6 and 2.7.5 proves the first three parts of the following theorem. 
The last part follows immediately from (4.1.2). 


Theorem 4.1.9. Let T be a 1-cycle in C. Then 


(a) Indp is an integer-valued function defined on the complement of T(1); 


) 
(c) Indp ts 0 on the unbounded component of C \ T(1); 
(d) if A is also a cycle, and z €T(1) UA(I), then 


Indp+,a(z) = Indp(z) + Indg (z). 
Example 4.1.10. For each integer 7, let 
fon, 
w)=s+7e™, t¢ [0,1]. 
For a positive integer N set 
q(t) =(N+1/2)e™, te [0] 


and 


Find Ind,(z), Indr, (z), and Indp(z) for each value of z which is an integer. 
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Figure 4.1.2. The Paths Making up the Cycle I of Example 4.1.10. 


Solution: The paths y and 4; are circles traversed once in the counterclockwise 
direction. For such a path we know the index is 1 inside the circle and 0 outside 
the circle. Thus, if & is an integer, 


1, if |k|/< N; 
nego EN 
0, if |k| > N; 
and 
1, ifk=j; 
Ind,,(h)= 2? 
. 0 ifkAj. 
Thus, 
k : 
1, if |kA|<N; 
Indp, (k) = 7 Indy, (h) = {0 if |k| > N; 
j= 
and so, 


Indp(k) = Ind,(k) — Indp, (k) = 0 
for every integer k. 
Homologous Cycles. In the general Cauchy Theorem of the next section, the 
condition that U be convex is replaced by a condition on the path or cycle over which 


the integration takes place. The condition is that the path or cycle be homologous 
to 0 in the sense of the following definition. 


Definition 4.1.11. Let U be an open subset of C and let I and A be 1-cycles in 
U. We will say that [ and A are homologous in U if 


Indp(z) = Inda(z) 
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Figure 4.1.3. The Paths Making up the Cycle I of Exercise 4.1.6. 


for every z in the complement of U. We will say that [ is homologous to 0 in U if 
Indp (z) =0 
for every z in the complement of U. 


For a closed path 7, intuitively, the statement that y is homologous to 0 in U 
means that y does not go around any points of the complement of U — that is, it 
does not go around any “holes” in U. For cycles, the meaning is more complicated. 
For example, the cycle [ of Example 4.1.10 is homologous to 0 in the complement 
of the integers in C. 

Note that two 1-cycles [ and A are homologous if and only if [—A is homologous 
to 0. 


Example 4.1.12. If y(t) = e?" and y(t) = 2e?"” for t € [0,1], show that 
[ = 72 — 1 is a L-cycle which is homologous to 0 in U = {z € C: 1/2 < |z| < 3}, 
but is not homologous to 0 in the set V = U \ {3/2}. 


Solution: The curve 7; has index 1 about points inside the unit disc D,(0), 
and index 0 about points exterior to the closed unit disc, while yg has index 1 
about points in D2(0) and 0 about points exterior to the closure of this disc. The 
complement of U is 


Dy /2(0) U (C \ D3(0)). 
Since 
Indy, =Ind,, =1 on D,/2(0) 
and 
Ind.,, =Ind,, =0 on C\ D3(0), 
we conclude that [ = y2 — 71 is homologous to 0 in U. 


However, at the point z = 3/2, 7 has index 0 and 7 has index 1. Since 3/2 is 
in the complement of V = U \ {3/2}, T is not homologous to 0 in V. 
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10. 


11. 


12. 


13. 


Exercise Set 4.1 


. Let a,b,c be three points in C and let 7, be a path beginning at a and ending 


at b, y2 a path beginning at a and ending at c, and y3 a path beginning at b 
and ending at c. Is 71 + y2 +73 a cycle? How about y1 — 72+ 73? 


. Consider the following directed line segments: y; from —1 to —1+ 4%, y2 from 


1 to 1+i, y3 from —1 to 0, y4 from 0 to 1, 75 from —1+7 to i, yg from 7 to 
i+1, and 77 from 0 to 2. Show that [ = y1 +y72-7¥3+74+75 — Yo — 277 is a 
cycle. 


. Find a sum of closed paths which is equivalent to the cycle of the previous 


exercise. 


. For t € [0,1], let y(t) = 14+ e27*¢41/2) and yo(t) = —1+ 2. Find a single 


closed path y with parameter interval [0, 1], such that y is equivalent to 7, —72. 


. Let f be a function which is analytic on the open unit disc D and 7 and y2 


two closed paths in D each of which has index 1 about 0. If [T = y1 — ya, 
compute fy. f(z)/zdz? 


. Let R C C be a rectangle and let y be a path which traverses the boundary 


of R once in the positive direction. Partition R into four subrectangles R,;, 
j = 1,2,3,4, by joining each pair of opposite sides of R with a perpendicular 
line. Let 7; be a path which traverses the boundary of R; once in the positive 
direction. Let T = ey y, and E =I[(J). Show that y and T are E-equivalent 
but not equivalent (see Definition 4.1.3). 


. For t € I = (0, 1], let 


y(t) = 40°", 
qa(t) =it+e™, 
73(t) =-g4 e2ttt 


If f = y1— 7 — 73, then find Indp(z) for z in each of the components of 
C\T(J). Is T homologous to 0 in C \ {t, —7}? 


. Find Indp(z) for z in each component of C \ T(J) if T is the cycle of Exercise 


4.1.2. 


. Find Indp(z) for z in each component of C \ [(Z) if T = 2% — y2 — 43 with 


V1, Y2, 73 the positively oriented circles of radii 4, 2, and 2, centered at 0, —1, 
and 1, respectively. 

Let U be an open set. Prove that if [ and T, are cycles that are U-equivalent, 
then they are homologous in U. 

Let U be an open subset of C and S = {21,--- , Zn} a finite subset of U. Find 
a cycle [ which is homologous to 0 in U and which has index 1 about each 
point of S. 

If n is an integer, let y(t) = e?"™ and y(t) = 2¢?"* for t € [0,1]. Show that 
the cycle 7 — ny is homologous to 0 in A = {z € C:0 < |z| < 3}. 

Find a cycle I which is homologous to 0 in the annulus {z: 1 < |z| < 4}, but 
has index 1 about every point in the annulus {z : 2 < |z| < 3}. 
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4.2. Cauchy’s Theorems 


We will first prove the general version of Cauchy’s Formula and then use it to prove 
the general version of Cauchy’s Theorem. This is the reverse of the order in which 
we proved the analogous results on convex sets. 


A Continuity Lemma. Let f be an analytic function on an open set U. In the 
proof of the Cauchy Integral Formula for convex sets (Theorem 2.6.7) a key role 
was played by the function 


fw) - fl). 
(4.2.1) g(z,w) = wg Oe 
f(z if w = z. 


For each fixed z, this function is clearly a continuous function of w everywhere on 
U, and is analytic on U except possibly at w = z. This was enough for our purposes 
in the proof of Theorem 2.6.7. We will use the same function in the proof of our 
more general Cauchy Integral Theorem, but we need to know that it satisfies a 
stronger continuity condition. We need that it is continuous as a function of two 
complex variables on 


UxU ={(z,w):2€U,w Ev}. 


This is equivalent to the condition that g be continuous on U x U as a function of 
four real variables with values in R? = C. It means simply that 


(4.2.2) lim g(z, w) = g(Z0, Wo) 


(z,w)>(z0,wo) 


for all (z9,wo) € U x U. Here, the limit has the usual ¢-d definition, using the 
appropriate definition of the distance between (z,w) and (zo, wo), which is 


|(z,w) — (20, wo)] = Vz — z0|? + |w — wo]?. 


This is the same as the Euclidean distance between these two points, considered 
as points of R*. It is easy to see that this type of limit satisfies all the usual limit 
rules regarding sums, products, quotients, etc. 


Lemma 4.2.1. If g(z,w) is defined by (4.2.1), then g is a continuous function of 
two complex variables on U x U. 


Proof. We must prove that (4.2.2) holds at every point (zo,wo) € U x U. If 
zo # wo, then this follows from the continuity of f and the quotient rule for limits. 


In the case where zo = wo, we have g(zo, zo) = f’(zo). Thus, in order to prove 
(4.2.2) we just need to prove 


(4.2.3) lim g(z,w) = f' (20). 


(z,w)— (20,20) 


__ Since f’ is continuous on U, given « > 0, we may choose 6 > 0 such that 
Ds(zo) C U and 


(4.2.4) |f’(z) — f’(z0)| <€ whenever |z — zo| < 6. 
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If |(z, w) — (zo, 20)| < 6, then both z and w are in D5(zo), as is any point \ on the 
line segment joining them. If z 4 w, integrating over this line segment yields 


fw) — 1 = f * p'(a) dd, 


lo) = FZ N-lef 70 Pe eee 


If z = w, then |g(z, w) — f’(zo)| = |f’(z) -— f’(z0)| < €. Hence, g is continuous at 
(20, 20). This completes the proof. 


and so 


Cauchy’s Integral Formula. 


Theorem 4.2.2 (Cauchy’s Integral Formula). Let U be any open subset of C, f a 
function which is analytic on U, andT a 1-cycle in U which is homologous to 0 in 
U. Then 


(4.2.5) Indp(z) = 5 | haw w, 


for every point z € U which does not lie on T(1). 


Proof. Let h be the function defined by 
n(z) = f(z.) aw, 
E 


where g is the function of the previous lemma. The fact that g is continuous on 
U x U as a function of two complex variables implies that h is continuous on U. 
If z € T(L), then z # w for all w € T(J) and so the integral defining h can be 
broken apart as 
h(z) = Fw) dw fe 


re Ww r% 


aw = [| 2 Je). 2 aw —2ni Indp(z) f(z). 


Thus, to prove the theorem, we ae need to prove that h is identically zero in 
U. In the proof of Theorem 2.6.7, we proved h(z) = 0 using the Cauchy Theorem 
in a convex set. Here, since U is not convex, and T may not be a single closed path, 
we must proceed differently. 


We will show that h(z) = 0 for all z € U by showing that it is analytic on U 
and then extending it to an entire function which is bounded and has limit 0 at 
infinity. Then Liouville’s Theorem will imply that it is identically 0. 


If A is a triangle contained in U, we have 


ine neyae= ff ote) dwdz 
= iE | est) ded 


That the order of integration can be reversed follows from the fact that, ultimately, 
each iterated integral is a sum of iterated Riemann integrals, over the rectangle 
I x I in R?, of functions continuous on the rectangle. The fact that the order of 
integration can be reversed in each of these integrals is then Fubini’s Theorem from 
calculus. 


(4.2.6) 
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For each fixed z € U, g(z,w) is an analytic function of w € U, except at w = z, 
where it is at least continuous. Thus, by Theorem 2.5.8 the last integral in (4.2.6) is 
0. Hence, the integral of h around each triangle in U is 0. It follows from Morera’s 
Theorem that h is analytic in U. 

Now let V be the set of all points z in the complement of T(J) for which 
Indy(z) = 0. This is an open set, since it is a union of some of the components of 
C\T(J). It is also a set which contains the complement of U, by hypothesis. So 
UUV=C. IfzEVNU, then 


1 Pf f® 


277i Jp Z—W 


dw = f(z) Indp(z) = 0. 


Since z is not on I'(I), we may break the integral defining h apart and write 


(4.2.7) h(z) -| F(w) dw i L(@) dw = nee 

p;pw-2Zz rw-Zz re—Ww 
for z € UNV. This means we can extend the definition of h to all of C by defining 
it to be EN on V. That is, the original definition of h on U and this 


r 
new definition of h on V agree on the overlap UM V. The resulting function h is 
analytic on all of C and, hence, is an entire function. On the unbounded component 
of C\ T(1), h(<z) is given by (4.2.7) and, from this, it is easy to see that 


(4.2.8) jim h(z) =0. 
We conclude that h is a bounded entire function and, hence, is a constant, by Li- 


ouvilles’s Theorem. By (4.2.8) this constant must be zero. Thus, h(z) is identically 
zero and this immediately implies (4.2.5) for z ¢ T(J). 


Example 4.2.3. Find [ 5 
Te 7-% 


Yo = 2e7 for t € I = [0,1]. 

Solution: The cycle T has index 0 at all points outside the annulus bounded 
by the two circles y,() and y2(Z) and index 1 at points inside this annulus. If 
we set f(z) = 1/z, then f is analytic in U = C \ {0} and the cycle [ is a cycle 
homologous to 0 in U. Thus, the Cauchy Integral Formula tells us that 


1 z : ; 
[eee | eee = aig) =a. 


The Cauchy Integral Theorem. The Cauchy Integral Theorem follows easily 
from Theorem 4.2.2. 


dz if f = 7. —, where y, = (1/2)e?"* and 


Theorem 4.2.4. If f is analytic in the open set U and if T is a 1-cycle in U which 
is homologous to 0 in U, then 
| f(z) dz =0. 
r 


Proof. Let zo be any point in U which is not on I'(J) and define 
g(2) = f(z)(2 — 20). 
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Then g(z) is also analytic in U and g(z) = 0. Theorem 4.2.2, applied to the 
function g, tells us that 


| f(z)dz= i: ge). dz = 2ri Indp(z0)g(zo) = 0. 
r re 


— Z 


This completes the proof. 


p sin(7z) 

Solution: By Example 4.1.10, I has index 0 at every integer & and so it is 
homologous to 0 in U = C\ Z, where Z is the set of integers. The function sin(7z) 
vanishes exactly on the set of integers (Exercise 4.2.1) and so 1/sin(7z) is analytic 
in U. It follows from the above theorem that the integral in question is 0. 


1 
Example 4.2.5. Find | — dz if T is the cycle of Example 4.1.10. 


Simple Closed Paths. Although we have stated the general Cauchy theorems 
in terms of integration over l-cycles, they also hold if the integration is over an 
ordinary closed path. After all, a closed path is just a particularly simple 1-cycle. 
Classically, these theorems are stated and proved for integrals over a particular kind 
of closed path — a simple closed path. 


A simple closed curve is a closed curve which does not intersect itself except at 
the endpoints of the parameter interval I = [a,b]. That is, 


Definition 4.2.6. A closed curve 7, defined on [a, b], is called a simple closed curve 
if y(s) A y(t) fora<s<t<bunlesss=aandt=b. 


The Jordan Curve Theorem says that if y is a simple closed curve, then the 
complement of y(J) has two components — one unbounded, and one bounded. Here 
we will prove a weak version of the Jordan Curve Theorem — one that is sufficient 
for our purposes. 


Recall from Definition 2.7.10 that a simple point of a path ¥ is a point that the 
path passes through just once and at which the left and right derivatives of y are 
both non-zero. 


Definition 4.2.7. A closed path will be called a simple closed path if each of its 
points is a simple point. 


Thus, a simple closed path is a simple closed curve which is piecewise smooth 
with non-zero left and right derivatives at each point. Our weak version of the 
Jordan Curve Theorem is the following. 


Theorem 4.2.8. If is a simple closed path, then C\ y(I) has exactly two compo- 
nents — a bounded component on which Ind,(z) = +1 and an unbounded component 


on which Ind,(z) = 0. 


Proof. By Theorems 2.7.8 and 2.7.11, we may choose for each point z € y(I) an 
open disc D,, centered at z, such that D,\ (D,M7(J)) has exactly two components 
—a left component L, and a right component R,, and Ind,(z) is one unit greater 
on L, than on R, (see Figure 4.2.2). 


It is not difficult to see that two sufficiently close points of y(J) have discs with 
overlapping left components and overlapping right components. It follows that the 
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Figure 4.2.1. A Simple Closed Path. 


Figure 4.2.2. Some of the Discs D, in the Proof of Theorem 4.2.8. 


union of all the left components is a connected open set L, while the union of all 
the right components is a connected open set R (see Exercise 4.2.11). Furthermore, 
Ind,(z) = Ind,(w) +1 if z€ Land w € R. It follows that L and R are disjoint. 
The union of all the discs D, is an open set U containing (J) and, in fact, U is 
the union of the disjoint sets y(I), L, and R. 


Now every component of the complement of y(I) has a subset of (J) as its 
boundary (Exercise 4.2.12). This implies that every such component must have 
non-empty intersection with U and, hence, must meet either Z or R. But since L 
and R are connected, a component which meets one of them must, in fact, contain 
it. It follows that there are only two components of the complement of y(I) — 
one containing Z and one containing R. One of these must be the unbounded 
component and Ind, is zero on it. The other one is a bounded component and Ind, 
must be plus or minus one on it, depending on whether it contains D or R. This 
completes the proof of the theorem. 


From the proof of the above theorem, it follows that Ind,(z) = 1 on the bounded 
component of C\+(JZ) if this component contains L. Intuitively, this means that the 
bounded component is on the left as the path is traversed in the positive direction. 
In this case, we say that the path has positive orientation. The other possibility is 
that Ind,(z) = —1 on the bounded component, which implies that this component 
contains R —i.e., that the bounded component is on the right as the path is traversed 
in the positive direction. In this case, we say that the path has negative orientation. 
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If y is a simple closed path, we will call the bounded component of C \ (J) the 
inside of y and the unbounded component the outside of y. 


We may now apply Theorems 4.2.2 and 4.2.4 in the case where the cycle I is 
a single simple closed path y to obtain the Cauchy Theorem and Formula in their 
classical forms. 


Theorem 4.2.9. If y is a simple closed path and f is a function analytic in an 
open set U containing both y(I) and its inside, then 


(4.2.9) ‘i f(w) dw =0 


and 


(4.2.10) f(2) = sf LOW) 


for each z on the inside of y(1). 
Proof. We know that Ind,(z) = 0 on the outside of y, and this contains the 


complement of U (since U contains 7(I) and its inside). Thus, the hypothesis of 
Theorem 4.2.2 is satisfied, and so we know that (4.2.9) is true and that 


Ind,(z) f(z) = | 


for z on the inside of y. Then (4.2.10) follows if we just observe that Ind,(z) = 1 
on the inside of y. 


fw) ay 
Wz 


——S————————————————— 
Exercise Set 4.2 


1. Verify the fact, used in Example 4.2.5, that sin(7z) = 0 if and only if z is an 
integer. Hint: We know this if z is real, but how do we know there are no 
zeroes of sin z except those on the real line? 

2. Let [ = 71 — yo — 73, where 71,72, and 3 are positively oriented circles with 
radii 5, 1, and 1 and centers 0, —2, and 3, respectively. Find 


1 
Lean a 


without calculating the integrals around the individual paths 7;. 
3. Check your answer to the previous problem by calculating 


1 
i (+2@—3) 


for each of the individual paths y;. Hint: The integral around y, may be 
calculated by using a partial fraction decomposition of the integrand. 
4. If y is any simple closed path, with —2 and 8 inside 47, find 


1 
7 @+2)@—3) * 
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. For the cycle [ of Exercise 2, find 


1 
[ a+ 2E—3) 


by applying the Cauchy Integral Formula for the cycle [ and the function 


i Gaal 3) 


. If 71 and 7 are positively oriented circles, centered at 0, with radii 1 and 2, 


respectively, and if l = y2—71, find the integrals of e* /(z—1/2), e* /(z—3/2), 
and e* /(z — 3) around Tr. 


. If y is a simple closed path with —1 and 1 on its inside and f is an entire 


function, show that 


| F4e-mtsa)- 1. 


z2—1 


. If y is a simple closed path with 0 on its inside and all other integral multiples 


of 7 on its outside, find 


1 
/ —— dz. 
Sin z 


. For positive numbers r < R, set y(t) = re?" and y(t) = Re?" for t € [0,1] 


and set [ = 72 — 7. Prove that if f is analytic in an open set containing the 
set {z: 7 < |z| < R}, then 


(4.2.11) fy xa f Ma 


10. 


11. 


12. 


for every z with r < |z| < R. 

For the cycle [ and function f of the previous problem, what is the integral 
(4.2.11) if |z| <r or |z| > R? 

Let y be a simple closed path and, for each z € (J), let D., L, and R, be the 
sets used in the proof of Theorem 4.2.8. Prove that if z and w are two points 
of y(Z) such that D,N Dy Ny(1) 4 O, then LN Ly #0 and RN Ry FO. 
Show that this implies that the union of all the L, is a connected set as is the 
union of all the R,. 

Prove that if K is a closed subset of C, then each component of C \ K has its 
boundary contained in K. 


4.3 


. Laurent Series 


In this section, we will show that a function which is analytic on an annulus has 
a special kind of power series expansion. We first make a preliminary observation 
about functions which have limit 0 at infinity. 


Recall that a neighborhood of 00 is any open set which contains the complement 


of some closed bounded disc. If f is a function which is analytic in a neighborhood 
of oo, then we say that f vanishes at infinity if 


See 
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Lemma 4.3.1. If h is a function which is analytic in the exterior of the disc D,.(z) 
and vanishes at oo, then the function 


ary era 


is analytic in Dy/,(0). 


Proof. The number 1/w + zo is in C \ D,(zo) if and only if 1/|w| > r, that is, if 
and only if w € Dj/,(0). So the domain of qg is D,/,(0). Clearly q is analytic on 
the complement of {0} in this disc. 

The fact that lim,,.. h(z) = 0 implies that lim,.9q(w) = 0. Thus, g is 
continuous at 0. It follows from the Removable Singularity Theorem (Theorem 
3.4.8) that it is analytic on all of D,/,(0). 


Analytic Functions on an Annulus. An open annulus centered at zo is a set 
of the form 


(4.3.1) A={zE€C:r<|z—2| < R}, 
where 0 <r < R< oo. The numbers r and R are the inner and outer radii of A, 
respectively. 
For the annulus A of (4.3.1), and numbers s and S' with 
r<s<S<R, 
consider two paths y, and yg in A, which traverse the circles |w — z| = s and 
|w — zo| = S' once in the positive direction. If we define a cycle I’ by 
T= Ys — Ys5 
then 
0, if |z—-z0| >S; 
Indp(z) = 41, ifs<|z—2|<S; 
0, if|z—z|<-s. 
In particular, this means that I is homologous to 0 in A. From this and the general 
Cauchy theorems, it follows that if f is a function which is analytic in A, then 
0, if |z — z9| > S; 
dw=4 f(z), ifs <|z—z|< 5S; 
0, if |z — zo| < 5. 


1 f fw) 


27t Jp Wz 


In other words, 


(4.3.2) [| aw - = | EY) a 


201 wz 2771 wz 


s 


if s and S are on the same side of |z — zo| and 


(4.3.3) f(z) = — | TA pg ‘i INO) a 


271 wz 271 w-—z 


if s <|z—z0| < S. This is the basis for the following result. 
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Theorem 4.3.2. If f is an analytic function on an annulus A of the form (4.3.1), 
then there exists a unique way of writing f as 


f(z) =g(2)- hz) for z€A, 


where g is an analytic function on Dr(zo) and h is an analytic function on the 
complement of D;(zo), which vanishes at infinity. 


Proof. We define the function g on Dr(zo) as follows: If |z — zo| < R, we choose 
S such that |z — zo0| < S andr < S$ < R. We choose a closed path yg which traces 
the circle |w — zo| = S', once in the positive direction; and we set 

1 (w) 
12) = 5 


271 yg W- 2 


dw. 


It follows from (4.3.2) that this does not depend on the choice of S as long as 
|z _ 20| <S<R. 

Similarly, we define the function h on C \ D,(2z) as follows. If |z — z9| > r, we 
choose s such that r < s < Rand s < |z — 29|; we choose a closed path 7, which 
traces the circle |w — z9| = s once in the positive direction; and we set 


1 
(4.3.4) h(z) = —= i EY) 
2mt Jy, Wz 
Again, by (4.3.2), this does not depend on the choice of s. 
By (4.3.3) 


f(z) = g(z) — h(z) 
if z € A. We emphasize that z was an arbitrary point of A, and that g and h do 
not depend on the choices for the circles yg and 7s. 


It follows from Morera’s Theorem that g is analytic in the open disc Dr(z) 
and h is analytic in the exterior of the closed disc D,(zo) (see Exercise 3.2.16). 


Also, for a fixed s with r < s < R, |z — z| > s, and yz as above, 


|z — w| 2 |2|- |zol —|w- 2] =lz|-lzol-s if weys(Z), 
and so 
M 
Fw) < if weé7s(J), 
zZ-w |z| — |zo| —s 


where M = sup{|f(w)| : w € ys(1)}. From this bound on the integrand in (4.3.4), 


it follows that 
Ms 
(2) Se a 
|z| — |20] — s 
and so, since |zo| and s are fixed, 


lim h(z) =0, 


ZOO 
as required. 


The uniqueness of g and h follows from Liouville’s Theorem. In fact, suppose 
we also have 


f=n-hi 
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Figure 4.3.1. The Paths yg and ys in the Proof of Theorem 4.3.2. 


with g; analytic on Dr(zo), hy analytic on C \ D,(z), and h, vanishing at infinity. 
Then 


g-gm=h—-h on A. 


This means that the analytic function g — g; on Dr(zo) and the analytic function 
hi—h on C\ D,(zo) agree on the intersection of these two open sets. It follows that 
they define an entire function on the plane which vanishes at infinity. By Liouville’s 
Theorem, the only such function is the identically 0 function. Thus, g = g; and 
h=hy. 


Example 4.3.3. Find a decomposition like that in the previous theorem if the 
function f is 
1 
I= Gong 3 
and the annulus A is A= {z €C:1 < |z| < 2}. 
Solution: This is just the partial fraction decomposition of f. We set 


1 
g(z) = = for |z| < 2, 


and 


1 
h(z) = ae | for |z| Se. 


Then g and A are analytic, f = g —h on A, and A vanishes at infinity. 


Laurent Series Expansion. A function which is analytic on an annulus has a 
special kind of series expansion called a Laurent Series expansion. 


Theorem 4.3.4. Let f be a function which is analytic on the annulus A of (4.3.1). 
Then f has a unique series expansion of the form 


Co 


(4.3.5) fle)= So en(z-%)”, 


n=—Co 


which converges to f at all points of A and converges uniformly on compact subsets 


of A. 
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Proof. We write f = g —h with g and h as in the previous theorem. Since g is 
analytic on Dr(zo), it has a power series expansion 
[o.e) 
9(z) = >) en(z — 20)”, 
n=0 
which converges on Dpe(zo) and converges uniformly on compact subsets of this 
disc. 
By Lemma 4.3.1 the function q(w) = h(1/w + 2) is, if given the value 0 at 
w = 0, an analytic function of w in the disc D,,,(0), and it vanishes at w = 0. 
Therefore, it has a power series expansion 


q(w) = oe byw” 
n=1 


which converges uniformly on compact subsets of D,/,(0). If we set cn, = —b-n for 
negative integers n and make the substitution w = (z — 29)~+, then this becomes 
1 
A(z) =- > Cn (Zz — 20)”. 
n=—0o 

On combining the series for g and h, using the fact that f = g —h in A, we obtain 
(4.3.5). The series converges uniformly on compact subsets of A because the series 
for g and h both have this property. 


The uniqueness of the expansion follows from the uniqueness statements in 
Theorem 4.3.2 and Corollary 3.2.4. 


Example 4.3.5. For the function f and annulus A of Example 4.3.3 find the 
Laurent series expansion for f on A. 

A a at 1/2 
z-2 = 1-2/ 


Solution: We have f = g—h, where g(z) = 5 has power 


series expansion 
CO 


1 zm 
g(z) = “9 Qn 
n=0 
1 1 
in D2(0), and h(z) = ee ee hee has an expansion 
1 
h(z) = — 
@=>5 
n=1 


on C \ D,(0). Thus, the function f = g — h has Laurent expansion 


fey= SO (24 Bi pat) 


n=—0o n=0 


in A = Do(0)N (C \ Di(0)). 


Example 4.3.6. The function f = of the previous exercise is also 


a 
(z — 1)(z - 2) 


analytic on the annulus 
B={zE€C:0<|z-1|< ]}, 
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which is centered at 1. Find its Laurent expansion in this annulus. 


1 1 
Solution: Again, f = g—h, with g(z) = and h(z) = Sa Here g is 
Za Za 


2 
analytic in the disc D,(1), with power series expansion 


g(z) =- So (z- 0)", 
n=0 
while h(z) is analytic in C \ {1} with limit 0 at infinity. Since it is already a power 
of (z — 1), it needs no further expansion. Thus, the Laurent expansion of f in the 
annulus B is 
f@)=-— >) @-1)" -@-1)*=- 55 a+. 


n=0 n=-1 


Example 4.3.7. Find the Laurent expansion of e!/” in the annulus C \ {0}. 


Solution: Since f(z) = e!/ is analytic except at 0 and has limit 1 at infinity, 
in the decomposition f = g—h of Theorem 4.3.2 the function g is 1 and the function 
his 1—e!/*, The Laurent expansion is 


elimi S- fall 


The coefficients of the Laurent expansion of a function analytic in an annulus 
are given by an integral formula similar to the one for the power series expansion 
of a function analytic in a disc (Theorem 3.2.5). 


Theorem 4.3.8. If A= {z€C:r < |z—z| < R}, f is analytic in A and 
r<s<R, then the Laurent series (4.3.5) for f in A has coefficients given by 


1 
(4.3.6) Ck = 3G = (w ante dw. 


Proof. With f given by (4.3.5), we have 

1 f(w) . / n—-k-1 
4.3.7 | ———___ dw = Cn wW— 2 dw. 
( ) 2nt |w—zo|=s (w = zo)k+t 2a. reeks °) 


A path which traverses the circle |w — zo| = s once in the positive direction is given 
by y(t) = 20 + se’, for 0 <t < 27. Then 


y(t) = sie and y(t)—2z=se. 
Thus, 


20 
ip (ww — 2)" dw = | imma ok mad es 
|w—zol=s 0 


This is 0 if n # k and 27i if nm = k. Combined with (4.3.7), this proves the 
theorem. 
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Exercise Set 4.3 
1. In Examples 4.3.5 and 4.3.6, Laurent expansions for 


oe 


ca 


10. 


11. 


12. 


13. 


14. 


1 
(z — 1)(z- 2) 
are given in two different annuli. Find a third annulus in which this function 


is analytic and find its Laurent expansion there. Are there other such annuli? 
Find the Laurent expansion of 


f(z) = 


1 
z— 22 


f(z)= inthe annulus A={zE€C:0<|z| <1}. 
Find the Laurent expansion for f(z) = 2° e!/* in C \ {0}. 

Find the Laurent expansion for f(z) = z~% e* in C \ {0}. 

Find the Laurent expansion for 


f(z) = Et) in C\ {0}. 


Find the Laurent expansion for 


f(z) = 


a in the annulus A={ze€C:0<|z—-3| < 2}. 

Find the Laurent expansion for f(z) = sin(1/z) in C \ {0}. 

Find the Laurent expansion for f(z) = e? +e!/7 in C \ {0}. 

Find the Laurent expansion for f(z) = e*+1/* in C \ {0}. Hint: You will need 
the binomial formula. 

Prove that if f is analytic in a disc D,(zo) except at zo, where it has a pole of 
order k, then, in the annulus {z : 0 < |z— z9| < r}, the Laurent expansion for 
f has only finitely many terms with negative exponent and the most negative 
exponent that appears is —k. 

Suppose f is analytic in the annulus A = {z € C: R < |z|} and satisfies the 
inequality |f(z)| < |z|* in this set. Then prove that the Laurent expansion of 
f in A has no terms with positive exponent greater than k. 


If c, is the nth coefficient in the Laurent series expansion of in the 


sin Z 
annulus {z : 0 < |z| < 7}, show that c, = 0 if n is even or ifn < —1. 


With c, as in the previous exercise, find c_1,c , and c3 Hint: use long division 

to divide sin z into 1, 

For the function —— of the previous two exercises, how do the Laurent 
sin z 


coefficients change when we compute the Laurent expansion in the annulus 
{z: am < |z| < 2} instead of the annulus {z : 0 < |z| < 7}? Hint: Use 
Cauchy’s formula to compute the difference in formula (4.3.6) if the radius s 
of the circle of integration is changed from one with 0 < s < 7 to one with 
T<s<2r. 
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4.4. The Residue Theorem 


In this section we return to the study of analytic functions with isolated singulari- 
ties, as discussed in Section 3.4. Recall that a function f has isolated singularities 
on an open set U if it is analytic on U except on a discrete subset. 

In particular, if a function f is analytic on an open set containing the annulus 
D,(z0) \ {zo}, then it has an isolated singularity at zo. Since D,(z0) \ {zo} is an 
annulus centered at zo, f has a Laurent expansion of the form 


Co 


(4.4.1) flz)= So en(z- 2%)". 


n=—0o 
The coefficient c_1 of (z — zo)~! in (4.4.1) plays a special role in complex 
analysis. 


Definition 4.4.1. If f is a function which is analytic on A = D,(zo)\ {20}, with an 
isolated singularity at zo, then the coefficient of (z— z9)~* in the Laurent expansion 
of f on A is called the residue of f at z9 and is denoted by Res(f, 20). 


The residue of f at zo is given by a simple integral formula, which follows 
immediately from Theorem 4.3.8. 


Theorem 4.4.2. Let f be an analytic function with an isolated singularity at zo € 
C. Let R>r>0 be numbers with f analytic on Dr(zo) \ {zo}. Then 


Res(f, zo) = =e 7 f(z) dz. 
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This leads to the following important application of the general Cauchy Theo- 
rem. 


Theorem 4.4.3 (Residue Theorem). Let f be a function which is analytic on U\E, 
where U is an open subset of C and E is a discrete subset of U. If y is a closed 
path in U \ E which is homologous to 0 in U, then 


(a) there are only finitely many points of E at which Ind, is non-zero; 


(b) if these points are {21, 22,--- Zn}, then 
1 n 
(4.4.2) oe i: f(z)dz= Dn (a) Rel fay 


Proof. We first prove (a). Recall from the proof of Theorem 2.7.5 that if r is 
chosen so that y(Z) C D,(0), then the bounded components of C \ (J) are also 
contained in D,(0). Also, Ind,(z) is non-zero only on certain bounded components 
of C\7(Z). It follows that the union of y(Z) and the components of its complement 
where Ind,(z) is non-zero is a bounded set K. The set K is also the complement 
of the union of the components of C \ y(I) on which Ind, = 0, and so it is closed. 
Thus, K is compact. 


Since y is homologous to 0 in U, every point of the complement of U is a point 
where Ind, is 0. This implies kK C U. Since the singularities of f form a discrete 
subset E' of U, we may choose for each point of U an open disc, centered at that 
point and contained in U, which either contains one singularity (the center of the 
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Figure 4.4.1. The Paths y and y; in the Proof of Theorem 4.4.3. 


disc) or no singularities. This collection of open discs covers K (since its union 
is U), and so some finite subcollection also covers kK. But this means there are 
only finitely many singularities of f in K, and, hence, there are only finitely many 
singularities of f at which Ind, is nonzero. This completes the proof of (a). 

Let 21, 22,°** ,2n be the singularities of f at which Ind, is nonzero. For each 
of these points z;, we choose an r; > 0 such that D,, is contained in the open set 
U \ 7(1). We choose r > 0 such that r < min{r1,+-+ ,7} and the discs D,.(z;) are 
non-overlapping. We then set 


(4.4.3) m, = Ind,(z;) 


and define a 1-cycle [’ by 
P=7- So my; 
j=l 


where 7;(t) = 2; + re?" for t € [0,1] (we may assume that 7 also has [0, 1] as its 
parameter interval). 

Now each z; is a point where Ind, is non-zero, and so is every point in the open 
disc D,(z;). Hence the closure D,(z;) of this disc is contained in K C U. This 
means that the complement of U is contained in the complement of D,(z;). Thus, 
Ind,,(z) = 0 on the complement of U. Since this is true for every j and is also true 
of y, we have that Indp(z) = 0 on the complement of U — that is, [ is homologous 
to 0 in U. 


Note, f is not analytic in U and so the general Cauchy Theorem does not yet 
apply. However, we also have that 


Ind,(z;) = mj; = m, Ind,, (z;) 


while 
mjInd,,(ze)=0 for kj. 
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It follows that T is also homologous to 0 in U \ E. Now U \ E is a set on which f 
is analytic, and so, by the general Cauchy Integral Theorem, 


o= f fe)de= fF) ae— om, i f(z) de. 


Now (4.4.2) follows from this, Theorem 4.4.2, and (4.4.3). This completes the 
proof. 


The Residue Theorem has a vast number of applications. We will explore 
many of these in the remainder of this section and the next chapter. The next 
three examples give just a taste of how the Residue Theorem is used to calculate 
integrals. 


Example 4.4.4. Let f be a function of the form 
_ 9%) 
f=. 


where g is analytic in an open set containing zo. Show that 
(4.4.4) Res(f, 20) = (20): 


Solution: The function g(z) is analytic in some disc centered at zp and so 


it has a power series expansion in this disc with constant term g(zo). Hence the 


Laurent series expansion of f(z) about zo has g(zo) as the coefficient of (z — z)~?. 


By definition, this means that (4.4.4) holds. 


Example 4.4.5. Let y be a simple closed path with 1 and 2 inside y. Compute 


z+1 
lwea* 


Solution: By the Residue Theorem, this integral is 
27i(Res(f, 1) + Res(f, 2)), 


where f(z) = oye The function g(z) = = is analytic in a disc 
centered at 1 and f(z) = > Hence, by the previous example, 

Res(f,1) = g(1) = -2. 
By the same reasoning, if h(z) = — . then 


Res(f,2) = h(2) = 3. 
We conclude that 


i G = ay de = 2mi(3 — 2) = ni, 


Example 4.4.6. If y is a simple closed path with 0 and 7a inside y and all other 
multiples of 7 outside y, find 
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1 
Solution: The integrand f(z) = —— has isolated singularities inside y at 0 
sin z 
and 7. The function 


sin z 
has a removable singularity at 0 and the value of the resulting analytic function at 
0 is 1. Thus, 


Res(f,0) = 1. 
Since sin(z) = — sin(z — 7), the function 
2-7 2-7 
h — = 
(2) sin z sin (z — 7) 


has a removable singularity at z = 7. The value at a of the resulting analytic 
function is —1. Thus, 
Res(f,7) = —1. 


It follows from the Residue Theorem that the integral of f around ¥ is zero. 


Counting Zeroes and Poles. Recall that a meromorphic function on an open 
set U is a function which is analytic on U except on a discrete subset FE where it 
has poles. 

A simple pole is a pole of order 1. If f is a meromorphic function in an open 
set U, then, as we will show in the proof of the next theorem, the function f’/f has 
a simple pole at each zero and at each pole of f. Furthermore, these simple poles 
have a special form which leads directly to an integral formula for the sum of the 
number of zeroes minus the number of poles, counting multiplicity, surrounded by 
a closed path in U. 


Theorem 4.4.7. If f is a meromorphic function on U and z € U, then 


Res(f'/f, 20) > k, 
where k is the order of the zero of f at zo, or minus the order of the pole of f at 
zo, or O if f has no zero or pole at Zo. 


Proof. We may factor f as 
f(z) = (z- #)*9(), 


where g is meromorphic on U and has no zero or pole at zo. The integer k is 
positive, negative, or zero, depending on whether f has a zero, a pole, or neither 
at zo. Then 


and so 
/ / 
(4.4.5) i Pe ACL) 
f(z) 2-2 ~~ gf2) 
If D,(z) is a disc contained in U, which contains no zero or pole of f except 


possibly zg, then when we integrate (4.4.5) around the boundary of this disc and 
divide by 277, we get 


Res(f'/f, 20) = k, 


since g’/g is analytic on an open set containing D,(zo) and, thus, has integral 0. 
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If we combine this with the Residue Theorem, the result is the following theo- 
rem. 


Theorem 4.4.8. Let f be a meromorphic function defined in a open set U and let 
y be a closed path in U which is homologous to 0 in U. Assume there are no zeroes 
or poles of f on y(I) and the zeroes and poles of f at which Ind, is not zero occur 
at the points 21, Z2,°°+ ,Zn. Then 

: Dh eee) 
4.4.6 ik; = — d 
( ) Se Mg Kj Oni [ f(z) zy 


j=1 


where, for 7 =1,--- ,n, the integer k; ts the order of the zero of f at z; or minus 
the order of the pole at z;, and m,; = Ind,(z;). 


Corollary 4.4.9. Let U, f, {21,---,2n}, {ki,---kn}, and y be as in Theorem 
4.4.8. If we compose f with y to form a new path f oy, then 


(4.4.7) S © mykj = Indyo,(0), 


f=1 


where m; = Ind,(z;). 


Proof. If the parameter interval of ¥ is [a,b], we have 


fadyeo(0) = 22 | i Ey 


ami J poy Z Qi fort) 


1 PfoOy’O®, 1 fr . 
= a fei. mal fay 


By Theorem 4.4.8, this last integral is equal to ae myk;. 


If the path + is simple, then the previous theorem and corollary are simpler. 


Corollary 4.4.10. Let f be a meromorphic function on the open set U. If y is a 
simple closed path in U, with its inside contained in U, which does not pass through 


a zero or pole of f, and {z1,-+- ,2n} is the set of zeroes and poles of f inside 7, 
then 

: 1 f£@ 
4.4, k= dz = Indy. : 
(4.4.8) Doh [FG eae 
where, for j = 1,--- ,n, kj 1s the order of the zero or minus the order of the pole 
at z;. 


Proof. Since the inside of y is contained in U, y is homologous to 0 in U. Thus, 
Theorem 4.4.8 and the previous corollary apply. Since Ind, is 1 on the inside of y, 
it is 1 at each z;. Equation (4.4.8) follows. 


Example 4.4.11. Suppose f is a meromorphic function in a convex open set U. 
Suppose that the only zero of f in U occurs at z, and has order k, and the only 
pole of f in U occurs at zg and also has order k. Prove that there is an analytic 
logarithm of f defined in V = U \ [z1, z2]. That is, prove that there is an analytic 
function g on V such that f(z) = e9) for every z € V. 
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Solution: If y is any closed path in V, then y is homologous to 0 in U, since 
U is convex. Since z; and z2 are connected by a line segment in the complement 
of V, they lie in the same component of the complement of y(). This implies 
Ind,(z1) = Ind,(z2). Then, by Theorem 4.4.8, 


iM EE) 

ani J, f(w) 
It follows from this that, if zp is a fixed point and z is a variable point of V, and 
yz is a path in V which begins at zp and ends at z, then 

/ 
et ay 

y. F(w) 
is independent of which path y, is chosen. Furthermore, we know that hf is an 


/ 
antiderivative of oe by Theorem 2.5.6. Thus, h’ = f’/f. This implies 
w 


dw = Ind,(z1)k — Ind,(z2)k = 0. 


(f mY = fii e? = fh! eh ~ 0, 
and, hence, that f = Ce” for some non-zero constant C’. Then 
g(z) = h(z) + log(C) 


has the required properties, where log is any branch of the log function. 


I ———— — ee 
Exercise Set 4.4 


1 
beTE I) oa oa 0? 


2. If y is a simple closed path with 0 and 3 inside 47, find / 
- 


find the residue of f at each of its singularities. 


dz. 
z2 — 3z 


e* 
3. Find =~. 
in / (aaa 
4. If y is a simple closed path with 0 inside, but no other multiples of 277 inside, 


find 
1 
| dz. 
> © —1 


5. If y is any simple closed path with 0,1, and 2 inside, find 


| eae 


Y 
6. Find [ BEEN i 
lz 


ee 


7. Find tan z dz. 


|z|=m 


| 
8. Find [ Sof ae 
|jz—5|=4 sin Zz 


9. Let f be a meromorphic function on C with a zero of order 1 at z= 1 anda 
pole of order 1 at z = —1 and no other zeroes or poles. If 7 is a simple closed 
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path which does not pass through 1 or —1, what are the possible values for 


/ 
/ f 2 and what determines which value is achieved? 
z 
a 
10. Use Theorem 4.4.8 to derive a formula for {| cot zdz, where 7 is any closed 
path which does not pass through an integral multiple of 7. 


+1 
11. Prove that there is an analytic logarithm for a 


z-1 
U =C\([-1,1). 
12. Example 4.4.11 is only one of many possible theorems concerning the existence 
of analytic logarithms that can be proved using Theorem 4.4.8. Invent and 
prove another one. 


defined in the open set 


4.5. Rouché’s Theorem and Inverse Functions 


Corollary 4.4.10 leads to a proof of Rouché’s Theorem, which is a very useful tool 
for analyzing the zeroes of an analytic function. 


Theorem 4.5.1 (Rouché’s Theorem). Let f and g be analytic in an open set U 
and let y be a simple closed path in U, with its inside contained in U, and with 
parameter interval I. If f has no zero on y(L), and 


(4.5.1) If) —g9@) Sl] on 4), 


then f and g have the same number of zeroes, counting order, inside y. 


Proof. If f has no zeroes on (I), then (4.5.1) implies that g also has no zeroes 
on y(I). If we set h(z) = f(z)/g(z), then h is meromorphic in U and has no zeroes 
or poles on 7(I). The inequality (4.5.1) implies that the curve ho ¥ satisfies 


|hoy(t)-—1]) <1 
for allt € I. It follows from this that 0 is in the unbounded component of C\hoy(Z). 
Hence, 
Indnoy (0) = 0. 
The path y is homologous to 0 in U and so we may apply Corollary 4.4.9. It tells 
us that the number of zeroes minus the number of poles of h inside y, counting 


order, is 0. However, this is the number of zeroes of f minus the number of zeroes 
of g inside y, counting order. Hence, these two numbers are the same. 


Example 4.5.2. How many zeroes, counting order, does the polynomial 
Ap? = 2% +2792 
have inside the unit circle? 
Solution: We apply Rouché’s Theorem with f(z) = 42° — 23+ 2? — 2 and 
g(x) = 42°. On the unit circle |z| = 1, we have 
f(z) — gz) =|— 2° + 2? -2| < [2 + [27 +2=4= [9(2)]- 


By Rouché’s Theorem, f and g have the same number of zeroes inside the unit 
circle. Since g(z) = 42° has 5 zeroes, counting order, inside this circle, so does f. 
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Example 4.5.3. Let {f,,} be a sequence of non-vanishing analytic functions on a 
connected open set U. If {f,} converges uniformly to f on each compact subset of 
U, prove that f is either also non-vanishing on U or is identically 0. 


Solution: Assume f is not identically 0. Let zo be any point of U. We will 
prove that f(zo) 4 0. 


We may choose a closed disc D,(zo) on which f has no zeroes except possibly 
at Zo. This is possible because f is analytic and not identically zero and, hence, has 
a discrete set of zeroes in U. Since f is non-vanishing on the boundary of D,(z0), 
it has a minimum modulus m > 0 on OD,(z9). Since f, > f uniformly on D,(z0), 
there is an N such that 


n>WN _ implies |f(z)— fr(z)|<m Vz€ D,(z0). 


Since m < | f(z)| for all z € OD,(z), Rouché’s Theorem implies that f and f,, have 
the same number of zeroes in D,(zo) ifn > N. Since f, has no zeroes, f has no 
zeroes in D,(zo). In particular, f(zo) 4 0. 


The Inverse Mapping Theorem. An application which demonstrates the util- 
ity of Rouché’s Theorem is the following proof of the Inverse Function Theorem for 
analytic functions. 

A function from a set U to a set V is said to be one-to-one if f(z) £ f(w) for 
every pair of distinct points z,w € U. It is said to be onto if f(U) = V — that 
is, if every point of V is the image of some point of U. A function f : U > V is 
one-to-one and onto if and only if it has a well-defined inverse function f~!. This 
is defined by the condition that f(z) = w for z € U if and only if f~!(w) = z. This 
is the same as saying that 


f-ltof(z)=z forall z€U, and 
fof '(w)=w forall wevV. 


The inverse function for a continuous function f may or may not be continuous; if 
it is, we say that f has a continuous inverse function on U. Similarly, if U and V 
are open, f : U > V is analytic, and f~! is also analytic, then we say that f has 
an analytic inverse function on U. 

Typically, analytic functions are not one-to-one and, hence, do not have inverse 
functions on their full domains. However, they quite often have local analytic 
inverse functions in the sense of the following definition. 


Definition 4.5.4. If f is analytic in U and zo € U, then we say that f has a local 
analytic inverse at zo if there are neighborhoods V of z and W of wo = f(z0) such 
that f is a one-to-one map of V onto W and its inverse function f~! : W — V is 
analytic. 


Theorem 4.5.5 (Inverse Mapping Theorem). If f is analytic on U, 2 € U, 
and f'(zo) #0, then f has a local analytic inverse f~' at z. Furthermore, the 


derivative of f—* is (f~')'(w) = f' (fw) 
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Figure 4.5.1. A Function f and its Inverse Function f~t. 


Proof. We set wo = f(z). If f’(zo) 4 0, then the function f(z) — wp also has non- 
vanishing derivative at z and, hence, it has a zero of order 1 at zo. Furthermore, 
by Theorem 3.4.2 there is an r > 0 such that, in the disc D,.(zo), this is the only 
zero of f(z) — wo. 

We choose 6 such that 0 < 6 < r and f’(z) 4 0 for all z € Ds(z0). This is 
possible because f’ is continuous and so f~!(C \ {0}) is an open set containing zp. 
We next let 7 be the circle 


y(t) =z +e", ¢€ (0,1). 


Then f(z) —wo has no zero on the compact set y(I). This means that the minimum 
value € of | f(z) — wo] in (J) is positive. Then if |w — wo| < € and z € y(Z), we 
have 

(F(z) — w) — (F(z) — wo)| = Jw — wol < € < [Ff (z) — wol. 
By Rouché’s Theorem, the two functions of z, f(z) — w and f(z) — wo, have the 


same number of zeros, counting order, in Ds(zo). Since, f(z) — wo has one zero in 
this disc, so does f(z) — w, and this is true for each w € D,(wo). 


We conclude from the above that, for each w € D-(wo), there is exactly one 
z € Ds(zo) such that f(z) = w. In other words, if we set 


W = D.(wo) and Ver WW); 


then f : V — W is one-to-one and onto, and, hence, has a well-defined inverse 
function f—!. 


We claim that f~! is continuous on W. By Theorem 2.1.13, to show this, 
we only need to show that its inverse function, f, takes open sets to open sets. 
However, we just showed that an analytic function f on an open set U, which has 
a non-zero derivative at a point zg, takes U to a set which contains a neighborhood 
of f(z). This result applies equally well to any open set containing any point z 
of V, since f’(z) 4 0 for z € V. Thus, f takes any open subset of V to an open 
subset of W and this implies that f~! : W > V is continuous. 


We next show that the inverse function is analytic and has the indicated de- 
rivative. If w and w are two points of W, with z = f~!(w) and z; = f~'(w1) the 
corresponding points of V, then w = f(z), wi = f(z1), and 

-1/,,) _ f-1 _ -1 
nm, CH= FO) _ yy (LHD) _ 1 


ww, WwW- Wy, 221 ZZ 
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1 
This shows that (f~*)'(w1) exists and equals =————.. Of course, the fact that 
f'(F-*(w1)) 


z+ 2 as w > w follows from the continuity of f—!. 


The hypothesis that f’(zo) 4 0 in the above theorem is necessary. In fact, we 
have the following theorem, the proof of which is left as an exercise (Exercise 4.5.9). 


Theorem 4.5.6. If f is analytic in U, z € U, and f'(z) = 0, then f has no 
local analytic inverse at zo. In fact, if f'(z9) = 0, then f is not one-to-one in any 
neighborhood of Zo. 


Example 4.5.7. At which points zo is it true that there is an analytic inverse 
function for sin z? What is the derivative of the inverse function at w = sin(z) for 
each such point z? 


Solution: By Theorems 4.5.5 and 4.5.6, sin has an analytic inverse exactly at 
those points z for which sin’ zg 4 0. Since, sin’ z = cos z, the points we are looking 
for are those which are not odd multiples of 7i/2. The derivative of the inverse 
function sin~' at w = sin z for any such point z is 

1 1 1 


sin'(sin“w) — cos(sin~'w) cos 2’ 


Since cos? z = 1 — sin? z = 1 — w?, cos z will be some square root of 1 — w?. Thus, 
we may write 


1 

V1—w? 

with the understanding that we are using some branch of the square root function. 
Which branch is being used depends on the two points zo and wo = sin zp and 
the neighborhood on which the inverse function is defined. For example, for zp = 
wo = 0, we must use a branch of the square root function for which V1 = 1, since 
cosQ = 1. On the other hand, if z) = 7 and wo = 0, then we must use a branch of 
the square root function for which 1 = —1, since cosa = —1. 


(sin~!)'(w) = 


The Open Mapping Theorem. If U is an open subset of C, then an open 
mapping from U to C is a function f : U + C such that f(V) is open for every 
open subset V Cc U. 


Theorem 4.5.8 (Open Mapping Theorem). A non-constant analytic function on 
a connected open set U is an open mapping of U to C. 


Proof. Let f be a non-constant analytic function defined on a connected open set 
U. If V is any open subset of U, we need to show that f(V) is open. We will do 
this by showing that for each zg € V there is a neighborhood of f(z) contained in 
f(V). 

Let wo = f (zo) and let k be the order of the zero of f(z)—wo at zo. By Exercise 
3.4.8, there is a neighborhood V; of zo (which we may assume is contained in V) 
and an analytic function g on V; such that, on Vj, 


f(z)—wo =g"(z) and g!(z) #0. 
The previous theorem implies that there is a neighborhood V2 of zo, with Vo Cc Vj 
such that g(V2) is open. In fact, we may assume g(V2) is an open disc D,(0) centered 
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at g(zo) = 0. Then the image of Vo under g* is the open disc D,«(0), and so the 
image of V2 under f is f(zo) + D.«(0). Since this is a neighborhood of f(zo) which 
is contained in f(V), the proof is complete. 


[= eS ss 
Exercise Set 4.5 


1. How many zeroes, counting order, does the polynomial 3z” — z? + 1 have in 
the open unit disc? 

2. How many zeroes, counting order, does the polynomial z° — 4z3 + z — 1 have 
in the open unit disc? 

3. Prove that if0 < C < 1/e, then the equation z = Ce” has exactly one solution 
in the unit disc. 

4. Prove that if h and g are analytic functions defined in a neighborhood of the 
closed unit disc and if h has k zeroes in the open unit disc and no zeroes on 
the unit circle, then there is a 6 > 0 such that h + Ag also has k zeroes in the 
open unit disc for all positive numbers A < 6. 

5. Prove that if { f;,} is a sequence of one-to-one analytic functions on a connected 
open set U, and if fn, — f uniformly on compact subsets of U, then f is either 
also one-to-one or is a constant. 

6. Prove that if f is analytic in an open set U and has a zero of order k at a 
point zp in U, then there is a neighborhood V of z and a neighborhood W 
of 0, such that the equation f(z) = w has exactly & solutions in V for each 
w € W \ {0}. 

7. At which points in the plane does the function f(z) = 223 +32? —12z+6 have 
a local analytic inverse? 

8. Without using any knowledge of log functions, use Theorem 4.5.5 to decide at 
which points zp € C it is true that the function f(z) = e* has a local analytic 
inverse. Also, use Theorem 4.5.5 to compute the derivative of this inverse 
function. 

9. Prove Theorem 4.5.6. 

10. Prove that if f is an analytic function defined on an open set U and if f is 
one-to-one on U, then f has an analytic inverse function f~! : W — U, where 
W is the open set f(U). 

11. Prove that if f is an entire function with the property that f~'(B) is bounded 
whenever B is bounded, then f is onto (that is, f(C) = C). Hint: Show that 
f(C) is both open and closed. 


4.6. Homotopy 


This section is devoted to developing tools for calculating the index of a closed 
path (or more generally a cycle) about a point. This is crucial, since both the 
hypotheses and conclusions of the Cauchy theorems involve the index. The tools 
we will develop involve ideas from algebraic topology applied in the plane. 


We begin by extending the index function to closed curves which are not nec- 
essarily piecewise smooth. The key to doing this is to show that all closed paths 
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sufficiently near a given closed curve have the same index, and then to show that 
every closed curve can be approximated arbitrarily closely by closed paths. The 
common value of the index of all closed paths near a given closed curve ¥ is then 
defined to be the index of y. The key to the first part of this program is the fol- 
lowing theorem, which is closely related to Rouché’s Theorem and has a similar 
proof. 


Theorem 4.6.1. Suppose z € C and y and y2 are two closed paths which do not 
pass through z and which satisfy 


ln (¢) — v2(t)| < 22) - 2| 
for allt € I. Then Ind,, (z) = Ind,, (z). 
Proof. By translating y, and 7; by z and using the fact, obvious from the definition 


of Ind, that Ind,(z) = Ind,_,(0), we may assume that z = 0. Then our hypothesis 
is that y,; and 72 are two paths which do not pass through 0 and which satisfy 


ly (t) — ya(4) < Ira (4)I- 
We define a new path y by 


y(t) 
(t) = 
a(t) 
This path does not pass through 0, and it satisfies 
l(t) -1) <1. 


In other words, (J) lies in the closed unit disc of radius 1 centered at 1 and does 
not contain 0. It follows from this that 0 is in the unbounded component of C\y(J). 
Hence, 


Ind,(0) = 0. 
To complete the proof, we will show that 
(4.6.1) Ind,(0) = Ind,, (0) — Ind, (0). 


In fact, 


il tf @ 
I = d. — 
nd{0) Qri [ ge ah y(t) a, 


and so (4.6.1) follows from the calculation 


/ 


Y _NR-UB_N_% 
ai 172 Ya. 2 
This completes the proof. 


Index for Closed Curves. Recall that a curve is just a continuous function 
y:I—C, where J is a closed bounded interval — no differentiability is assumed. 
For simplicity in the following discussion, we will just work with curves for which 
the parameter interval I is [0, 1]. 


There is a notion of distance between two curves parameterized on I = [0, 1]. 
Definition 4.6.2. The distance between curves y, and yz on I is defined to be 


Ilya — yal] = sup y(t) — ya(4)I- 
tel 
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With this notion of distance, we will show that every curve can be approximated 
arbitrarily closely by curves which are piecewise smooth, in fact, piecewise linear. 
Here, by a linear curve, we mean a curve of the form 


y(t) = ut tu 


for fixed complex numbers u and v and ¢ ranging over some parameter interval. 
Such a curve traces a straight line segment. The linear curve which traces the line 
segment from w to z and has parameter interval [a,b] is given by 

b-t t—a 


(4.6.2) y(t) = boat Raa 


(see Exercise 4.6.1). 


A curve on I is piecewise linear if there is a partition 0 = to < t) <---<t, =1 
of I such that 7 is linear on each subinterval [t;-1,t;]. Obviously, piecewise linear 
curves are piecewise smooth and, hence, are paths. 


Theorem 4.6.3. If y:I—C is a curve, then for each € > 0 there is a piecewise 
linear curve ¥ such that ||¥ — || < . 
Proof. Since y is continuous and J is a closed bounded interval, y is uniformly 
coninuous on J. This means that, given € > 0, there is a 6 > 0 such that 

|f(s) — f()| <e¢ whenever s,t€J, |s—t| <6. 


We choose a partition 0 = to < t) <---<t, = 1 of J such that t; — t;_1 < 6. By 
(4.6.2) the linear curve 7;, with parameter interval [t;-1,t,;], which traces the line 
segment from 7(t;-1) to 7(t;) is given by 


94 (t) = ———V(tj-1) + — tj) fort € [tj—-1, ty] 
Note that, for 7 = 1,--- ,n, 
yg (t5) = V(ty) = 41 (ty)- 


This implies that the linear curves y;, defined on the subintervals [t;-1,t;], fit 
together to form a continuous piecewise linear curve ¥ on I = [0,1]. Also, for each 


J; 


t; —t t—tj-1 
ly(t) — w@l = | — (94) — vty) + HF 1) - VA) 
t; — tj-1 tj —tj-1 
t; —t t—tj_1 
6) Ge) + = 9) 
pa er 
t; —t t—t,_ 
< — Jt eae 


if t € [t;-1,t,]. Since this is true for every 7 and since ¥(t) = 7; (t) for t € [t;-1, t], 
we conclude that ||7 — 4|| < «. This completes the proof. 


The next theorem tells us that, given a closed curve y and a point z not on 
¥(I), all closed paths sufficiently near y have the same index about z. 
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Theorem 4.6.4. If y is a closed curve and z € C, a point not on (1), then there 
is ad >0 such that ify and y2 are paths with ||\y — y;|| <6 for j = 1,2, then 


Ind, (2) = Ind, (2): 
Proof. This is an application of Theorem 4.6.1. We choose 


ly 
b= 5 inf l(t) — 21, 


so that 
y(t) —z| > 36 forall tel. 


If ||y — y,;|| < 6 for j = 1,2, then 
ly(t)-—y (| <6 forall tel, 7=1,2, 
and so 
lng(t) — l=) —2l—b() — (O12 26 for all tT, 7 =1,2. 
It follows that 
lyi(t) — y2(4)1 S ly) — nO) + ly) — r2(4)| < 26 < I (4) — 2| 
for allt € I. By Theorem 4.6.1, Ind, (z) = Ind,, (z). 


This leads to the following definition. 


Definition 4.6.5. Let 7 be a closed curve in C and z € C a point not on y(I). We 
define Ind.,(z) in the following way: we choose a 6 as in Theorem 4.6.4. Then all 
closed paths within a distance 6 of have the same index about z. By Theorem 
4.6.3, there are closed paths within a distance 6 of . We define Ind,(z) to be the 
common value of Ind,,(z) for all such paths 7. 


With this definition, Theorem 4.6.4 implies that Ind,(z) is a locally constant 
function of the closed curve y. That is, the following theorem holds. 


Theorem 4.6.6. If z © C and ¥ is a closed curve in C such that z ¢ (I), then 
there is a 6 > 0 such that if 7 is any other closed curve in C and ||y — y1|| < 6, 
then 


Ind,(z) = Ind,, (z). 


Proof. We choose 6 as in Theorem 4.6.4. Then all closed paths within a distance 6 
of y have the same index around 2, and this is the index of y around z, by definition. 
If +1 is a closed curve with ||y —y1|| < 6, set 


6 =6-|ly—-II- 


Then all closed paths within a distance 6, of 7; are within a distance 6 of y, and 
so they all have the same index about z as y does. By definition, this is also the 
index of 71 about z. 
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Homotopy. Let U be an open set in C and let yo and 71 be two closed curves in 
U with parameter interval [0, 1]. The curves are said to be homotopic if it is possible 
to continuously deform yo to 7, while remaining in U. This is made precise in the 
following definition. 


Definition 4.6.7. Two closed curves yo and 7, in U, with parameter interval (0, 1], 
are said to be homotopic in U if there is a continuous function h, defined on the 
square [0,1] x [0,1] in R?, with values in U, such that 


(a) h(0,t) = yo(t) for all t € [0, 1]; 
(b) h(1,t) = y1(2) for all t € [0,1]; and 
(c) h(s,0) = h(s,1) for all s € [0,1]. 


In the above definition, for each fixed s, the function y,(t) = h(s,t) defines a 
curve ys in U. Parts (a) and (b) say that when s = 0 and 1, these curves are the 
original curves yo and 7. Part (c) says that each of the curves ¥, is closed. 


I 


I 


l| 


The family of curves {y,} determined by a homotopy h, as in the above defini- 
tion, is a continuous one-parameter family of curves in the sense that the following 
theorem is true. 


Theorem 4.6.8. If {y,} is the family of curves determined by a homotopy, as in 
Definition 4.6.7, then for each 8) € I and each € > 0, there is ad > 0 such that 


ll¥s — Yeql| << € whenever |s— so| <6. 
Proof. This proof uses the fact that a continuous function on a compact set such 


as the square J x J, is uniformly continuous. For the continuous function h, this 
means that given € > 0 there is a 6 > 0, such that 


|h(s,t) — h(so,to)| <€ whenever |(s,t) — (S0,to)| < 4, 


for any pair of points (s,t), (so, to) € J x I. In particular, in the case where t = to 
this says that if |s — so] < 6, then 


lys(t) — Yeo (t)| <e forall teZ, 


which implies ||Ys — Ys,|| < €, and this completes the proof. 


We are now in a position to prove the homotopy theorem for the index function. 


Theorem 4.6.9. [fy and 7 are two closed curves in U which are homotopic in 
U, then 
Ind4, (z) = Ind, (z) 
for every z€C\U. 
Proof. Let {y,}, s € I be the family of curves determined by a homotopy A joining 


yo toy, in U. Since z € C\U, none of these curves passes through z and so Ind,, (z) 
is defined for every s € I. 


If so € I, then Theorem 4.6.6 implies that there is an € > 0 such that 
Ind,,(z) =Ind,,,(z) whenever ||7s — Ysq|| < € 
Then Theorem 4.6.8 implies that there is a 6 > 0 such that 


Il¥s — Ysol| <€ whenever |s— so| <6. 
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Figure 4.6.1. Some Paths ys for a Homotopy of a Circle to a Square. 


We conclude that Ind,,(z) is constant in the open interval (so — 6, 59 +4). Since so 
is an arbitrary point of J, we conclude that the set on which Ind.,,(z) takes on any 
given value is an open set. Since J is connected, and the union of these open sets 
is I, there can be only one of them that is non-empty. Thus, Ind,,(z) is constant 
on I and, in particular, Ind,, (z) = Ind, (z). 


If yo and 7, are homotopic closed paths in an open set U, then the above 
theorem implies that the cycle T = y, — yo has index 0 about every point of the 
complement of U. Hence, I is homologous to 0. The general Cauchy Theorem then 
says that 


o= | f(2)ae= [sede ff Feyae 


for every function f which is analytic on U. This proves the homotopy version of 
Cauchy’s Theorem. 


Theorem 4.6.10. If U is an open subset of C, yo and y1 are homotopic closed 
paths in U, and f is an analytic function on U, then 


(z)dz= | f(z) dz. 


V1 Yo 


Example 4.6.11. Prove that the circle of radius 2 centered at 0, with its standard 
parameterization, is homotopic in C \ {0} to the piecewise linear curve which traces 
once in the positive direction around the square with vertices at 1,1,—1,—i (see 
Figure 4.6.1). 


Solution: We parameterize the circle by yo(t) = 2¢?7, t € [0,1] and the 
square by 


1 — 4t) + 4ti, if0<t<1/4; 
)+(2—-4t)i, if1/4<t<1/2; 
4t—3)+(2—4t)i, if1/2<t< 3/4; 
hat 


(4.6.3) “at 
( 4t—4)i, if3/4<t<1. 
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We define a homotopy h between the two by simply letting h(s,t) be the point 


h(s,t) = (1—s) q(t) + sy (t) 
on the line segment joining y(t) to y(t). The resulting point h(s,t) is always on 
or outside the boundary of the square and so it is never 0. For 0 < t < 1/4, the 
formula for h is 


h(s,t) = 2(1 — s) cost + s(1 — 4t) + [2(1 — s) sint 4+ 4st]i. 


The formula for h if t is in one of the other subintervals of the partition 0 < 1/4 < 
1/2 < 3/4 < 1 is also easily calculated using (4.6.3). 


Example 4.6.12. Show why the curves yg and 7, of the previous exercise cannot 
be homotopic in V = C \ {3/2}. 

Solution: The point 3/2 is in the complement of V, and the curve 7 has 
index 1 about 3/2. However, the curve 7; has index 0 about 3/2, since 3/2 is in 
the unbounded component of C \71(). By Theorem 4.6.9, the two curves cannot 
be homotopic in V. 


Simply Connected Sets. 


Definition 4.6.13. A connected open set U is said to be simply connected if every 
closed curve in U is homotopic to a point (that is, a constant curve). 


Example 4.6.14. Prove that a convex open set U is simply connected. 


Solution: Fix a point z € U. If y: 1 U is a closed curve in U, we define a 
homotopy between y and the constant curve zo as follows: 


h(s,t) = (1 — s)y(t) + 820. 
Note that, for each t € I, h(x,t) is on the line segment joining y(t) to zo and, 
hence, is in U. Clearly, h is continuous on I x I, h(0,t) = y(t), h(1,t) = zo, and 
h(s,0) = h(s,1), since y(0) = 7(1). This establishes that h is a homotopy between 
y and the constant curve zo. Since this can be done for every closed curve y in U, 
the set U is simply connected. 


We have talked about an open set in C possibly having a “hole”. What do we 
mean by a hole in an open set? This is usually understood to mean a bounded 
component of the closed set C \ U. However, we have not explored the ideas of 
connectedness and connected components for closed sets so far in this text. A few 
words concerning these concepts now will make the statement and proof of the next 
theorem much easier to understand. 


Recall that a set S is separated by a pair of open sets U, V ifUNS and VN S 
are both non-empty, have empty intersection, and have union equal to S. If there 
is no pair of open sets which separate S, then S$ is connected. A component of S is 
a maximal connected subset of S. 


If the pair U, V separates S and S happens to be closed, then A = $\ (C\V) 
is closed and is equal to UN S. Similarly, B = S \ (C \ U) is closed and equal to 
VosS. Thus, a closed set S is separated by a pair of open sets U,V if and only 
if it is separated by a pair of its closed subsets A, B in the sense that A,B is a 
disjoint pair of closed, non-empty subsets of S$ with union equal to S. In this case, 
A=UNS and B=VOS. 
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In the next theorem we will need the following lemma concerning components 
and separation of a close subset of C. The proof is left to the exercises. 


Lemma 4.6.15. Let S be a closed subset of C. If C is a component of S, then C 
is bounded if and only if C is contained in a closed bounded subset A of S such that 
B=S\A is also closed. 


Note that the set B of the above lemma could be empty. If it is empty, then $ 
itself is bounded. If it is not empty, then the pair A, B separates S. 


The next theorem shows that simply connected open sets are connected open 
sets with no holes and that they are exactly the sets on which all the things we 
would like to be true in complex analysis are, in fact, true. 


Theorem 4.6.16. Let U be a connected open subset of C. Then the following 
statements are equivalent. 


(a) U is simply connected; 


every non-vanishing analytic function f on U has an analytic logarithm; 
every non-vanishing analytic function f on U has an analytic square root. 


(b) every cycle in U is homologous to 0; 
(c) U has no holes, that is, C\\U has no bounded components; 
(d) J. f(2) dz =0 for every cycle T in U and every analytic function f on U; 
(e) every analytic function on U has an antiderivative; 
(f) every harmonic function on U has a harmonic conjugate; 
) 
) 


Proof. We can only give an incomplete proof at this point. We will prove that each 
of the statements (a) through (h) implies the next statement on the list. However, 
the proof that (h) implies (a) will have to wait until we prove the Riemann Mapping 
Theorem in Chapter 6. 

A constant path y(t) =c in U has y’(t) = 0, and so its index about any point 
other than c is 0. In particular, it is homologous to 0 in U. Since each cycle is 
equivalent to a sum of closed paths, it follows from Theorem 4.6.9 that (a) implies 
(b). 

We next prove that (b) implies (c). Suppose (c) fails, that is, suppose there is a 
bounded component C of S = C\U. Then, by the previous lemma, C' is contained 
in a closed bounded subset A of S$ such that B = S'\ A is also closed. 

The set A is compact. It is contained in some bounded open rectangle R as 
well as in the open set C \ B. Thus, A is contained in the bounded open set 
V = R\(C\B). We fix a point z € A. Let 6 > 0 be chosen so that /26 is smaller 
than the distance from A to the complement of V. Suppose the open rectangle R 
is defined by inequalities 


a <Re(z) <b, c<Im(z) <d. 


Let a = 89 < 81 < +++ <5, =bandc=ty < t) <--- <t, =d be partitions of 
[a, 6] and [c, d] into subintervals of length at most 5. We are careful to choose these 
so that Re(zo) is not one of the s;’s and Im(zo) is not one of the t,’s. 


Now each of the rectangles 


Rye = {% 1 85-1 < Re(z) < 8), th-1 < Im(z) < ty} 
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Figure 4.6.2. Creating a Cylce [, Surrounding a Hole. 


which meets A also lies in V. Let I be the cycle which is the sum of all the paths 
OR;x for which Rj, A #4 0. Now if an edge of one of these rectangles meets A, 
then this edge belongs to two of the rectangles whose boundaries make [. The edge 
occurs with opposite orientation in the two paths and, hence, their contributions 
will cancel out in any integral around I as well as in the expression for OL. This 
means that if [, is the chain which is left after all edges which meet A are thrown 
out of T', then T, is still a cycle, and if f is a function continuous on T(J), then 


(4.6.4) [i@e=- ‘ f(z) dz. 


Note that Ty (Z) is contained in V \ A which is contained in U (see Figure 4.6.2). 


Since z is in a rectangle Rpg whose boundary contributes to I’, but zp is not on 
this boundary, we may calculate the index of [ around zo. By the Cauchy Integral 
Theorem, the contributions of the paths OR;, different from ORp, are all 0 and so 


1 1 1 1 
Indp (29) = a | dz = — | dz = 1. 
Tt Jp 2— 20 271 Jar, % — 20 


Thus, in view of (4.6.4), we have 


Indr, (zo) = 1. 


Since [ is a cycle in U, we conclude that (b) fails. This completes the proof that 
(b) implies (c). 

To show that (c) implies (d), suppose ¥ is a closed path in U. If V is a bounded 
component of C\7y(I), then A = VN(C\U) is a closed set since it is the intersection 
of C\ U with the complement of the union of the other components of C \ y(J). 
The set B = (C \ U) \ A is also closed since it is equal to C \ (U UV). By Lemma 
4.6.15, if A is non-empty, then it contains a bounded component of C \ U. Thus, 
if (c) holds, then A must be empty — that is, VM (C \ U) = 0 for every bounded 
component V of C\7(I). Then z € C\U implies z is in the unbounded component 
of C\y(Z) and so Ind,(z) = 0. The hypotheses of the Cauchy Theorem are satisfied 
and so (d) holds. Thus, (c) implies (d). 
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If (d) holds, then we may define an antiderivative g for the analytic function f 
on U by fixing a point zo € U and setting 


g(z) = J f(w) dw, 
Ye 
where y, is any path in U beginning at zp and ending at z. That this is independent 
of the path chosen follows from (d). That it yields an antiderivative for f follows 
from Theorem 2.6.1. Thus, (d) implies (e). 


That (e) implies (f) follows if we notice that, in the proof of Theorem 3.5.7, 
the only use of the hypotheses that U was convex was to ensure that an analytic 
function has an antiderivative. 


If f is analytic and non-vanishing on U, then log |f| is a harmonic function on 
U. Thus, if (f) is true, then log|f| is the real part of an analytic function g on U. 
Then e9 and f are two analytic functions on U with the same modulus |f|. This 
means fe 2 has constant modulus and, hence, is a constant a, by the Maximum 
Modulus Theorem. If we choose a logarithm b for the non-zero number a, then 
a=e? and 

faest?, 

In other words, g + b is an analytic logarithm for f. This proves that (f) implies 
(g). 

If f has an analytic logarithm h, then e”/? is an analytic square root for f. 
Thus, (g) implies (h). 

We have now proved that each of the statements (a) through (g) implies the 
next statement on the list. To complete the proof we must show that (h) implies 
(a). This is done in Corollary 6.4.6 of Chapter 6. 


Example 4.6.17. Prove that U = C \ D,(0) is not simply connected. 


Solution: The point 0 is in the complement of U and y(t) = 2¢?*” defines 
a curve in U which has index 1 about 0. Thus, y is a closed curve in U which is 
not homologous to 0. Since (c) of the preceding theorem fails to hold for U, we 
conclude that U is not simply connected. 


Homotopy for Non-Closed Curves. There is a type of homotopy for non-closed 
curves that have a fixed starting point zo and a fixed ending point z1. 


Definition 4.6.18. If yo and y are curves in U, parameterized on J = [0,1], 
and if y9(0) = 71(0) = zo and y0(1) = (1) = 21, then yo and are said to be 
homotopic curves joining zo to z1 in U if there exists a continuous function 


h:IxI7U 
such that 
t)=(t), forall te TZ, 
t)=(t), forall te TZ, 
s,0)=2, forall seJ, and 
l)=2, forall sel. 
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As with a homotopy for closed curves, a homotopy of the above type determines 
a continuous one-parameter family of curves {75} by 


s(t) = h(s,t). 
In this case, the curves in the family all begin at zp and end at z,;. For this type 


of homotopy, we have the following results, which follow easily from the preceding 
material, and whose proofs are left as exercises. 


Theorem 4.6.19. If yo andy. are homotopic paths in U connecting zo to 21, then 
(z)dz= | flz)d 


Yo V1 
for every function f which is analytic in U. 


Theorem 4.6.20. Let U be a connected open set and let zo, z2 be points of U. 
Then U is simply connected if and only if any two curves in U connecting zp to 21 
are homotopic in U. 


TT 
Exercise Set 4.6 


1. Show that the path defined by (4.6.2) is, as claimed in the text, a linear curve, 
with parameter interval [a,b], which traces the line segment from w to z. 

2. Find ||y—~]| if y(t) = 2, and y(t) = 2cos(2rt) + 3i sin(27t), for t € [0, 1]. 

3. If y(t) = e?" for t € [0,1], describe a piecewise linear path 7, such that 
lly — val| < 7/8. 

4. Show that the curves y and 7; of Exercise 2 are homotopic in C\ {0} by finding 
an explicit homotopy in C \ {0} between them. 

5. Explain why the curves 7 and 71 of the previous exercise cannot be homotopic 
in the set C \ {2:}. 

6. Which of the following open sets in C are simply connected: 


(a) C\ {0}, (b) C\ [-co, Oj, 
(c) D2(0)\[-1,1],  (d) Di(O) \ [0, 1) 
(e) C\CO}UL{1}), (f) D2(0)\ Di(0)? 
7. For the set C \ {0}, show by example that (b), (c), and (d) of Theorem 4.6.16 
all fail. 
8. Also show by example that (e), (f), and (g) of Theorem 4.6.16 fail for the set 
C \ {0}. 
9. Prove Theorem 4.6.19. 

10. Prove Theorem 4.6.20. 

11. Prove that if U and V are homeomorphic open subsets of C, and if U is 
simply connected, then so is V. Here, U and V are homeomorphic if there is a 
one-to-one continuous function f of U onto V which has a continuous inverse 
function. 

12. Prove Lemma 4.6.15 — that is, prove that if S is a closed subset of C and C 
is a component of $, then C is bounded if and only if it contains a bounded 
closed subset A for which S'\ A is also closed. 


Chapter 5 


Residue Theory 


The Residue Theorem (Theorem 4.4.3) has a wide range of applications. This 
chapter is devoted to exploring some of them. We begin with a section on techniques 
for computing residues. 


5.1. Computing Residues 


Recall the discussion of residues in Section 4.4. If f is analytic in a neighborhood 
of zo, except at 2 itself, then f has an isolated singularity at zo. In this case, it 
has a Laurent expansion 


f(z2)= >> an(z—- 20)” 
in D \ {zo} for some disc D, centered at zo. The residue of f at zg, denoted 
Res(f, zo), is then the coefficient a_, of (z — 29)~+ in this expansion. Computing 
the residue can be easy. It can also be hard. 
If the singularity of f at zo is a pole of order k, then there is a formula for 
Res(f, z0) which makes it, in principle, computable. If f has a pole of order k at 
zo, then it has the form 


f= 


(a 29)?” 


where g is analytic and non-vanishing in a neighborhood of zo. 


g(2) 
(z— 29)*? 
then Res(f, 20) is the coefficient of degree k — 1 in the power series expansion of g 
about zo. That is, 


Theorem 5.1.1. If f(z) = where g is analytic in a neighborhood of zo, 


g*—-)) (zo) 


Res(f, zo) = ean i 
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Proof. Since g is analytic in a neighborhood of z9, Theorem 3.2.5 implies that it 
has a power series expansion 


where, by Theorem 3.2.1, 


The Laurent expansion of f is then given by 
f(z) = bo(z — 20)7* 4 + bp_a(z — 20) + ss bie — 2)": 
n=k 
Thus, the residue of f at zp is 


Res(f, Z0) = bp—-1 = snl 


as claimed. 


The first couple of cases of the preceding theorem are worth highlighting. We 
do this in the following corollary, which follows immediately from the theorem. 


Corollary 5.1.2. Given a function g, analytic in a neighborhood of zo, 


ia) $= 2", then Ra) =); 


Z— 29° 
(b) of f(z) = an then Res(f, zo) = g' (Zo). 


z+1 
(z — 1)(22 — 2245) 
Solution: The function f is of the form 


Example 5.1.3. Find Res(f,1) if f(z) = 


_ 9(2) 
fe) = 2, 
where 
(z) = al 
gz) = eras 
Since g is analytic in a neighborhood of 1, Corollary 5.1.2(a) implies that 
1 
Example 5.1.4. Find Res(f,0) if f(z) = a 
z 


Solution: This is clearly a situation where Corollary 5.1.2(b) applies, with 
g(z) =sin z. Thus, 


Res(f,0) = g'(0) = cos0 = 1. 


We could also have done this one directly, by writing out the power series expansion 
for sin z about 0, and dividing by z? to obtain the Laurent series expansion of f. 
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Long Division. Often the function f, whose residue we wish to compute at 
some Zo, is of the form 


where p and h are analytic functions in a neighborhood of z with known power 
series expansions about zo, and fA has a zero of order k at zo. In this situation, we 
can always derive a formula for Res(f, z)) using Theorem 5.1.1. We simply write h 
as h(z) = (z — 20)¥q(z), where q is analytic in a neighborhood of zp and q(zo) 4 0. 
Then 


z z 

(5.1.1) f(z) = ee. where g(z)= p(2) 
We then apply Theorem 5.1.1. Of course, to apply this theorem, one has to com- 
pute g*—)(z9) (or, equivalently, the coefficient of (z — zo)*~! in the power series 
expansion of g about z9), and this may be quite difficult. Rather than doing this 
directly, through repeated differentiation, it is possible to compute the power se- 
ries coefficients of g using power series methods — specifically, the method of long 
division of power series. 


Note that p and q are both analytic functions in a neighborhood of zo and, 
since the power series expansions of p and h about zo are known, the same thing 
is true of the power series expansion of g about zo. Since q(zo) 4 0, g = p/¢ is also 
analytic in a neighborhood of zp and, hence, has a power series expansion in some 
disc centered at zp. The method of long division is an algorithm for finding the 
power series coefficents of p/q in terms of those of p and gq. 


For simplicity, in our discussion of long division, we will work with power series 
in z — that is, power series centered at 0. Power series centered at some point 
zo other than 0 can always be put in this form with a change of variables. The 
coefficient formulas we derive below are not affected by such a change. 


Suppose that p has a zero of order at least m at 0 (m might be 0 and it might 
be less than the actual order of the zero of p at 0). Also suppose that q(0) 4 0. 
Then p and q have power series expansions 


1 2 
D(z) = Amz” + OZ a deapae itn aye: heey 


(5g) 5 
q(z) = bo + biz + bez? +--+ + bn2z” +-+-, 


which converge in some disc D,(0), with r > 0. Since q(0) = bo 4 0, ¢(z) is non- 
vanishing in some disc D5(0), with 0 < 6 < r. Then the quotient p/q is analytic 
in D5(0), with a zero of order at least m at 0, and has a convergent power series 
expansion 


(5.1.3) = m2 + Cm 2 tt + ema + +++ + en2” +++ 


How can we determine the coefficients c, if we know the coefficients a,, and 
bn? A method often taught in calculus for doing this is the method of long division 
of power series. This is a recursive method that determines the coefficients a, one 


after another. It is described as follows: We have 

P(zZ) _ Gm om , P(z) — (a0/b0)2™4(z) 
— Zo+ ‘ 

q(z) bo q(z) 


(5.1.4) 
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where the fraction on the right has the same denominator as the original fraction, 
but the numerator has changed and is now a power series with lowest order term 
of degree at least m+ 1, whereas the original numerator had lowest order term of 
degree at least m. If we write out explicitly the polynomials involved, then 5.1.4 
becomes 
Dz) ame bagi + Gyaee + 
a) by + ba bby? + 
Gm yin, (Amit — b1dm/bo)2"™** + (am+2 — b24m/bo) 2? ++ 

bo bo + byz + bgz? +--- 
This tells us that the first coefficient in (5.1.3) is 


(5.1.6) Cm = Am /bo- 


(5.1.5) 


The next coefficient c,,41 is obtained by repeating the procedure on the new fraction 
that appears on the right in the above equation. This procedure may be repeated 
as often as is needed to obtain a given coefficient c,. For example, in Exercises 
5.1.16 and 5.1.17 you are asked to use this procedure to show that 

QAm-+1 Amb1 


a gran ml, 
(5 7) Cm+1 bo be 


and 


2 
Am+2 AQm+101 f Ambt Amb2 


1 m = T 
(5 8) Cm+2 bo be b3 be 


Residue of a Quotient. We now return to the problem of finding the residue 
at 2 of a quotient, f = p/h, where h has a zero of order k at zp. We define g and 
g = p/q as in (5.1.1). It follows from Theorem 5.1.1 that: 

_ pz) bes 
Theorem 5.1.5. Suppose f(z) = hz)’ where p(z) and h(z) are analytic in a 
z 
neighborhood of 29 and h has a zero of order k at 2. If we write h(z) = (z—z)*q(z) 
where q is analytic in a neighborhood of zg and q(0) #0, then 


Res(f, 20) = Ck-1, 


where cy_1 1s the coefficient of the degree k —1 term in the power series expansion 
of g = p/q about zo. The numbers cph_1, may be computed using long division on 
the quotient p/q; that is, they may be computed through repeated use of (5.1.5). 


For small k, the expression for c,_1, given by carrying out the method described 
in the above theorem, is reasonably simple. However, the complexity increases 
rapidly with increasing k. 

When k = 1, the above theorem and (5.1.6), with m = 0, say that if 


with ¢(zo) £0, then 
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This is just Corollary 5.1.2(a). We can restate it in terms of the original functions 
p and h as follows: since h(z) = (z — 20)q(z), we have 


q(zo) = h'(z0) 
and so 


Corollary 5.1.6. Let p and h be analytic in a neighborhood of zo, where h has a 
zero of order 1 at zo. Then 


_ plo) 
Res(p/h, 20) c h! (zo) . 
Example 5.1.7. Find Res(f,0) if 
e* 
1 sin z 


Solution: Since sin z has a zero of order 1 at z = 0, we may apply Corollary 
5.1.6 with p(z) = e* and h(z) = sinz. Then 


0 


e 
; = = 1) 
Res(f,0) cos 0 
Example 5.1.8. Find Res(f,0) if 
1 
I ema, 


Solution: Here the denominator has a zero of order 2. We set p(z) = 1 and 


_1. 2 
UES et ats 
By Theorem 5.1.5, the residue we seek is the coefficient of the degree 1 term in the 
power series expansion of 1/g, and this may be obtained by long division. In fact, 


we have 
1 z/3+--: 


= =2—(2/3)z+---, 
12+2/al+-- 1/2+2/3l+-- Eye 
and so the residue is —2/3. 
2 ? cot z 
Example 5.1.9. Find the residue at 0 of f(z) = —. 
z 


Solution: We proceed as in Theorem 5.1.5. The function f has a pole of order 
3 at 0. We set p(z) = cosz, h(z) = 2* sin z, and 
A(z) — sing 1-2 z 
2 z 6 120 


We then use long division to find the first three power series coefficients, co, c; and 
co of p/q. By Theorem 5.1.5, the residue we seek will then be the coefficient cg. We 
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have 


9 


p(z) COS Z _ 1-27/24+--- 
az) z-isinz 1-—22/6+-.. 
_ (1/2 +1/6)27 +: 


=j1]4- 1—22/64+--- 
44 —(1/3)z7 +--- 

" 1-27/6+4--- 
=1-—(1/3)z7+-.. 


Thus, co = 1, cy = 0, and cg = —1/3. We conclude that Res(f,0) = —1/3. 


OT 


16. 
17. 


BU SOON ee ES 


Exercise Set 5.1 


2 
Find Res(/,0) and Res(J,1) if f(2) = Sie = 
Find Res(f,0) and Res(f,2) if f(z) = ae 
Find Res(f,0) if f(z) = el/? 
Find Res(f,0) if f(z) = cot z 
Find Res(f, 7) if f(z) = cot z 
Find Res(f,0) if f(z) = cot? z. 
Find Res(f,0) if f(z) = wo = 
Find Res(f,0) if f(z) Zan z 
Find Res(f,0) if f(z) aa) 
. Find Res(f,0) if f(z) = “ 
l 3 
. Find Res(f,i) if f(z) = wee) 


. Use long division of power series to find the power series expansion about 0 of 


sin z 
tan z = —— through terms of degree five. 


. Prove that if f has a simple pole at zo and g is analytic in a neighborhood of 


zo, then Res(gf, 20) = g(Z0) Res(f, 20). 


. Show by example that it is not true that Res(gf, zo) = g(zo) Res(f, zo) if g is 


analytic in a neighborhood of zg and f has a pole of degree greater than 1 at 
ZQ- 


. Prove that a meromorphic function which is even and has an isolated singu- 


larity at 0 has residue 0 at 0. 
Derive formula (5.1.7). 
Derive formula (5.1.8). 


5.2. Evaluating Integrals Using Residues 159 


5.2. Evaluating Integrals Using Residues 


The Residue Theorem (Theorem 4.4.3) tells us that if f is a function which is 
analytic in a set U, except at a discrete set of isolated singularities, then we can 
evaluate its integral around a closed path y in U, which is homologous to 0 in U 
and does not hit any of these singularities, provided we can find the residues of f 
at singularities where y has non-zero index. As we shall see, this turns out to be a 
very practical method for evaluating a wide variety of integrals. 


Sines and Cosines. Because of the identities 


ei? 4 9-10 ei9 _ e-i0 
cos 9 = ————.,, sin = —_——_., 
2 27 


the cosine and sine functions may be regarded as the restrictions to the unit circle 
(parameterized by z = e’#,0 < 6 < 27) of the meromorphic functions 


z+z27} ana z—-z7} 
2 z 2i 
This means that an integral of the form 
2 
(5.2.1) f (0) dd, 


0 
where f is a rational expression in cos@ and sin@, may be reformulated as a path 
integral around the unit circle of a certain meromorphic function of z. We simply 
let g(z) be the function of z obtained by replacing the functions cos@ and sin@, 
which make up f, with the functions (z+ z~1)/2 and (z — z~')/2i. It will then be 
true that 
ge”) = f (8). 
With 7(0) = ec’, we then have 


(5.2.2) [ee me i (0) do. 


Uz 0 


The integral on the left is 277 times the sum of the residues of g(z)/iz inside the 
unit circle, provided g(z)/iz has no poles on the unit circle itself. 
do 
2+sin@” 
Solution: If we replace sin@ in the integrand by (z — z~!)/2i, the resulting 
function is 


27 
Example 5.2.1. Find [ 
0 


1 _ 21z 
2+(z—z2-1)/2i 4iz+22-1° 
This is the g of equation (5.2.2). We divide this by iz and integrate around the 
unit circle to get our answer. Thus, we need to evaluate the integral 


2 2 
= 224+ 4iz—1 a io (z+ (2— V3)i)(z + (2+ V3)2) i 


Here we have factored z* +4iz—1 by finding its roots using the Quadratic Formula. 
The only pole of the integrand that is inside the unit circle is the one at the point 
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(—2+/3)i. The residue at this pole is found using Corollary 5.1.2(a). That is, we 
simply evaluate the function 
2 


z+(24+v3)i 


at the pole z = (-2+ /3)i. The resulting residue is 


2 v3, 


2/31 8 


By the Residue Theorem, the integral we seek is this number times 277. Thus, 


[ do 2/3 
0 


24+sn6 3 


This technique may be used to evaluate any integral of the form (5.2.1), where 


f(@) is a rational function of sin@ and cos@ with a denominator which does not 
vanish for 0 € [0, 27]. 


Improper Integrals. Improper integrals of the form 


(5.2.3) / F(t) dt 


can often be evaluated using residues. Here we are assuming that f is a function 
which is Riemann integrable on each finite subinterval [a, b] of R. 


There are two senses in which such an integral may converge. If the expression 


ic 10 at 


has a limit as x and y approach +oo independently, then the improper integral is 
said to converge. This means, given € > 0, there is an M such that the integral 
is within € of the limit whenever x > M and y > M. This is equivalent to the 
convergence of the two one-sided improper integrals 


he f(t)dt and ie f(t) dt. 


On the other hand, if the limit of the symmetric integral, 


x 


dim, J FO at 


exists, then the integral (5.2.3) is said to converge in the principal value sense and 
the above limit is called the principal value of the integral. This is weaker than 
ordinary convergence of the integral — that is, (5.2.3) may converge in the principal 
value sense and not converge in the ordinary sense. 

An improper integral (5.2.3) is said to converge absolutely if the integral of 
|f| converges. This implies the convergence of (5.2.3) and, in fact, we have the 
following integral analogue of the comparison test for convergence of series. 
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Theorem 5.2.2. If f and g are continuous functions on the line, with g(t) > 0 
and |f(t)| < g(t) for allt © R, then the integral of f on R converges and 


| [1% au < [sae 


provided the integral of g on R converges. 


Proof. Assuming the integral of f on R converges, we will prove the convergence of 
the improper integral {>~ f(t) dt. The convergence of Fee f(t) dt follows from the 
same argument. We will use the fact that, if a function h on (0,00) has the property 
that limy—+o. h(xp) exists for every increasing sequence {z,,} converging to infinity, 
then the limits of all such sequences are the same number L and lim,z-,.. h(a) = L 
(Exercise 5.2.11). 

Let {x,}?2., be an increasing sequence of positive numbers converging to infin- 
ity. We set xo = 0 and, for k > 1, set 


m= f° 10 dt, n= [ g(t) dt. 


k-1 
Then the hypothesis that | f(¢)| < g(t) implies that |a;,| < by for all n. Furthermore, 
for each positive integer n, 


ie f(t)dt= 5° a and [sa So bk. 
: k=1 0 k=1 


Thus, the convergence of the improper integral of g(t) implies the convergence of 
the series of positive terms sha by. This, in turn, implies the absolute convergence 
of the series )77°_, az and the inequality 


Co Co 
k=1 b= 1 


This means that, if h(x) = if f(t) dt, then the sequence {h(z,,)} has a limit for ev- 
ery increasing sequence {x,,} converging to infinity. By the remark in the first para- 
graph, limz-,.. h(x) exists and is the common limit of all the sequences {h(x,,)}. 
Hence the improper integral of f exists and is, by definition, this number L. 


It follows from (5.2.4) that 


(5.2.4) 


[roa] =tisS= [oe 


The same argument can be used to show that fia f(t) dt exists and satisfies 


the inequality 
0 0 
| [smal sf aoa 


The theorem follows on combining these results. 


If a function f is Riemann integrable on each finite subinterval of the real line, 
and its improper integral over (—co, 00) converges absolutely, then we will say that 
f is absolutely integrable on (—oo, 00). 
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—7 Y 


Figure 5.2.1. The Path 7,. 


Evaluating Integrals on the Line. Often the integrand f of an integral of the 
form (5.2.3) is the restriction to the real line of a function which is analytic, except 
for a discrete set of singularities, on an open set containing either the closed upper 
half-plane {z : Im(z) > 0} or the closed lower half-plane {z : Im(z) < 0}. If this 
function has no singularities on the real line and it decreases rapidly enough as 
z — oo, then the integral can be approximated arbitrarily closely by the integral of 
f around a semicirclular closed path in the appropriate half-plane. Such an integral 
can be evaluated using residues. 


Specifically, suppose f is analytic in U, except on a discrete subset of U, where 
U is an open set containing the closed upper half-plane. Suppose also that p, R 
and C are positive numbers, with p > 1, such that, for Im(z) > 0, 


(5.2.5) |f(z)| < Clz|-? when |z| > R. 
This ensures that the improper integral (5.2.3) converges (Exercise 5.2.12). 


Let 7, be the path which begins at —r on the real line, traverses the interval 
[—r,r] and then returns to —r along the semicircle which is the upper half of the 
circle |z| = r (see Figure 5.2.1). 


We have 
(5.2.6) f(idz= f(x) dx +f f(re”)ir et dt. 
Yr =e 0 
If r > R, then (5.2.5) implies that | f(re*)ir e’* | < Cr! and so 


<anCr\-?, 


| f(re“)ir et dt 
0 


Since p > 1, the right side of this inequality has limit 0 as r > oo. We conclude 
from this and (5.2.6) that 


lim f(z) dz = lim te )ae= fo f(a 


Now, by the Residue Theorem, i, f(z) dz is 277 times the sum of the residues 
of f at singularities inside y,. The condition (5.2.5) ensures that there are no 
singularities of f in the upper half-plane outside the circle |z| = R. This implies 
there are only finitely many singularieties in the upper half-plane. It also implies 
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that the integral is independent of r, for r > R, and is equal to 277 times the sum 
of the residues of f at this finite set of singularities. 

If f is analytic in an open set containing the lower half-plane, then all of the 
above still holds with the following changes: the lower half-plane replaces the upper 
half-plane, the path 4, is replaced by its reflection through the «z-axis, and, since 
the new path has negative orientation, the resulting integral is —277 times the sum 
of the residues of f in the lower half-plane. 


This proves the following theorem: 


Theorem 5.2.3. Let H be either the closed upper or lower half-plane. If f ts 
analytic, except at a discrete set of singularities, in an open set containing H, has 
no singularities on R, and there are positive numbers R, C, and p > 1 such that 
(5.2.5) is satisfied for z © H, then 


i. f(x) dx = o(H)2ni S~ Res(f, 2 )s 


j=l 
where 21, 22,°+* ;2m are the singularities of f in the half-plane H, and o(H) = 1 if 
HAT is the upper half-plane and —1 if H is the lower half-plane. 


foe} 2 


oo 1 +24 


Solution: We use the previous theorem with 


f(z) 


Example 5.2.4. Find [ dx. 


2 go? 


~ T4e4) 2-441 


If we fix an R > 1, we have 


lglee 
If(2)| < [_R if |z|> R, 
and so condition (5.2.5) is satisfied with p= 2 and C = (1— R~4)71. 
The poles of f occur at the 4th roots of —1, and these are 


a= ata, n= 2-149), 

eos a= a-9. 
Thus ; 
f(z) = : 


(z — 21)(z — 29)(z — 23)(z — 24) 
Only z, and zg are in the upper half-plane. We evaluate the residue of f at each 
of these points using Corollary 5.1.2(a). This means, for 7 = 1,2, we evaluate at z; 
what is left of f when z— z; is removed from the denominator. The results are 

E «flay BD ate i 

3 =Vv2 = 14 
Res(f,a1) =v Dara tt 
ee v2 
e(f,22) = V2 Game g ay = 8 
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2 
The sum of these is me and, when multiplied by 277, this yields 


I. x? d _ V2 
isiege =o ore 


Symmetries. It can be useful to exploit symmetries of the integrand in com- 
puting integrals using residues. 


[oe) 
1 
Example 5.2.5. Find — dz. 
xamp in | (+22 t 
Solution: Since the integrand is an even function, its integral over the entire 
real line is twice its integral from 0 to oo. Thus, 


oe 1 1. fk 1 
[ die = 2 ie d+ep 


We evaluate the latter integral using Theorem 5.2.3. We set 


1 1 
Gage Games 
The only pole in the upper half-plane is the one at 7, and this is a pole of order 
2. Corollary 5.1.2(b) applies, and it tells us that the residue of f at this pole is 


obtained by differentiating 


Thus, 


me 1 1 -—i 0 
de] eso = 
‘ fee eo ae Oe 


In the next example, we exploit the fact that the integrand is unchanged if we 
rotate coordinates by an angle 7/n. 


1 
a" e 
Solution: The integrand is even, so we could just proceed as in the preceding 
example, replacing this integral by one over all of R and then applying Theorem 
5.2.3. However, this would mean evaluating residues at each of the n poles in the 
upper half-plane. There is a better way. We set 


0) =o 


Example 5.2.6. Find [ 
0 


and note that 
(5.2.7) f(eTl” 2) = fle) 


for each z € C. This means f has the same values along the ray fone z:0<a} 
as it does along the ray [0, +00). To exploit this, we choose r > 1 and use the path 
Yr which traverses the boundary of the sector indicated in Figure 5.2.2. That is, 
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4 ti/n 


Figure 5.2.2. Path for Example 5.2.6. 


the path 7, traverses the interval [0,r], then the arc re’’,0 < t < m/n, and then 
returns to 0 along the interval [r e*/”, 0]. 


Then 


r n/n ; r 
f(z) dz -| f(x) dx +f f(re")rie” dt -{ f(et™/" 2) e™/” da 


r n/n 
== 0) fi pa)det f° sreyriet at 


The second integral on the right clearly goes to 0 as r — oo and the integral on the 
left is 20 Res(f, z1), where z; = e™’/?” is the only pole of f inside y,. Thus, 


ninth 21) 
i f(x =~ — ¥ 


All that remains is to evaluate this residue. 


Yr 


Since 22” = —1, we have 
yan +1= yan = a _— (z _ aie * 4 gene ahs ef gen =): 


Corollary 5.1.2(a) says that, to find the residue of f at z,, we simply evaluate the 
inverse of the second factor on the right at z = 2. The result is 


1 2 emi /2n 
Ri .) — = => 5 
es(f, 21) Inert on on 
and this implies 
[ 1 Qni e™/2n m/2n 
—— dt = —=- : 
9 L+ax?r 2n 1—e™/" — sin(a/2n) 


————S SS ee 
Exercise Set 5.2 


27 
i Find [ ao =, 
9 o—4cosé 
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10. 


12. 


13. 


. Find / ae dx by first finding i 


> 


do 


2 
ind f 10 + 6sin 0 
es 1 
ae ie 
2 i a +2e+2°" 


on 
. Find —— dx. 
mM f (1+ 22)2 XL 


. d 
(a2 +20 4+2)2" 


dx (see Example 5.2.6). 


4 76 


Co 
. Find i, i z dx using contour integration over the boundary of the sector 
0 x 


defined in polar coordinates by {re’? :0<r< R, 0< 6 < 27/3} with R>1 
(see Example 5.2.6). 


: co elt 
. Find i Tae dx. 


ta 22 = Cte) dx and and then taking 
the real part of the result. 


: ~ cosx 
Find / Lage dx. 


. Prove the fact, used in the proof of Theorem 5.2.2, that if h is a function on 


(0,00) and limgz_,.. h(x) exists for every increasing sequence {x;,} of positive 
numbers converging to oo, then these limits are all the same number L and 
limy soo A(x) = L. 

Prove that an improper integral of the form (5.2.3) converges if f is a contin- 
uous function on R which satisfies an inequality | f(a)| < Cla|~? for |a| > R, 
where C and R are positive constants, and p > 1. 

Suppose f is a continuous function on (0, co) (which may have a singularity at 
0). Show how to use the substitution t = e* to convert the improper integral 
te f(t) dt into an improper integral on (—oo, 00). Use this to prove a theorem 
analogous to Theorem 5.2.2 for improper integrals on (0,00). 


ae dt 
14. Find / ——.,. Hint: Use the substitution of the previous exercise. 
o t+tlog?t 
a 
5.3. Fourier Transforms 


The technique of evaluating integrals using residue theory is particularly useful in 
the study of integral transforms such as the Fourier, Laplace, and Mellin trans- 
forms. Often the integrals involved cannot be evaluated using standard integration 
techniques from calculus. 


The Fourier Transform. The Fourier transform is widely used in Differential 


Equations, Physics, and Engineering. Its generalizations are the subject of a ma- 
jor area of mathematical research, with applications that impact every branch of 
mathematics. 
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1c 


—- 


Figure 5.3.1. Path y of Theorem 5.3.2. 


Definition 5.3.1. If f is a function defined on the real line and t € R, we set 


Oe ip ” f(a) e-** de, 


whenever this improper integral exists. The resulting function of t is called the 
Fourier transform of f. 


Note that if f(a) is an absolutely integrable function of x on (—co, 00), then 
so is e* f(x) for each t, since these two functions have the same absolute value. 
Thus, the Fourier transform f*(t), for such a function, exists at every t € (—0o, 00). 


We will show how to use residue theory to evaluate Fourier transforms of func- 
tions that are analytic on C, except at a discrete set of singularities, and that vanish 
at infinity. The key to this technique is the fact that |e~”* | = e’Y vanishes rapidly 
as y = Im(z) > oo if t < 0, while it vanishes rapidly as y > —co if t > 0. In the 
first case, we are able to express the integral defining f* as a sum of residues in the 
upper half-plane, and in the second case we express it as a sum of residues in the 
lower half-plane. The final result is the following theorem. 


Theorem 5.3.2. Let f be a function analytic on C, except at a discrete set of 
singularities, with no singularities on the real line and with limz+. f(z) = 0. 
Then f(t) exists if t A 0. It is equal to /2ri times the sum of the residues of 
f(z)e~™ in the upper half-plane if t <0, and is equal to —\/2ri times the sum of 
the residues of f(z) e~*** in the lower half-plane if t > 0. 


Proof. We give the proof in case t < 0. The case t > 0 is the same except that 
the lower half-plane is used instead of the upper half-plane. 


Since lim,-... f(z) = 0, f has only finitely many singularities. For positive 
numbers a,b, and c let y be the path which traverses the boundary of the rectangle 
with vertices —a,b,b + ic,—a + ic in the positive direction (see Figure 5.3.1). 


If a,b, and c are large enough, all singularities of f in the upper half-plane will 
be inside y. In particular, there will be no singularities on y(J). Then, 


b c 
i f(z) eit dz= f(z) etx dx +if f(b fe iy) e7 tlbt+iy) dy 
(53.1) 7 =O 0 


b c 
-f f(at ic) e #EHO dy — if f(—a + iy) eW*#-) dy, 
0 


—a 
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We pass to the limit, first as c oo, and then as a and b approach oo independently. 
We will show that each of the last three integrals on the right in (5.3.1) vanishes 
when we do this. 


Since | f(z)| is a continuous function on the complement of its set of singularities, 
and it has limit 0 at oo, it has a maximum value on each line which does not hit 
one of the singularities. Let 14, denote its maximum on the vertical line Re(z) = }, 
Mz its maximum on the horizontal line Im(z) = c, and M3 its maximum on the 
vertical line Re(z) = —a. These numbers are functions of b,c, and a, respectively, 
and they each have limit 0 as a,b, and c approach oo, because lim,_,. f(z) = 0. 

For the third integral on the right in (5.3.1), we have 
b 


b 
f(x + ic) eM) dal < Ms [ e’ dx = Mp e'*(b +a). 


—a 


Since t < 0, this has limit 0 as c > oo for fixed values of a and 0. 
For the second integral on the right in (5.3.1) we have 


Cc ? } Cc M 
if f(b+ iy) e HOt) a <M, if e%! dy = Se" -1). 
0 0 


This has limit —Mj/t as c > oo. Then, since M; has limit 0 as a,b approach oo, 
the same is true of this integral. The argument that the fourth integral on the right 
in (5.3.1) has limit 0 as first c, then a,b approach co is the same. 


Of course, the integral on the left in (5.3.1) does not change once a,b, and c 
are large enough that the rectangle they determine contains all the singularities of 
f in the upper half-plane. Once this is true, its value is 277 times the sum of the 
residues at these singularities. Thus, after passing to the limit as first c, then a and 
b approach oo, (5.3.1) becomes 


n b 
2ni S” Res(f, 23) = ar f(zje"** dx 
; a,b)—(c0,00) J_q 
(5.3.2) j=l 


=f sae ae = VRP, 


where 21,--- ,2n are the singularities of f in the upper half-plane. On dividing by 
V2, the proof of the theorem is complete in the case t < 0. 


Note that the existence of the limit in (5.3.2) is exactly what is meant by the 
convergence of the improper integral defining f*(t). 


The proof in the case t < 0 is almost identical. The difference is: the number 
c is negative. Then the path 7¥ lies in the lower half-plane with negative rather 
that positive orientation. This results in the left side of (5.3.1) being —27i times 
the sum of the residues of f e~‘’” in the lower half-plane for large enough a, b, and 
—¢. 


1 
Example 5.3.3. Find the Fourier transform of f(x) = re 
x 
Solution: We set 
1 


HO ees 
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If t < 0, the previous theorem applies, and it tells us that f*(t) is 271 times the 
sum of the residues of e~*'* f(z) in the upper half-plane. Now f has only one pole 
in the upper half-plane and that is at i. The residue of e~“” f(z) at this point can 
be computed using Corollary 5.1.2(a), since 


1 
(= GrNe=H 


The residue is obtained by evaluating e~”* /(z +7) at z =i. The result is 


2%’ 


f= Fe if t<0. 


For t > 0, we compute the residue of e~“* f(z) at —i and then multiply by 


—V2ri. The result is 
fo= ‘F e if ¢>0. 


s 1 oe, wl T 
rO== fae fh 


by the case n = 1 of Example 5.2.6 (or simply by noting that arctan is an anti- 
derivative for the integrand). 


and so 


At t = 0 we have 


Putting the cases t < 0, t > 0, t = 0 together, we conclude that 


fis ‘F ell for all t€R. 


Example 5.3.4. Show that f = 
_o l+2? 


Solution: The integral we seek is the real part of the integral 


oe) ett 
(2 
yg deb 


dx =t/e. 


which is /27 times the Fourier transform of i — evaluated at t = 1. By the 
previous example, this is 7/e. 
Example 5.3.5. Find the Fourier transform of f(x) = Z ~ Fi 
Solution: We set ; 
fe) = 5 


This function is meromorphic, with no poles on the real axis, and it vanishes at 
infinity. Thus, Theorem 5.3.2 applies. 


The only pole of f occurs at z = —?. Since there are no poles in the upper 
half-plane, Theorem 5.3.2 tells us that f(t) = 0 if t <0. 
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For t > 0, f*(t) is —V27i times the residue of f(z)e~*” at z = —i. This 
residue is e~' and so 


ro= ie if t <0; 


—V2rie', ift>0. 


Note the jump discontinuity at t = 0. 
What about the value of f° at t = 0? We have 


n 1 cas 
PO =e f sayae. 


We can attempt to evaluate this using the fact that f(z) has log(z + 7%) as an 
antiderivative, given any branch of the log function. If we use the principal branch 
of log, then the line Im(z) = i is contained in its domain of definition, and so the 
real line is contained in the domain on which log(z +7) is defined and has f(z) as 
its derivative. We conclude that 


b 
: f(x) dx = log(b + t) — log(—a + 1) 
a 5 (lost? + 1) — log(a? + 1)) + i(arg(b + 7) — arg(—a + i)). 


The limit as (a,b) — (co, 00) of this expression does not exist, since its real part 
approaches +oo as b — oo with a fixed and approaches —oo as a > oo with b 
fixed. Thus, the improper integral defining f*(0) does not converge. However, the 
symmetric integral 


[9 (e) de = ilarg(a +i) — arg(—a +i) 


has limit —772 as a > oo. In this case, we say that the integral has principal value 
—ni, even though it is not a convergent improper integral. If we define f*(0) using 
this value for the integral, then we have 


‘« Te 5 
OE EG 
which is exactly half way between lim,_,9+ f*(t) and limy_,9- f(t). 


The next example involves a different technique — no residues — but the Cauchy 
theorems are still involved. 


Example 5.3.6. Find the Fourier transform of the normal distribution function 


ene /2 


1 
V2 
Solution: We have 


n() = 5 © e=e*421t0)/2 dy, 
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| it 


—a b 


Figure 5.3.2. Path for the Fourier Transform in Example 5.3.6. 


By completing the square in the exponent, we can write this as 


1 f= 
W(t) => / en (etit)?/2 g-#/2 dy 


—t?/2 poo : 
= = / e7 (wtit)?/2 dx. 
20 


(5.3.3) 


=O 
We will use Cauchy’s Integral Theorem to show that the last integral above is 
independent of t. 
Fix a,b > 0 and consider the path y that traces once in the positive direction 
around the boundary of the rectangle with vertices at —a,b,b + ti,—a + ti (see 
Figure 5.3.2). 


The integral of e 


-#/2 over this path is 0 by Cauchy’s Theorem. Hence, 
b t 
o= f oars f Otway 
—a 0 
(5.3.4) ‘ - : _ 
2 / en (tit? /2 dn — | on (ati)? /2 dy, 
—a 0 
The second of these integrals satisfies the following estimate: 


t 
0 


which implies that it has limit 0 as b > oo. A similar estimate on the fourth integral 
in (5.3.4) shows that it has limit 0 as a > 0. It follows that 


/ en (ett)? /2 dx =| a2" /2 dx, 


which means that the integral on the left is independent of t and can be evaluated 
by evaluating the integral on the right. The integral on the right is a standard 
calculus problem. Its value is 27, and it is obtained by expressing the square of 
the integral as a double integral over the plane and then evaluating this using polar 
coordinates. We leave it as an exercise (Exercise 5.3.1). 


In view of (5.3.3) and the above calculation, we have 


7/2 =i /2 
h(t) = aay rsa 


20 7 Pers = 
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In other words, the normal distribution function is its own Fourier transform. 


The Fourier Inversion Formula. We define the inverse Fourier transform f~ of 
a function f on R to be the Fourier transform of f followed by reflection through 
the origin — that is: 


(5.3.5) Pe=f-y=se fo pHa 


Under reasonable conditions, at points x where f is continuous, we can recover 
f(x) from the Fourier transform f* by applying the inverse Fourier transform to 
f°. That is, at points of continuity for f, 


lo) 
(5.3.6) fle) = f(a) = | lt F(t) dt. 

V2t Sco 
There are several versions of this result, depending on the hypotheses that 
are assumed satisfied by f and f*. They all have rather technical proofs that are 
complicated by the fact that we are working with improper integrals. One fairly 
standard version assumes that both f and f* are absolutely integrable. A proof of 
this version can be found in [8]. We will not attempt to prove any of the versions of 
this result here. Instead, we will just illustrate the formula in a couple of examples. 


Example 5.3.7. By Example 5.3.3 the function f(x) = 1/(1 + 2?) has f*(t) = 
f/m /2 ell as Fourier transform. Compute the inverse Fourier transform of f* and 
verify that the Fourier Inversion Formula holds in this case. 


Solution: We have 
1 int 
~ — et \/r/2 ell det 
F(z) V20 [. mh 


1 0 : co 
ra / e(iet1)t a+ | e(iz—lt a 
2 oe 0 


1f 1 1 1 
-jlen aa =p 


Indented Contours. The next example involves a technique in which we inte- 
grate only part of the way around a circle centered at a pole of the integrand. The 
theorem which allows us to compute such integrals is the following: 


Theorem 5.3.8. If f is analytic in Dr(0) \ {0}, has a simple pole at 0, and y is 
the path y(t) = re“, 0) <t < 02, r< R, then 
lim / f(z) dz = 1(01 — 02) Res(f, 0). 

a 


r—0 


Proof. Since f has a simple pole at 0, its Laurent series expansion in Dr(0) has 
the form 


a— 
Pe) = + ag + aye +--+ aq2™ 0°, 
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where a_; = Res(f,0). The integral of the first term of this expansion over ¥ is 


02 
| ia_; dO = i(0; — 02) Res(f, 0), 
A1 


while the integral of the nth term for n > 0 is 
0 
i : ianr? tt ei(n+1)8 dé, 
A1 


which has absolute value less than or equal to |ay|r"t(@2 — 61). Since this has 
limit 0 as r > 0, the proof is complete. 


Example 5.3.9. Given real numbers a < 0, find the Fourier transform of the 
function f which is equal to 1 for a < x < b and is equal to 0 otherwise. Verify 
that the Fourier Inversion Formula holds in this case. 


Solution: By the definition of f, 


TOE ae eee Re 
ro=se fe sla = i 


Then f~ is given by the improper integral 
: co pit(a@—b) _ pit(x—a) 
f(x) a / e e dt 


~ 20 t 
We may write this first as 


: —r ,it(x—b) _ ,it(x—a) co ,it(a@—b) _ ,it(a—a) 
im =| f = ar+ | at 
r—0 27 A we t r t 


and then as 
‘ —r it(a—b) co ,it(a—b) 
lim / : dt 4 i . dt , 
#027 | Js t p t 


. —r it(x—a) 0° pit(x—a) 
- tim =| | : a+ | 2 at), 
r—0 27 Loe t ie t 


provided these limits exist. 


—Co 


(5.3.7) 


We evaluate the two limits in (5.3.7) using an indented contour. We use the 
contour described in Figure 5.3.3 in the case where x — b > 0 in the first limit and 
where x — a > 0 in the second limit. Since the integrands are analytic except at 0, 
the integral around this contour is 0. As in the proof of Theorem 5.3.2, the integrals 
along the vertical lines and the horizontal line at z = ic have limit 0 as L, R, and c 
approach infinity. By the previous theorem, the integral around the semicircle has 
limit iz as r > 0. It follows that the first of the two limits in (5.3.7) is 1/2 if a > 5, 
while the second limit is 1/2 if x > a. 


For the cases « < b and x < a we use the reflection of the contour in Figure 
5.3.3 through the z-axis. This has the result of changing the sign of the integral 
around the semicircle. Thus, the limits are —1/2 for the case x < 6 and the case 
r<a. 


Of course, when x = 8, the first limit is lim,_,9(Inr—Inr) = 0. The same result 
holds for the second limit when x = a. 
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1c 


—- 


Figure 5.3.3. Indented Path Used in Example 5.3.9. 


We conclude that f~(«) = 1 if a< ax <b and is 0 otherwise. Note that this is 
equal to f(a) except at the points a and b where f is not continuous. 


Exercise Set 5.3 
1. Prove that 


i eo? /? dy = V 20 


by expressing the square of the integral as a double integral over R?, which 
can then be evaluated using polar coordinates. 
x 
2. Find the Fourier transform of f(x) = i 


2° 


+2 
3. Find the Fourier transform of f(x) = cere 
+2 
4. Find the Fourier transform of f if f(z) =0 for  < 0 and f(z) =,/ 5 e—* for 
x > 0. 
1 
5. Find the Fourier transform of f(x) = ne aa 
6. Find the Fourier transform of f(x) = sii using the method of indented 
L 


contours as in Example 5.3.9. 
7. If f and f’ are both continuous and have Fourier transforms which exist at t, 
and if f has limit 0 at both co and —oo, prove that the Fourier transform of 
f' at t is it f*(t). Hint: Use integration by parts. 
8. Find / oe de. 
oo L+ 2? 
9. If h is the normal distribution function, \ > 0, and h(a) = h(a#/A), then find 
(hay (t). 
10. Verify that the Fourier Inversion Formula holds for the function hy of the 
previous exercise. 
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5.4. The Laplace and Mellin Transforms 


Two other integral transforms of great importance in applications are the Laplace 
and Mellin transforms. Both are strongly related to the Fourier transform, and 
residue theory plays a similar role in computations involving these transforms. 


The Laplace Transform. The Laplace transform of a function f on [0,00) is 
defined to be 


(5.4.1) F(A) = [ e™ f(x) dx 


on the set of complex numbers \ for which this integral exists. If u is a real number 
such that e~*" f(a) is an absolutely integrable function of x, then the function 
e—** f(x) will also be integrable for all A with Re(A) > u and the integral F(A) will 
be an analytic function of \ on the open half-plane {A € C : Re(A) > u} with limit 
0 as A> 0 in this half-plane. In fact, since 


F(s+it)= | e te F(x) da, 
0 


the Laplace transform of f at s + it is just 2m times the Fourier transform of 
the function g(a) which is e~** f(a) for x > 0 and is 0 for x < 0. If the Fourier 
Inversion Formula applies to g and g’, then it results in a formula for recovering f 
from its Laplace transform F’. Specifically, with A = s + it, 

x28 lore) , 1 s+itoo 

(5.4.2) fa) —— F(s+it)e™ dt = — FOje™ dd. 


We will call this the inverse Laplace transform of F. 


On the open half-plane where F is defined and analytic, the integral in (5.4.2) 
is independent of s and, if x < 0, it has limit 0 as s — oo. If F can be extended 
to a function which is analytic on C except at finitely many singularities, all to the 
left of Re(A) = u, then we may calculate the integral in (5.4.2) using residues. That 
is, we compute 

— | Fe ar, 

ant J 

where y traverses the boundary of a rectangle with interior containing the singu- 
larities of F and with right edge along the vertical line Re(A) = u. As in the proof 
of Theorem 5.3.2, this integral is independent of the rectangle chosen and, on the 
one hand, is equal to the integral on the right in (5.4.2) and, on the other hand, is 
equal to the sum of the residues of F(A) e™*. Thus, if f is continuous on (0,00) and 
has a Laplace transform F' which is analytic except at finitely many singularities, 
then 


f(x) = — Res(F(A) e”, di), 
where {A;} is the set of singularities of F’. 


A 


Example 5.4.1. Find the inverse Laplace transform of F(A) = =D AFD 
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Solution: The function F(A) e** has a simple pole at 4 = 2 and a pole of 
order 2 at \ = —1. By Theorem 5.1.2 


De® 2 
xr Soe ee fee Qu 
Res(F'(A) e”*, 2) = +i? 79 e*, 
while ‘ 
d {Ae 3a —2 
x F ON 1 — | = —t 
meee 1) (555) Mat 


Thus, f(x) = ¢[(8e — 2)e-* +2e?*] for « > 0. 


The Mellin Transform. If f is a function defined on the positive real numbers, 
then the function of t defined by 


(5.4.3) i. f(z)2*! dz, 


with t > 0, is called the Mellin transform of f. Of course, this improper integral 
may converge for only certain values of ¢ and possibly for no values of t. Using 
residue theory, we will derive some conditions on f and t which ensure this integral 
does converge, and give a formula for computing it. 


We assume that f is analytic on C except at a finite set of singularities, none of 
which lie on the positive real axis. We define a function z‘~1, analytic on C \[0, 00), 
in the following way: We cut the plane along the positive real axis and denote by 
log(z) for z 4 0 the branch of the log function determined by restricting arg(z) to lie 
in the interval [0,27]. Note that, since we allow both arg(z) = 0 and arg(z) = 27, 
this results in there being two values of log at each point on the positive real axis. 
Think of the cut along (0,00) as resulting in two copies of the positive real axis — 
an upper edge (arg(z) = 0) and a lower edge (arg(z) = 27). Our log function is 
the ordinary real-valued natural log function along the upper edge of the cut, and 
is this plus 277 along the lower edge of the cut. We then define 


zi} = elt-Vlosz for 2 40, 


In the next theorem, we compute the integral (5.4.3) by using path integration on 
the function f(z)z‘7!. 


Theorem 5.4.2. Let f be a function analytic on C, except at finitely many sin- 
gularities, none of which are on the positive real axis, and let 21, 22,--- ,2n be the 
non-zero singularities of f. Suppose t is not an integer and the function |f(z)|\z|° 
has limit 0 as z + 0 and as z > co. Then the Mellin transform of f at t exists 
and is given by 


e ott 
gto} 
(5.4.4) a f(a da a) sa 9; 2;)s 
where g(z) = f(z)z*~1 on C \ [0,+00) and z'~! is defined as above. 


Proof. The path y for our path integral is the path which goes along the upper 
edge of the cut from ¢ > 0 to R, then along the circle yr of radius R centered at 
the origin, then along the lower edge of the cut from R to ¢€ and finally around the 
origin along the circle 7, of radius € (see Figure 5.4.1). 
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Yr 


Ye 


Figure 5.4.1. Path for Computing the Mellin Transform. 


Let 21, 22,°+: , 2, be the non-zero singularities of f and assume that R is large 
enough and ¢€ small enough that all of these singularities lie inside the circle of 
radius R and outside the circle of radius «. Then + has index 1 about each z;. If 
we set 


g(z) = f(zjz-? for 2¢ [0, +00), 
then, by the Residue Theorem, we have 


anid Res(g,25) = f fe) dz 
j=1 7 
R 
(5.4.5) = PT le et dz 
[ fer res | se) 


R 
eel / f(a)a*+ da — | f(z)z*" dz. 
€ Ye 


If, as R + oo and € — 0, the integrals around yr and y have vanishing limits, 
then 


Qri S- Res(g, z;) = (1 — e?") i f(a)a** de. 
g=1 0 
If t is not an integer, we may solve for the integral. This yields 


—nit 7 


—— J» Res(9, 2)). 
1 


sin(zt) = 


(5.4.6) [ fla)a* de = —7 


It remains to show that the conditions on f(z)z’~+ ensure the integrals around 
the two circles in (5.4.5) have limits 0 as R > oo and « > 0. If M(R) is the 
maximum value of |f(z)| on the circle of radius R, then 


(z)e?" de 


YR 


< 20nM(R)R*. 


Hence, this integral will have limit 0 as R > oo if 


: t 
jim |f(@)|lzF = 0. 
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Similarly, if M(e) is the maximum value of f on the circle of radius e, then 


(z)2*1 dz| < 2nM(e)e’, 


Ye 
and so this integral will have limit 0 as e — 0 if 


lim | f(z)||z|’ = 0. 
20 


This completes the proof. 


The calculation of the Mellin transform for the function 7 : . is a key step in 
the developement of the properties of the gamma function in Chapter 9. 
. T 
“Itz sin(mt) ’ 
Solution: According to the preceding theorem, the Mellin transform of this 
function f will exist if 0 < t <1, since it is for these values of ¢ that 


Example 5.4.3. Show that the Mellin transform of f(x) 


t t 
lim 2 =0= lim il : 
230 |14 2| z—r00 |1 + 2| 
The only singularity of f(z) occurs when z = —1, and the corresponding residue, 
Res(g, —1) for g(z) = f(z)z2*“1, is 
ey pn et (t—1)i = — ei. 


Thus, by Theorem 5.4.2, if0<t< 1, then 


oop t=1 
| dz = — . 
9 lt+2 sin(zt) 


Exercise Set 5.4 


1. Find the Laplace transforms of the functions f(x) = 1 and g(x) = x. On what 
subset of C are these defined? 

2. Find the Laplace transform of the function f of Example 5.4.1. Does it coincide 
with the function F' of this example? 


3. Find the inverse Laplace transform of F(x) = ee 
1 
4. Find the inverse Laplace transform of F(x) = Tp?’ 


5. If f is continuous on [0, 00), differentiable on (0,00), f(0) = a, and the Laplace 
transform F' of f exists for Re(A) > u, what is the Laplace transform of f’ in 
terms of F? 

6. If f satisfies the differential equation f” + af’ + bf = g on (0,co) and f and 
f’ are continuous on [0, co), describe the Laplace transform F of f in terms of 
the Laplace transform G of g and the initial values (f(0) and f’(0)) of f and 
f’. Hint: Use the result of the previous exercise. 

7. Can a non-zero constant function be the Laplace transform of a function f on 
(0, co)? 
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8. Find the Mellin transform of f(x) = Tae 
+2 


9. Find the Mellin transform of f(x) = 
oo 2/3 


1+23° 


10. Find z dx. 
0 x 
11. Show that if h(y) = f(e¥), then the Mellin transform of f can be expressed as 
h(y) e'” dy. Note the similarity to the inverse Fourier transform. 


12. Verify the second equality in (5.4.5). 


5.5. Summing Infinite Series 


In this section we demonstrate a method for using the Residue Theorem to calculate 
the sum of an infinite series of the form 


(5.5.1) S> f(n), 


n=—0o 
where f is an analytic function with isolated singularities in the complex plane. 


The idea is this: If we can find an analytic function g such that g has a simple 
pole with residue 1 at each integer n, then fg will have a simple pole with residue 
f(n) at each integer n (see Exercise 5.1.13). If we can also choose an expanding 
sequence of simple closed paths {yy} such that each singularity of fg is contained 
in yn for sufficiently large N, and such that the integral of fg around yy has limit 0 
as N — oo, then the Residue Theorem will imply that the sum of all residues of fg 
constitutes a convergent series with sum 0. If f has only finitely many singularities 
and none of them are integers, then the sum (5.5.1) will necessarily converge to 
the negative of the sum of the residues of fg at the singularities of f. If some of 
the singularities of f occur at integers, then the result will need to be adjusted 
accordingly. 

This program actually works under reasonable hypotheses on f, if g is chosen 
well. A particularly good choice is g(z) = 7 cot(7z). 


Some Properties of the Cotangent. Since sin(7z) has a zero of order one at 
every integer and no other zeroes on C, the meromorphic function 
cos(1z) 


CONTE x sin(7z) 


has a simple pole at each integer and no other poles. The residue of this function 
is 1/m at each n (Exercise 5.1.5). Thus, 


Lemma 5.5.1. The function mcot(mz) has a simple pole with residue 1 at each 
integer, and no other poles. 


The function 7 cot(mz) is obviously not bounded near oo, since it has a pole 
at each integer. However, it turns out that there is a sequence of closed paths, 
converging to oo, on which this function is bounded. The paths in question are the 


180 5. Residue Theory 


(N+1/2) (—1+1) f (N+1/2) (1+1) 
A 
- 
(N+1/2) (—1-1) (N+1/2) (1-1) 


Figure 5.5.1. Path yy. 


paths yy, where N is a positive integer and yy traces once in the positive direction 
around the square with vertices at 


(N +1/2)(1+%), (N+1/2)(—1+4+%), (N+ 1/2)(—1—14), and (N + 1/2)(1— 7) 
(see Figure 5.5.1). 


Lemma 5.5.2. There is a positive number R such that | cot(mz)| < 2 on yn (1) for 
each N > R. 


Proof. By Definition 1.3.8, we have 


cos(rz) _.e™*# +e- 7 
cot(7z) = sin(7z) = voriz = enmiz 
; e2tiz +1 ect e727y +1 


a \amiz —1 — \ Qoria e72Ty —l’ 


where z= x+y. Thus, 


| cot(rz)| = 


e2tix e727y +1 

e2tia e-2ry —] | : 

If ¢ = N +1/2 for an integer N, then e?™* = —1 and |cot(mz)| < 1. Thus, 
| cot(7z)| < 1 on the vertical sides of each yy. On the horizontal sides, where y is 
fixed at +(N + 1/2), the maximum of | cot(mz)| occurs when e?”*” = 1, that is, at 
integer values of x. Thus, the maximum is 


et2N+1)r ey 
etQN+1)r _]1 


Since this expression has limit 1 as N — oo, there is an M such that it is less than 
2 when N > M. 


Lemma 5.5.3. With yn as above, 


(5.5.2) / TOME) 


z 


for each positive integer N. 
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t 
Proof. The function h(z) = aoa) 


Zz 
points, where it has poles. By the Residue Theorem 


(5.5.3) / pcouln7) os Res(h,n) 
YN 


Since h is an even function, its residue at 0 is 0 (Exercise 5.1.15 ). The poles of h 
at non-zero integers are simple poles and may be calculated using Corollary 5.1.6. 
The result is that the residue of h at n is 1/n. Since this is an odd function of n 
and the range of summation in (5.5.3) is symmetric about the origin, the integral 
n (5.5.2) is 0. 


is analytic inside yy except at integer 


A Summation Theorem. We now have enough information about the function 
g(z) = mcot(mz) to prove the following summation theorem. 


Theorem 5.5.4. Suppose f is analytic on C except at a finite set 
k= {215 225°°* stay 


of isolated singularities. Also suppose that there exist positive constants R and M 
such that 
M 

(5.5.4) FASE for b> k 
Then 

i 

Jim S- f(n) =~ Yoo (af (z) cot(mz), z;), 

neZy 

where Zj% is the set of integers in = N] which do not belong to E. 


Proof. The singularities of f(z) cot(mz) occur at the integers and at the points 
21,°°* ,2n- At an integer n not in EL, this function has residue f(n), since cot(mz) 
has a simple pole with residue 1 at n and f has no singularity at n. If N is large 
enough so that the z; are all inside yy, then the Residue Theorem implies 


(5.5.5) ea ee aw f(z) cot(mz) dz = ei f(n )+ Sen 1 f(z) cot(mz), z;). 
nezy 
Thus, to prove the theorem, we simply need to show that the integral on the left 
converges to 0 as N > oo. 
Choose R and M large enough that (5.5.4) holds, the inequality in Lemma 
5.5.2 holds, and |z;| < R for each j. Then f is analytic in the annulus 
A={z:R< |z| < co} 
and vanishes at infinity. It therefore has a Laurent expansion, in this annulus, 
involving only negative powers of z. Say, 
E24) C_2 Ce 


fae 5 tS 4+.--4 SPE Ps 


gn 


t 
y meot(nZ) 4 9, 
YN z 


By Lemma 5.5.3, 
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and so 
(55.6) sf afle)eot(ne)de= 5 fa (se) — 2) cot(n2) 
— a f(z) cot(az) dz = — w | f(z) — — } cot(mz) dz. 
2m Syn, 2nt Jy, 
However, the function 
i= 4 am 
z z A 


q(z) 


has the form —,~ in A, where q is analytic in A and has limit c_2 at infinity. 
Zz 

This implies that, for some R; > R, the function |g| is bounded by some positive 

constant M on {z:|z| > Ri}. Then, by Lemma 5.5.2, the integrand of the integral 

on the right in (5.5.6) is bounded above by 2MMj/|z|?. Since |z| > N on yy and 

the length of the path yy is 8N + 4, we have that 


xa | 1 f(z) cot(mz) dz ZENE) 
YN 


< N2 ’ 


which converges to 0 as N > oo. This completes the proof. 


1 


Co 
1 
E le 5.5.5. P that SSS 
xample rove tha 2d 72 6 
Solution: We apply the preceding theorem with f(z) = 1/27. It clearly satis- 
fies the hypothesis of the theorem. The only singularity of this function is the one 
at 0, and so the theorem tells us that 


S z — _ Res (70) . 
n Z 


n€Zo 


cot z . 
2 at 0 is —1/3 by 


Example 5.1.9. Since the coefficient of z in the Laurent expansion of 7 cot(mz) is 
m? times the coefficient of z in the Laurent expansion of cot z, we conclude that 


t 
eae) has residue 77/3 at 0. Then, 
z 


where Zp is the set of non-zero integers. The residue of 


Exercise Set 5.5 


Oni 
1. Prove that, like 7 cot(7z), the function is 7 has a simple pole with residue 


e2niz re 


1 at each integer and it has no other poles. 
ee 
2. Find 2d Tone 


umes Ol 
3. Find S- mers 
n=1 


5.9. 
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. Find 2 
n=1 


1 
. Prove that if w € C \ Z, then mcot mw = lim oa 


N 


N-+00 ntw- 


n=—N 


. Assuming the result of the previous exercise, prove that if w € C \ Z, then 


Co 


1 ; 1 
7Tcot Tw = y : 
w w2 — n2 


Prove that the function 


has a pole at each integer n with residue (—1)” 
sin(7z 


and no other poles. 
Derive a method for summing a series of the form So(-)"F(n), where f isa 


=O 
meromorphic function with a finite number of poles. Hint: Use the preceding 
exercise and the method of Theorem 5.5.4. 


Chapter 6 


Conformal Mappings 


If U and V are open subsets of the complex plane, then just how different are U 
and V from the standpoint of the study of analytic functions? If there is a analytic 
map h: U > V with an analytic inverse h~! : V + U, then the answer is, “they 
are not different at all.” In this case, we shall say that h is a conformal equivalence 
between U and V, and that U and V are conformally equivalent. 


If h : U + V is a conformal equivalence, then each analytic function g on 
V gives rise to an analytic function go h on U, and each analytic function f on 
U gives rise to an analytic function f oh! on V. This establishes a one-to- 
one correspondence between the analytic functions on U and those on V. This 
correspondence preserves sums and products and exponentials and logarithms and 
roots. The same formulas define one-to-one correspondences between meromorphic 
functions on U and on V, and between functions with isolated singularities on U and 
on V. Similarly, paths, closed paths, and homotopies in U all have corresponding 
objects in V. Indices of paths are preserved by this correspondence. 


Clearly then, it is important to know when two open sets U and V are con- 
formally equivalent. That is the subject of this chapter. The main theorem of the 
chapter is the Riemann Mapping Theorem, which says that every connected, simply 
connected, proper open subset of C is conformally equivalent to the open unit disc. 


6.1. Definition and Examples 


The word conformal refers to maps between regions of the plane that are angle 
preserving, in a sense to be defined below. It turns out these are exactly the maps 
which are analytic with a non-vanishing derivative. 


Angle Preserving Maps. Let U and V be open sets in C. A mapping h: U > V 
is said to be conformal if it preserves angles between smooth curves at each point 
of U. We will make this statement precise below. 
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Figure 6.1.1. The Angle 6 Between Two Paths. 


If h(a + iy) = u(a, y) + iv(a, y), for z = 2 +ity € U, then we may consider h to 
be an R?-valued function of two real variables 2 and y with coordinate functions 
u(z,y) and v(a,y). Let zo = (20, yo) be a point of U. If h is differentiable at zo, 
as a function in this sense, then its differential dh(zo) is the linear transformation 
from R? to R? whose matrix is 


(6.1.1) dh = io > 


evaluated at zo. If y(t) = (x(t), y(t)) is a differentiable curve in U with y(to) = zo, 
then y'(to) = (#’ (to), y(to)) is the tangent vector to the curve at the point zy. The 
chain rule implies that 


(ho ¥)’(to) = dh(z0) - 7’ (to), 


where (ho y)'(to) is the tangent vector to the curve hoy at h(zo), and the product 
on the right represents the linear transformation dh(zo) applied to the vector y'(to). 
Using the matrix for dh, this is given in terms of vector-matrix multiplication as 


(rony= (SM) (F), 


where the partial derivatives are evaluated at zo while (hoy)’, x’ and y’ are evaluated 
at to. Thus, the matrix dh(zo) transforms the tangent vector to y at zo into the 
tangent vector to the image curve hoy at h(zo). 


Definition 6.1.1. We say a mapping h, as above, is conformal at zo if its differential 
dh at zo is non-singular and angle preserving, in the sense that if a and b are any 
two non-zero vectors in R?, then the angle between dh(zq)a and dh(2zo)b is the same 
as the angle between a and b. If h : U — V is conformal at each point of U and 
maps onto V, then we say it is a conformal map of U onto V. 


Theorem 6.1.2. A complex-valued function h, defined in a neighborhood of zo € C, 
is conformal at zo if and only if it has a complex derivative at zo and this derivative 
iS NON-Zero. 


Proof. If h has a non-zero complex derivative at z), then its partial derivatives 
satisfy the Cauchy-Riemann equations at zp and are not all 0. Hence, the differential 
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(6.1.1) has the form 


ahi a Ug Uy 
Gs 2) 


with the partial derivatives evaluated at zp and the vector (uz, uy) non-zero. If we 
put this vector in polar form (rcos6,rsin@), with r 4 0, then this matrix becomes 


(6.1.2) rcos@ rsind\_ /r 0 cos@ sind 

—rsin@d rcos@)/ \0O r/ \—siné cos@/)’ 

That is, if h has a complex derivative at zo, then the differential of h at zo is rotation 
through an angle @ followed by expansion or contraction by a positive factor r. A 
linear transformation of this form is clearly non-singular and preserves the angle 


between any two vectors, since both vectors get rotated by the same angle 6. Hence, 
h is conformal at zo. 


Conversely, suppose fh is conformal at zo. Let 6 be the angle from the vector 
(1,0) to its image under dh(zo). Let 


cos? sind 
an é sin@ cos ;) 


be the matrix which rotates every vector through an angle 6. Then A~! - dh(z) is 
an angle preserving matrix which sends (1,0) to a positive multiple (r, 0) of itself. 
Since it preserves angles between vectors, it must also send every other vector to a 
multiple of itself. We claim that, in fact, it multiplies each vector by r. Suppose 
(0,1) is sent to (0,t). Then the vector (1,1) is sent to (r,t) and, if this is to be a 
multiple of (1,1), we must have r = t. This implies that A~!-dh(z9) is r times the 
identity matrix. Hence, dh(zo) has the form (6.1.2). This implies that h satisfies 
the Cauchy-Riemann equations at z) and, hence, has a complex derivative at zo. 
This derivative is non-zero because dh(zo) is non-singular. 


Note that a conformal map h from U onto V need not be one-to-one. In fact, 
the exponential function e* is a conformal map of C onto C which is not one-to-one. 
However, the following is true, based on the Inverse Mapping Theorem (Theorem 
4.5.5). 


Theorem 6.1.3. [fh is a one-to-one conformal map of U onto V, then h has an 
inverse function h~':V —+ U which is also a conformal map. 


Proof. The function h : U — V has a well-defined inverse function h~!: V — U 
because fh is one-to-one and onto. By Theorem 4.5.5, since h is analytic and has 
non-vanishing derivative at each point of U, its inverse function is analytic with 
non-vanishing derivative on all of V. 


As mentioned in the introduction, an analytic map from U to V with an analytic 
inverse is called a conformal equivalence between U and V. By the preceding 
theorem, a map of U onto V is a conformal equivalence if and only if it is a one- 
to-one conformal map. 
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Figure 6.1.2. Conformal Map from Disc to Upper Half-Plane. 


Examples of Conformal Maps. It can be useful to have a substantial inventory 
of conformal maps between various regions in the plane. Here we describe a short list 
of such maps. Many others can be constructed using similar ideas or by combining 
some of these. 


Example 6.1.4. Find a conformal equivalence between the unit disc and the right 
half-plane. 


Solution: Let 


1+z 
g(z) = 7. 
Then g is defined and analytic on C \ {1}. If w 4 —1, the equation 
_1lt+z 
= 


can be uniquely solved for z. The solution is 

w—1l 

w+l 
It follows that g is a one-to-one analytic map of the set C\ {1} onto the set C\{—1} 
with an analytic inverse function 


“4 w—1 
w) = ——. 
g (w) w+ 
If we multiply both numerator and denominator of the fraction defining g by 
_ 2 
1 — Z, we see that the real part of g(z) is T Rs Hence, g has positive real part 
—2Z 


if and only if |z| < 1. Thus, g maps the unit disc onto the right half-plane. Since 
it has an inverse function, it is a conformal equivalence from the unit disc onto the 
right half-plane. 


Example 6.1.5. Find a conformal equivalence between the unit disc and the upper 
half-plane. 


Solution: Since multiplication by z has the effect of rotating points of the plane 
by 72/2 in the counterclockwise direction, we obtain a conformal equivalence h of 
the unit disc to the upper half-plane by multiplying the function g of the previous 


example by 7. Thus, 
1 
h(z) =% = 
1-—z 
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Figure 6.1.4. Conformal Map from Disc to —1 < Im(z) < 1. 


is the equivalence we seek (see Figure 6.1.2). 


Example 6.1.6. Find a conformal equivalence from the unit disc to the first quad- 
rant of the plane. 


Solution: The upper half-plane consists of all points which, in polar coor- 
dinates, have the form z = re’® with r > 0 and 0 < 6 < a, while the open 
first quadrant consists of points of this form with 0 < 6 < 7/2. It follows that 
the principal branch of the square root function (which sends re’ to /re’®/? for 
—m <6 <7) is aconformal equivalence from the upper half-plane to the first quad- 
rant with inverse function w — w?. It follows from this and the previous example 
that 
+2 
: l-z 
is a conformal equivalence from the unit disc to the first quadrant, provided we use 
the principal branch of the square root function. 


h(z) = 


Example 6.1.7. Find a conformal equivalence from the unit disc onto the strip 
S={z:—-1< Im(z) < 1}. 

Solution: The principal branch of the log function is a conformal equivalence 
of the open right half-plane onto the strip {z : —7/2 < Im(z) < 7/2}. Thus, we 
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z—> sin(z) 


—1 1 


—1/2 t/2 


Figure 6.1.5. Conformal Map from Half-Strip to Half-Plane. 


can construct a conformal equivalence from the unit disc to S by composing the 
following series of conformal maps: First, we map the unit disc to the right half- 


‘ ae 
plane using z > ia 


the right half-plane to the strip {z : —1/2 < Im(z) < 7/2}; and finally, we divide 
by 7/2. The composition of these maps is 


- as in Example 6.1.4; we follow this by the map log from 


2 
| 
h(z) = — log 7—_. 


which is the required conformal equivalence. 


Example 6.1.8. Find a conformal equivalence from the set 
A={z:-1/2 < Re(z) < 1/2, Im(z) > 0} 

to the upper half-plane. 

Solution: Recall from Exercise 1.3.14 that the function sin z can be written 
as 
(6.1.3) sin(a + iy) = sina coshy + icosz sinh y, 
while its derivative cos z can be written as 
(6.1.4) cos(a + iy) = cosx cosh y — isin a sinh y. 


The first of these formulas can be used to prove that sin is one-to-one on the set 
A (Exercise 6.1.9), while the second can be used to prove that its derivative, cos z, 
is non-vanishing on A (Exercise 6.1.10). Therefore, sin is a one-to-one conformal 
map of A onto some open set B. 


To identify B we note that sin takes the interval [—1/2,7/2] on the real line 
to the interval [—1, 1]. It takes the half-lines {z : Re(z) = +7/2,Im/(z) > 0} to the 
half-lines [1, 00) and [—-oo,—1]. Hence, it must take A to either the upper or lower 
half-plane. Since it takes 7 to 7sinh1 and sinh1 > 0, it must take A to the upper 
half-plane. Hence, sin is the required conformal equivalence. 
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—SESEE————EEE—E—E———— a 
Exercise Set 6.1 
1. If re’? € C and the map z —- re” z is considered as a linear transformation 
from R? to R?, then what is its corresponding matrix? 
2. Find a conformal equivalence from the half-plane {z : Re(z) > 1} to the unit 
disc D. 
3. If D is the unit disc, find a conformal equivalence from D \ {0} to C \ D. 
4. Find a conformal equivalence from the open unit disc to the set 


W = {z:0 < arg(z) < 7/4}. 


5. Show that the image of the upper half-disc {z : |z| < 1, Im(z) > 0}, under the 

mapping 
1+2z 
1-—z 

of Example 6.1.4, is the open first quadrant. 

6. Find a conformal equivalence from the upper half-disc of the previous exercise 
to the unit disc. 

7. For each a with 0 < a < 2n, find a conformal equivalence from the set {z : 0 < 
arg z < a} to the upper half-plane. 

8. Find a conformal equivalence from the upper half-plane to C \ (—co, 1]. 

9. Prove that sin z is one-to-one on the strip A of Example 6.1.8. Hint: Show 
that sinh and cosh are increasing functions on {y € R: y > 0} and then use 
(6.1.3). 

10. Prove cos z is never 0 on the strip A of Example 6.1.8. Hint: Show that sinh 
and cosh are non-vanishing functions on {y € R: y > 0} and then use (6.1.4). 

11. Prove that the composition ho g of a conformal map g : U > V witha 
conformal map h: V — W is conformal. 

12. Prove that an analytic function f on an open set U in the plane is a conformal 
map from U to f(U) if and only if it has a local analytic inverse (in the sense 
of Definition 4.5.4) at each point of U. 


Zz 


6.2. The Riemann Sphere 


In Lemma 4.3.1 we saw how the change of variables z = 1/w + zo transforms a 
function which is analytic in the exterior of a disc centered at 0, and has a limit at 
oo, into a function which is analytic in a disc centered at zo. This suggests that, in 
some sense, co can be made to play the same role that ordinary points of C play in 
analytic function theory. In fact, it turns out that the set C U {oo} can be treated 
as a space with both a topological and an analytic structure in which oo is in no 
way different from other points. This space is called the Riemann Sphere. It is 
the proper setting for the theory of conformal mappings and so it is time for us to 
introduce it and discuss its properties. 


Construction of the Riemann Sphere. The Riemann Sphere S$? has several 
descriptions. We begin with the simplest of these. 
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We denote by S$? the set C U {oo}, where oo denotes an abstract point that 
is adjoined to C. We want to emphasize that oo is to be thought of as a point of 
this space no different than any other. In fact, we will work with two coordinate 
systems on $7. In one of these, the coordinate function is z — a function analytic 
at every point except z = oo. In the other, the coordinate function is w = 1/z-—a 
function analytic at every point except z = 0, including the point at oo (this will 
follow once we define what it means for a function to be analytic at oo). 


An open disc in $?, centered at oo, is defined to be the set of all points with 
w coordinate satisfying |w| < r for a fixed r > 0. Equivalently, it is the set of all 
points with z coordinate satisfying |z| > 1/r. An open set in S? is a set U such that 
every point of U is the center of some open disc contained in U. This is the familiar 
definition of open set in case U C C. It now also makes sense if U contains co, since 
we have defined the notion of an open disc centered at co. With this definition, a 
neighborhood of oo is the union of {co} with an open subset of C which contains 
the complement of a closed bounded disc centered at 0. 


With the topology (the collection of open sets) defined, we can talk about limits 
of functions from a subset of S? to a subset of $7, and about the continuity of such 
functions. These notions are defined using open sets (i.e., neighborhoods of points) 
rather than epsilons and deltas, as suggested by Theorem 2.1.10 and Definition 
2.1.11. Thus, if f : U + S? is a function defined on an open set U C $?, then 

ae 
if and only if for each neighborhood W of L, there is a deleted neighborhood V of 
zo such that V C U and f(V) C W. This leads to definitions for the meaning of 
the statements lim,-,., f(z) = oo and lim, f(z) = L, that are consistent with 
the meanings attached to them in preceding chapters. 


A function f, defined on an open set U C $?, with values in $?, is continuous 
at zo € U if and only if lim,_,., f(z) = f(zo). Asin Theorem 2.1.13, f is continuous 
at every point of its domain U if and only if the inverse image, under f, of every 
open set is open. 


Analytic Functions on the Riemann Sphere. In what follows, the phrase an- 
alytic at zg, applied to a function on a subset of S?, will mean defined and analytic 
in a neighborhood of zo. 


We know what it means for a function to be analytic at a finite point of S?. 
What does it mean for a function f(z) to be analytic at co? We make sense of this 
by, again, using the coordinate function w = 1/z, which is 0 at z = oo. 


Definition 6.2.1. We will say that a complex-valued function f(z) is analytic 
at oo if f(1/w) is analytic at w = 0 (meaning defined and analytic in a deleted 
neighborhood of 0 with a removable singularity at 0). 


Thus, a function f(z) is analytic at oo if f(1/w), when given the appropriate 
value at 0, is complex differentiable with respect to w for w in a neighborhood of 
0. Note that, at points where z and w = 1/z are both finite, differentiability with 
respect to z and differentiability with respect to w are equivalent, although the two 
derivatives are not the same (Exercise 6.2.1). 
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—* is analytic at oo if we set f(co) = —1. 
z 


1 
Example 6.2.2. Show that f(z) = i 
Solution: According to the above definition, we must show that f(1/w) is 


analytic at w = 0. However, 
Law. wad 


al —t — 
fA fw) =; +1/w wtl 
and this is, indeed, analytic at w = 0. 


A way to think of $? that is suggested by the use of the z and w coordinate 
functions is to regard it as two copies of C glued together along C\ {0} by identifying 
the point z in one copy of C \ {0} with the point 1/z in the other copy. 


Analytic Functions from S? to S?. We will now discuss analytic functions 
defined on an open subset of S$? with values in S? rather than in C. There is some 
question as to what this means. That is, we know what an analytic function from 
an open subset of $? to C is, but what does it mean for a function to be analytic 
at a point where it has the value oo? This is only a problem if we insist on using 
the z coordinate function on the image space of the function f. If we use the w 
coordinate function, instead, then it is clear that f should be considered analytic 
at a point z) where f(zo) = oo if and only if 1/f is analytic at zp. 


em 
Example 6.2.3. Show that the function Ts f 
z 


from S? to $?. 


Solution: Since f(—1) = ov, to show that f is analytic at —1 as an $?-valued 
function, we must show that 1/f is analytic at —1. In fact, 
1 1l+z 
Fay ae 


is analytic at z = —1 as a function 


and this is analytic at z = —1. 


The function 1/z that has played a major role in the discussion to this point, 
can not only be thought of as a new coordinate function on $7, it can also be 
thought of as a mapping of S? to itself which interchanges 0 and oo. We will call 
this mapping s. Thus, 

s(z) = 1/z, 


for all z € S? (including 0 and oo, where, of course, 1/0 = oo and 1/oo = 0). 


According to our definitions, a function f is analytic at infinity if and only if 
fos is analytic at 0, while f is analytic at a point zo where it has the value oo if 
and only if so f is analytic at zo. 


Theorem 6.2.4. The mapping s is a conformal equivalence of S? onto itself, that 
is, it is a one-to-one analytic map of S? onto itself with an analytic inverse map. 


Proof. Clearly s is one-to-one and onto and is its own inverse function, since 
so s(z) = z. It is also analytic at every point, with the possible exceptions of 0 
and oo. However, s(1/w) = w is analytic at w = 0 and so s is analytic at z = oo. 
Similarly, 1/s(z) = z is analytic at z = 0 and so s is analytic at 0. This completes 
the proof. 
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A meromorphic function f(z) on C is said to have a pole of order n at oo if 
f(1/w) has a pole of order n at 0 (we include the case where the pole is of order 
0 — i.e. the case of a removable singularity). The next theorem shows that the 
meromorphic functions on C, with poles at oo, are the analytic functions from $? 
io.5*. 


Theorem 6.2.5. Each meromorphic function on C with a pole at co defines an 
analytic function f from S? to S*, and each analytic function from S? to S? arises 
in this way. 


Proof. Certainly a meromorphic function with a pole at oo can be considered as 
a function f from S$? to S? — we let f(z) = f(z) at points of C which are not poles 


of positive order and assign the value co to f at each point (including oo) at which 
f has a pole of positive order. 


If f(z) has a pole of order 0 at oo, then f(1/w) has a removable singularity 
at 0 and we assign f(co) the value which makes f(1/w) analytic at w = 0. The 
resulting function f : S? to S? is analytic at each point of C where f is analytic. 
At a pole z € C of f(z), 1/f(z) is analytic, and this implies that f(z) is analytic. 

At the point co, f(z) has a pole as a meromorphic function on C if and only if 


f(1/w) has a pole at 0. This happens if and only if f is analytic at oo as a function 
from S$? to S?. 


Thus, each meromorphic function f on C with a pole at oo extends to be an 
analytic function f from S? to S?. It remains to show that every analytic function 
from S? to S? arises in this way. 


If g is an analytic function from $? to $?, then at points zo of C where g(zo) # 
oo, g is an analytic complex-valued function. At a point zo of C where g(zo) = 00, 
1/g(z) is analytic and, hence, g(z) has a pole. Therefore, the restriction f of g to 
C is a meromorphic function. At oo, g(1/w) is either analytic or has a pole and 
this implies that f has a pole at co. This completes the proof. 


Complex Projective Space. The Riemann Sphere can also be described in a 
way that treats all points alike from the beginning, so that there is no special point 
co. This is its description as Complex Projective Space of dimension 1 as described 
below. 


Let C? denote the complex two-dimensional vector space consisting of all or- 
dered pairs (z,w) of complex numbers. We define a space P!(C) by starting with 
the space of non-zero vectors in C? and then identifying any two of these that dif- 
fer only by a scalar factor. That is, we identify (z1,w1) and (z2, we) if there is a 
complex scalar \ 4 0 such that (zo, w2) = (Az1, Aw1). 

The set {(z,0) : 04 2 € C} is asingle point p of P!(C), since any two vectors in 
this set are scalar multiples of one another. Similarly, the set {(0,w) :0#w«€ C} 
is a single point q of P!(C). If we remove p from P'(C), then there is a well-defined 
map 

:P(C)\{p}+C, where ¢(z,w) = = 
Note that ¢ defines a well-defined map on P!(C) \ {p} because it sends equivalent 
points (z,w) and (Az, Aw) to the same point z/w. Similarly, there is a well-defined 
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map 
wb: P(C)\{q}>C, where v(z,w) =~. 
Zz 
Both @ and w are one-to-one and onto. The inverse map for @ sends the complex 
number z to the equivalence class containing (z,1), while the inverse map for 
sends w to the equivalence class containing (1, w). Then, on C\ {0}, the composition 
wot is defined and it is, in fact, 


a 1 
pod = 5 


This means that P'(C) may also be thought of as two copies of C glued together 
along C \ {0} by identifying the point z in one copy of C \ {0} with the point 1/z in 
the other copy. Definitions of continuity and complex differentiability for functions 
on P'(C) may then be defined at points on each copy of C. These definitions will 
agree on the overlap because 1/z is an analytic function of z on C \ {0}. The 
space P!(C), with topology and notion of analytic function as defined above, is 
one-dimensional complex projective space. 


It is apparent that our description of P!(C) is just another description of the 
Riemann Sphere $7. 


Stereographic Projection. Why do we call $? the Riemann Sphere? It does 
not appear to look like a sphere at all. However, there is a standard construction 
that shows how a plane with the point at infinity adjoined can be made to look like 
a sphere. 


Consider a (hollow) sphere $ in R?. If one point is removed from S, the result 
is a space which can be mapped in a one-to-one fashion onto the plane. To see this, 
imagine S$ sits in R? = {(z,y,t): 2, y,t € R}, above the ry-plane and is tangent to 
it at the origin. Thus, the t-axis meets the sphere at the origin and one other point 
p. Then every line through p, that is not tangent to the sphere, meets the sphere 
S at exactly one point u, other than p, and also meets the xy-plane at exactly one 
point v. The function p which sends the point u to the point v is a one-to-one 
map of the sphere with p removed onto the xy-plane. This function is called the 
stereographic projection of the sphere to the plane. The standard topology on the 
sphere is such that p and its inverse function are both continuous. This means that 
a set is open in S$ \ {p} if and only if its image in the plane is open. A one-to-one 
onto map with this property is called a homeomorphism between the two spaces 
involved, and its existence means that the two spaces are equivalent as topological 
spaces. 


Note that, if S is thought of as a globe representing the earth and p is thought 
of as the north pole, then the spherical open discs on the sphere, centered at p, 
are just the sets consisting of all points above a certain north latitude. Each such 
disc is taken by the stereographic projection p onto the exterior of a closed disc, 
centered at 0, in the xry-plane. 


This discussion suggests that the sphere S, as a topological space, is homeo- 
morphic to a space constructed from the plane by adding a single point and then 
defining the topology in such a way that exteriors of closed discs centered at 0 are 
deleted neighborhoods of oo. This is how we constructed the Riemann Sphere. 
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Figure 6.2.1. Stereographic Projection. 
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Exercise Set 6.2 

1. Prove that if f is defined in a neighborhood of z € C \ {0} , then f(z) is 


10. 


. Show that the function f(z) = 


differentiable with respect to z at zo if and only if f(1/w) is differentiable 
with respect to w at wo = 1/29. What is the relationship between the two 
derivatives? 


5 is analytic at oo if it is given the value 
z 
0 at co. 


Show that the function f(z) = 2z—1 is not analytic at oo as a complex-valued 
function, but it is analytic at oo as an S?-valued function. 


. Show that e* is not analytic at oo — either as a complex-valued function or as 


an $?-valued function. 
z 
If f(z) = Poi is considered as an analytic function from $? to $7, where 
22 


are the poles of f and what are their orders? 

Prove that a polynomial of degree n determines an analytic function from S? 
to S$? which has a pole of degee n at oo and no other poles. 

Show that if f is an analytic function from S$? to S? which has no poles on C, 
then f is a polynomial. 

Find a conformal equivalence from $* to S? which sends 1 to oo, —2 to 0, and 
0 to 6. 

Show that every open cover of S? has a finite subcover — that is, show that S? 
is compact as a topological space (see Section 2.5). 

Show that if f is a non-constant analytic function from S? to S? and w € S$?, 
then f takes on the value w at most finitely many times. If w = oo, this means 
that f has only finitely many poles. If w 4 oo, this means that f(z) — w has 
only finitely many zeroes. 
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11. Can we consider sinz as an analytic function from $? to $?? Justify your 
answer. 

12. Show that if f is a non-constant analytic function from S? to S?, then f is 
onto. That is, f takes on each value p € 5S? at least once. 

13. Show that $? is connected. That is, show that S$? cannot be expressed as the 
disjoint union of two non-empy open subsets. 

14. If f : $? —> S? is an analytic function which has no pole or zero at oo, then 
show that, for sufficiently large R, Jie f(z)dz=0. 

15. If f : S? > S? is a non-constant analytic function, w € $?, and n(f,w) is 
the number of zeroes of f(z) — w, counting multiplicity, if w 4 oo, and is the 
number of poles of f, counting multiplicity, if w = oo, then prove that n(f, w) 
is constant as a function of w. Hint: Use the result of previous exercise and 
Rouché’s Theorem. 

16. Prove that every analytic function from $? to S? is a rational function — that 
is, a function of the form p(z) where p and q are polynomials in z. 


q(z) 


6.3. Linear Fractional Transformations 

A linear fractional transformation or Mobius transformation is a mapping of the 
form 

az+b 

cz +d’ 


where ad — bc £ 0. Note that, if the condition ad — bc # 0 is not satisfied, then h 
is the constant function b/d. 


(6.3.1) h(z) = 


The right way to think about a linear fractional transformation is to regard it as 
a map from S? to $?, where oo is taken to limz_,.. h(z) = a/c and the point —d/c 
is taken to oo. In fact, as we shall see below, the linear fractional transformations 
are exactly the conformal equivalences from $? to itself. 


Conformal Automorphisms of S?. By a conformal automorphism of an open 
subset U of S$? we mean a one to one conformal map of U onto itself. The composi- 
tion of two conformal automorphisms of U is clearly also a conformal automorphism 
of U, as is the inverse function of a conformal automorphism of U. Thus, the con- 
formal automorphisms of an open set U form a group under the operation of com- 
position. We are particularly interested in the group of conformal automorphisms 
of S? itself. 


We will show that the conformal automorphisms of S$? are exactly the linear 
fractional transformations — that is, the transformations of the form (6.3.1). There 
are two types of linear fractional transformations that will be particularly useful in 
the argument. These are the affine transformations, that is, transformations of the 
form 


L(z) =az+8, 
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and the inversion transformation s, given by 


Theorem 6.3.1. Each linear fractional transformation is a conformal automor- 
phism of S?. Conversely, each conformal automorphism of S? is either an affine 
transformation or a composition L, 080 Lz, where Ly and Lz are affine transfor- 
mations. Hence, each conformal automorphism of S? is a linear fractional trans- 
formation. 


Proof. We show that each linear fractional transformation h has an inverse func- 
tion which is also a linear fractional transformation. In fact, if 


az+b 
A(z) = ER 
and we solve the equation w = h(z) for z, the result is 
—dw+b 
aber alas g(w). 
This suggests that g is an inverse function for h. In fact, if we calculate hog, then 
for all w € S$? except w = 00 and w = —a/c we get 
(ab — cd) w 
hog(w) = er a 
Since ab— cd # 0, we conclude that ho g(w) = w. The cases w = oo and w = —a/c 


can be checked separately (Exercise 6.3.1), and so ho g(w) = w for all w € S?. A 
similar calculation shows that go h(z) = z for all z € $*. Hence, h has an inverse 
function h~! = g : S? > $7, and it is also a linear fractional transformation. 
Since h has an analytic inverse function, defined on all of $?, it is a conformal 
automorphism of $*. Thus, each linear fractional transformation is a conformal 
automorphism of $7. 


To prove the converse, we let f be a conformal automorphism of $? and proceed 
to show that it has the form claimed in the theorem. We first consider the case 
where f(0oo) = oo. By Theorem 6.2.4, s(z) = 1/z is a conformal automorphism of 
S?. Thus, the composition 

1 
q(z) = 80 fo s(z) Fa) 

is also a conformal automorphism of $”, and it takes 0 to 0. Thus, q is a one-to-one 
analytic function with a zero at 0. This zero must be of order one since a conformal 
map has non-vanishing derivative at each point. This implies that f(1/z) has a 
pole of order 1 at z = 0 and is analytic and finite at every other point of S?. Then 
f(z) has a pole of order 1 at co and is analytic and finite everywhere on C. It 
follows that z~'(f(z) — f(0)) is analytic and finite everywhere on S?. Hence, it is 
constant by Liouville’s Theorem. If this constant is a and b = f(0), then f is the 
affine transformation f(z) = az +b. Such a transformation is of the form (6.3.1), 
with c= 1 and d= 0, and, hence, is a linear fractional transformation. 


We next consider the case where f(co) = k oo. If we let 


6.3. Linear Fractional Transformations 199 


then p is a linear fractional transformation and, hence, a conformal automorphism 


of S?. The composition 
1 
po f(z) =z ,— 
f(z) Fk 


is then a confromal automorphism of $? which takes 00 to oo. By the previous 
paragraph, it has the form az+ b. This implies that 


1 kz+bk+1 
f(z) = Pye 

az+b az+b 
This is the composition of the affine transformation z > az + b, followed by s, 
followed by the affine transformation z — z+ k. Since this composition is also a 


linear fractional transformation, the proof is complete. 


Lines and Circles. By a circle in S? we mean either a circle in C or a line in 
C together with the point {oo}. That is, lines are to be thought of as circles in $? 
which pass through oo. 


Theorem 6.3.2. Each linear fractional transformation transforms a circle in S? 
to a circle in S?. 


Proof. By the previous theorem, each linear fractional transformation is either 
affine or the composition of affine transformations and s. Thus, it suffices to show 
that s and each affine transformation map circles in S$? to circles in $?. 


Each affine transformation L(z) = az + b obviously takes lines to lines and 
circles to circles, since, if a = re’’, then L is just rotation through an angle 0, 
followed by an expansion or contraction by a factor r, followed by a translation by 
b. To finish the proof, we must show that s also takes circles in S? to circles in $?. 


Every line or circle in the plane is the solution set to an equation of the form 
(6.3.2) alz|? + Wz + wz+b=0, 


where a and DB are real numbers and w is a complex number. Conversely, every 
equation of this form has a line, circle, point, or the empty set as its set of solutions 
(Exercise 1.1.18). Given a line or circle with equation (6.3.2), the transformation s 
takes a point on this line or circle to a point z which satisfies the equation 


alz|~? ++ wz! +wz-' +d. 
On multiplying through by |z|?, this becomes 
a+wz+wz4dlz|’, 


which is another equation of the form (6.3.2). Hence, its solution set is a line, circle, 
point, or the empty set. Clearly, only the first two are possible images of a line or 
circle under s. This completes the proof. 


The preceding result can be very useful in making a quick determination of the 
image of a set under a linear fractional transformation. 


Example 6.3.3. Find the image of the unit disc under the transformation 
22 
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Solution: We have h(1) = 1+ 7%, h(—1) = 1-3, and h(i) = ow. Since h 
must take the unit circle to a line or a circle, it evidently takes the unit circle to 
the vertical line Re(z) = 1. Since the unit circle is the boundary of the open unit 
disc, h must take this disc to a set having the line Re(z) = 1 and the point oo 
as its boundary. Thus, the image must be one of the half-planes {z : Re(z) < 1}, 
{z: Re(z) > 1}. Since h(0) = 0, the image must be {z : Re(z) < 1}. 


A linear fractional transformation h is determined by the images of any three 
distinct points in S$? under h. 
Theorem 6.3.4. Given two ordered triples {w1,w2,ws3} and {21, 22,23} of dis- 


tinct points of S?, there is exactly one linear fractional transformation h such that 
h(wy) = Z55 j = 1, 2,3. 


Proof. We first show that there is a linear fractional tranformation that takes a 
given ordered triple of complex numbers {w1, wo, w3} to {0,1, 00}. In fact, 
A(z) = 


(w2 — w3)(z — w1) 
(wz — wi)(z — ws) 


does the job. 


Now suppose we have a triple {w 1, w2, w3} of distinct points of S?, where one 
of the points is 00. Then we can still find an h taking this triple to {0,1,00}. For 
example, if w3 = oo, then 
Zz — Wi 
h(z) = ——— 

ea 
will suffice. 

Now to get a linear fractional transformation h which takes {w 1, we, w3} to 
{21, 22, 23}, we choose h, taking {w1, w2, ws} to {0, 1,00} and he taking {21, 22, z3} 
to {0,1,00} and then set h = hy! o hy. 

It remains to prove that h is unique. Suppose g is another linear fractional 
transformation that takes {w1, w2, w3} to {21, 22,23}. With h = hy‘ ohy, as in the 
previous paragraph, we have that f = hgogoh; + is a linear fractional transformation 
that takes {0, 1,00} to {0, 1, oo}. If 

az+b 
fl) = ea? 
then f(0) = 0 implies that b = 0, f(oo) = oo implies that c = 0, and f(1) = 1 
implies that a/d = 1. We conclude that f is the identity transformation — that is, 
f(z) = z. This, in turn, implies that 


g=hzofoh,=hy'ohy=h. 


Automorphisms of the Unit Disc. We next determine the conformal automor- 
phisms of the open unit disc and study their properties. These maps will play a 
key role in our proof of the Riemann Mapping Theorem. We begin by identifying 
which linear fractional transformations map the unit disc to itself. 

Let D = D,(0) be the open unit disc and let w be a point of D. Then the 
linear fractional transformation 


(6.3.3) hw(z) = 
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maps w to 0, and 0 to —w. It also maps the unit circle to itself since, if |u| = 1, 


then u~! = 4, and so 


U— W U— W 


U— W | 


a1. 


1—wu u-l—@ uU— Ww 


Since h,, maps the unit circle to itself and a point, w, inside the unit circle to 
another point, 0, inside the unit circle, it must map the unit disc D onto itself (it 
has to map it to some open set in S$? which has the unit circle as boundary and 
there are only two choices: D and the complement of its closure). It follows that 
hy is a conformal automorphism of D. 


Suppose that h is some other conformal automorphism of D that takes w to 0. 
Then ho h;,! is a conformal automorphism of D that takes 0 to 0. By Theorem 
3.5.6 there is a complex number u of modulus one such that ho hj'(z) = uz. On 
replacing z by h,(z), this implies that h(z) = uh,,(z). Thus, we have proved the 
following theorem. 


Theorem 6.3.5. The conformal automorphisms of the unit disc are the linear 
fractional transformation of the form 


where |u| = 1 and |w| < 1. 


The following is an elementary calculation and is left as an exercise (Exercise 
6.3.8). It will be used in the proof of the Riemann Mapping Theorem. 


Theorem 6.3.6. With w € D and hy as above, 


LO me oS — 


ees 


eC 
Exercise Set 6.3 


1. Prove that ho g(w) = w for the transformations h and g of Theorem 6.3.1 in 
the exceptional cases w = oo and w = a/c. 

2. Find a linear fractional transformation that takes the line Re(z) = 1 to the 
circle of radius one centered at —1. 

3. What is the image of the unit disc under the linear fractional transformation 

21z 2 

z-1 

4. What is the image of the disc of radius 1, centered at 1 +7, under the linear 
fractional transformation 


h(z) = 


= LZ ? 
l-z 

5. What is the image of the disc of radius 1/2, centered at 1/2, under the linear 
fractional transformation of the previous exercise? 


h(z) 
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13. 


14. 


1 
The linear fractional transformation h(z) = — takes the open unit disc D 
—2Z 


to the right half-plane. Show that h sends the set consisting of those points in 
D that lie outside another circle which intersects the unit circle at right angles 
and passes through the point z = 1 to a set of the form 


{z: Re(z) > 0, Im(z) <a} or {z: Re(z) > 0, Im(z) > -a} 


for some positive a. What is a? 

A certain linear fractional transformation h takes the ordered triple of points 
{a1,b1,c:} on circle number one to the ordered triple {a2, b2,c2} on circle 
number two. Just by looking at these points, how can you tell whether h maps 
the inside of circle one to the inside or to the outside of circle two? 

Prove Theorem 6.3.6. 

Prove that, for each w € D, the mapping hy of (6.3.3) has h_,, as its inverse 
transformation. 


. Find a conformal automorphism of D which takes 1/2 to 0 and has derivative 


3i/4 at z =0. 


. Find a conformal automorphism of D which takes 1/2 to i/3 and has positive 


derivative at 1/2. 


. If w € D, prove that among all analytic functions that map D into D, map w 


to 0, and have a positive derivative at w, the one with the largest derivative 
is the function hy of (6.3.3). Hint: Use Schwarz’s Lemma (Lemma 3.5.5). 
Each non-singular 2 x 2 complex matrix 


a Ob 
A —_ 
determines a linear fractional transformation 


az+b 
ba(z) = cz +d 


Show that this correspondence A > ¢, is a group homomorphism — that is, 
show that it takes the product AB of two matrices A and B to the composition 
oa © bp of the corresponding linear fractional transformations. 

What is the kernel of the map A > @, of the preceding exercise — that is, for 
which matrices A is ¢, the identity transformation z > z? 


6.4. The Riemann Mapping Theorem 


In this section we prove the Riemann Mapping Theorem, which says that every 
proper, simply connected, open subset of C is conformally equivalent to the unit 
disc. 


The proof proceeds as follows: Given a proper, simply connected, open subset 


U CC, we fix a point z € U and consider the family F of all one-to-one conformal 
maps of U into the unit disc D which map 29 to 0. We first show that this set is 
non-empty. We then show that if a given f € F does not map U onto D, then there 
is ag € F with |g/(z0| > |f’(zo)|. Finally, we show that there is an h € F whose 
derivative at zo has maximum absolute value. Such an h must map U onto D. 
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The last step in this program — showing that there is an h € F with derivative of 
maximal modulus at zg — involves showing that any sequence in F has a subsequence 
which converges to a function which is also in J. This means we must prove that 
F is a normal family. We take up this task first. 


Normal Families. 


Definition 6.4.1. Let U be an open subset of C. A collection F¥ of analytic func- 
tions defined on U is called a normal family if each sequence in F either converges 
uniformly to infinity on each compact subset of U or has a subsequence which 
converges uniformly on each compact subset of U to an analytic function. 


Normal families containing sequences which converge to infinity will not occur 
in this chapter, but they will play a role in the next chapter in the proof of the Big 
Picard Theorem. 


Here we encounter another one of the amazing properties of analytic functions: 
It takes very little for a family of analytic functions to be a normal family. In fact, 
it is enough that the family be uniformly bounded, where F is said to be uniformly 
bounded on U if there is an M such that |f(z)| < M for every z € U and every 
feF. 


Theorem 6.4.2 (Montel’s Theorem). Given an open set U C C, each uniformly 
bounded sequence of analytic functions on U has subsequence which converges unt- 
formly on each compact subset of U. Hence, each uniformly bounded family of 
functions on U is a normal family. 


Proof. Let {f,} be a uniformly bounded sequence of functions on U. We must 
show that this sequence has a subsequence that converges uniformly on each com- 
pact subset of U. 


We begin by choosing an enumeration 21, 22,--- ,2n,::: of the points of U with 
rational coordinates. Since F is uniformly bounded, there is an M > 0 such that 
|f(z)| < M for all z € U and all f ¢ F. Then {f,(z1)} is a sequence of complex 
numbers, bounded in modulus by M. It therefore has a convergent subsequence. 
We denote by {fin} the corresponding subsequence of {f,}. Then {fin(z2)} is 
a bounded sequence, and so it too has a convergent subsequence. We denote the 
corresponding subsequence of { fin} by {fon}. Continuing in this way we inductively 
construct a sequence of subsequences of { f, }: 


fia, iss: 22? fins 

fai; fae, oats fon, 
(6.4.1) me is aba 

fei, fro, <** San, 


with each sequence a subsequence of the preceding sequence, and {fin(z;)}n a 
convergent sequence of numbers for each k and each 7 < k. Then the diagonal 
sequence { fnn} is a subsequence of {f,} which converges at every z;. 
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Let gn = fan. We will show that {g,,} converges uniformly on every compact 
subset of U — not just pointwise at each rational point z;. 
If w € U, we choose r > 0 such that the closed disc Do,(w) is contained in U. 
Then for each z € D,(w) we have 
D,-(2) Cc D2,(w) CU. 
By Cauchy’s estimates, each f € F satisfies 
M 
Ir@ls =. 


Then, for any two points z, z’ € D,(w) we have 


(6.4.2) 2) 71 =|f raya 


Note that the bound on the right in this estimate is independent of the function 
f © §. In particular, it holds for each function in the sequence {g,}. 


re 
Given € > 0, we choose 6 = 3a If z € D,(w), there are points with rational 


M ; 
So |e. 
Tr 


coefficients arbitrarily close to z. Let z; be one such point with |z — z;| < 6. By 
(6.4.2), 
M re € 
\9n(2) — Gn(zs)| < map 3 


We next choose N such that 
l9n(2;) — 9m(2;)| < 5 whenever n,m> WN. 


We can do this because {g,,(z;)} is a convergent, hence Cauchy, sequence for each 
j. Then 


gn (2) — 9m(2)| S lgn(2) — Gn (29) + ln (25) — Gm (25)| + 9m (23) — 9m(Z)] < €, 
if n,m > N. This proves that g, is uniformly Cauchy on the disc D,(w) and, 
hence, converges uniformly on this disc. 

If K is a compact subset of U, then the discs of the form D,(w), where w € K 
and r is chosen so that D2,(w) C U, form an open cover of K. Since K is compact, 
it is covered by finitely many of these discs. Since {g,} converges uniformly on 
each of these discs, it also converges uniformly on K. 


The Riemann Mapping Theorem. Let U be a non-empty, connected, proper 
subset of C with the property that every non-vanishing analytic function on U has 
an analytic square root. This property is satisfied, for example, if U is simply 
connected (Theorem 4.6.16). We fix a point zo € U and let F denote the set of 
one-to-one conformal maps f of U into the open unit disc D, such that f(zo) = 0. 
The proof of the Riemann Mapping Theorem consists of several steps leading to 
the conclusion that there is an element of J which maps onto D. 


Lemma 6.4.3. The set F is non-empty. 


Proof. Since U is a proper subset of C, there is a point 4 € C which is not in U. 
Then the function f(z) = z — A is non-vanishing on U and, hence, has an analytic 
square root g. Since f is one-to-one and non-vanishing, so is g and, hence, g is a 
one-to-one conformal map whose image does not contain 0. 


6.4. The Riemann Mapping Theorem 205 


Figure 6.4.1. The Mapping f of Lemma 6.4.4. 


Since g is analytic, its image g(U) is open by the Open Mapping Theorem 
(Theorem 4.5.8). It follows that we can find a closed disc D,(wo) C g(U) with 
0<r<o. Since g? = f and f is a one-to-one function, the image of g cannot 
contain a non-zero point and its negative, since then these two points would be 
taken to the same point by g?. Thus no point of the reflection through the origin, 
D,(—wo), of D;(wo) is contained in g(U). It follows that 


\g(z) + wo] > r 


for all z € U, and this means that the function 


p(z) = 


‘ 
g(z) + wo 
is a one-to-one conformal map of U into the unit disc. If p(zo) = w, then we can 
compose p with the conformal automorphism hy of the unit disc (6.3.3) to obtain 
a one-to-one conformal map h,, op of U into D which takes zp to 0. Thus, F is not 
empty. 


Lemma 6.4.4. Let U, zo, and F be as above. If f © F and f does not map U onto 
D, then there is ag € F with 


|9'(20)| > If" (20)- 


Proof. Let w € D be a point which is not in the image of f (see Figure 6.4.1). 
Recall from the previous section that the map h,, of (6.3.3) is a conformal automor- 
phism of the unit disc which sends w to 0. Thus, hy o f(z) 4 0 for all z € U. As 
in the proof of the previous lemma, this means that h,, o f has an analytic square 
root q. If g(zo) = A, then A? = w, q? = hy o f, and 


AO) pre) — = tw) ay) 
= Fay t 0) = f'(2) 


2A 
The function q is a one-to-one conformal map of U into the unit disc, but q(zo) is 
not 0 — it is A. To get an element of F we compose q with hy. The resulting map 
g =h) og belongs to F and satisfies 


(1 —|A/*) 


Dn Ff’ (20): 


q' (20) 


_y14 
(04.8) of(20) = WO (20) = yA fea) = 


(1 + Al?) 


Dn f' (2). 
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Since 0 < (1 —|A|)? = 1— 2|A] + |A|?, we have 2|A| < 1+ |A|?. Since a conformal 
map has non-vanishing derivative, |f’(zo)| > 0. It then follows from (6.4.3) that 


l9'(z0)| > lf" (20)|- 


Theorem 6.4.5 (Riemann Mapping Theorem). Let U be a proper, connected open 
subset of C with the property that every non-vanishing analytic function on U has 
an analytic square root. Then there is a conformal equivalence of U onto the unit 
disc D. 


Proof. Let z € U and F be as above. We know that F is non-empty by Lemma 
6.4.3. We set 

m = sup{lf"(zo)| sf € F}- 
Then m is either +oo or a positive number, since every conformal map has non- 
vanishing derivative. We will show that there is an element h of F such that 
|h'(z9)| =m. Clearly, in view of the previous lemma, such an h maps U onto D. 


We choose a sequence {fn} of elements of F such that 
slim [f,(20)| = m. 

Since F is a uniformly bounded family of analytic functions, it is a normal family 
by Theorem 6.4.2. Hence, there is a subsequence of {f,,} which converges uniformly 
on compact subsets of U to a function h. It follows from Cauchy’s estimates that 
the derivatives of the functions in this subsequence converge to h’ (Exercise 3.2.15), 
and so |h’(zo)| = m. Since m 4 0, h is not a constant. Since each f,, is one-to-one, 
it follows that h is also one to one (Exercise 4.5.5). Since fn(zo) = 0 for every 
n, we also have h(zo) = 0. Hence, h is an element of F whose derivative at z 
has modulus m. By the previous lemma, h must map U onto D. Hence, h is a 
conformal equivalence of U to D. 


A conformal equivalence h from an open set U to an open set V is, in particular, 
a homeomorphism — that is, a one-to-one continuous function from U onto V with 
a continuous inverse function. Such a function h takes a curve y in U to a curve 
hovy in V. Its inverse function h~* takes curves in V to curves in U. Clearly 
homotopies are taken to homotopies by these maps. It follows that if there is a 
homeomorphism between two open sets, then one is simply connected if and only 
if the other is also. This implies the following corollary of the Riemann Mapping 
Theorem. 


Corollary 6.4.6. If U is a connected open set in the plane with the property that 
every non-vanishing analytic function on U has an analytic square root, then U is 
simply connected. 


This corollary completes the proof of Theorem 4.6.16. 


ji SS Se  ____— ___ | 
Exercise Set 6.4 


1. Is the set of all conformal automorphisms of the unit disc a normal family? 
If so, then every sequence of such maps has a convergent subsequence. Is the 
limit necessarily also a conformal automorphism of the unit disc? 
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2. If U is a connected open subset of C and zp is a point of U, prove that the set 
of all analytic functions f on U with positive real part and with f(z) = 1 is 
a normal family. 

3. Suppose U is a connected open set and V is a simply connected open set which 
is not the whole plane. If z € U and wo € V are fixed, let F be the family 
of all analytic functions from U to V which send zp to wo. Prove that F is a 
normal family. 

4. Show by example that it is not true that every uniformly bounded family F 
of continuous functions on an interval on the line has the property that every 
sequence in F has a convergent subsequence. 

5. Prove that the complex plane C is not conformally equivalent to the unit disc 
even though it is simply connected. Why doesn’t this contradict the Riemann 
Mapping Theorem? 

6. Is an open rectangle in the plane conformally equivalent to the open unit disc 
D? 

7. Is the open right half-plane, with the interval [1,co) removed, conformally 
equivalent to the unit disc D? 

8. Is the open right half-plane, with the interval [1, 2] removed, conformally equiv- 
alent to the unit disc D? 

9. Is the punctured disc D,(0)\ {0} conformally equivalent to the right half-plane 
{z: Re(z) > 0}? 

10. Given one conformal equivalence h from an open set U to the unit disc D, can 
you describe all the others in terms of h? 

11. With F as in the proof of Theorem 6.4.5, is it necessarily true that a conformal 
equivalence h from U to D that takes zo € U to 0 has the property that |h’(zo)| 
is maximal among the numbers |f’(zo)| for f € F? 

12. Prove that if f is analytic and satisfies |f(z)| < 1 on the right half-plane, and 
if f(1) = 0, then 


f(s 
for all z in the right half-plane. 


z—-1 
z+l1 


6.5. The Poisson Integral 


Let U be a bounded open set in the plane and let g be a continuous function on 
OU. The Dirichlet problem for U and g is the problem of finding a function u which 
is continuous on U, harmonic on U, and equal to g on OU. The function g is called 
the boundary function for the problem. A uniqueness theorem for solutions to the 
Dirichlet problem follows easily from the results of Section 3.5 (see Exercise 6.5.2): 


Theorem 6.5.1. IfU is a bounded open subset of C and g is a continuous function 
on OU, then there is at most one solution to the Dirichlet problem for U and g. 


If U is simply connected and has a simple closed curve as its boundary, then 
the Dirichlet problem always has a solution. One proof that this is so, uses the 
Riemann Mapping Theorem. This proof proceeds as follows: We exhibit an explicit 
solution to the Dirichlet problem for the unit disc D and any continuous function 
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on its boundary. The Riemann Mapping Theorem tells us there is a conformal 
equivalence h: U + D. We use this map to show that the Dirichlet problem on U 
is equivalent to the Dirichlet problem on D. 


The difficulty with the above approach is that it requires that the conformal 
equivalence h : U — D extends to a one-to-one continuous map U > D with a 
continuous inverse. In fact, this is true and we will state it as a theorem, but we 
do not include a proof. A proof can be found in Walter Rudin’s text [8]. 


Theorem 6.5.2. If U is a simply connected open set with a simple closed curve 
as boundary, and if h : U — D is a conformal equivalence, then h extends to a 
continuous function from U to D with a continuous inverse. 


Assuming this theorem, we will proceed with the proof that the Dirichlet prob- 
lem always has a solution for a set U as above. In this section we deal with the 
first step — the case where U is the unit disc D. The next section is devoted to 
showing how to use the Riemann Mapping Theorem to attack the problem on more 
complicated sets. 


The Poisson Kernel. Recall the linear fractional transformation from Example 

6.1.4: 
1+2 

(6.5.1) a 
This is a one-to-one conformal map of the unit disc onto the right half-plane. 
The Poisson kernel is constructed from the real part of this function. This was 
calculated in Example 6.1.4 by multiplying numerator and denominator in (6.5.1) 
by the conjugate of the denominator. The result is 


(6.5.2) Re (+**) _ 1-le/? 


l—z \1 — 2|2° 


If z = re” is the polar form of z, then 
j1—2|/? = |1—re”? |? = 1— 2rcosé +r? 
and so the expression on the right in (6.5.2) becomes 
1-r? 
6.5.3 P,(0) = ———_____... 
( ) (9) 1—2rcosé +r? 


This may also be written as 
lo) 
P,(0) = ‘Se ll ind 
—co 


by Exercise 6.5.1. 
The Poisson kernel is the function 
_ 1-—r? 
~ 1—2rcos(0—t) +r? 


1 —it at 
= Re a - Vs Re ae é 
l—e-“z et —z 


It produces a harmonic function on D when it is integrated with respect to t against 
a continuous function on the boundary of D. 


P,(0 —t) 


(6.5.4) 
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Theorem 6.5.3. If D is the open unit disc, g is a continuous real-valued function 
on OD, and u is defined by 


ulr i0\ __ aE it B are 
(re'®) | ale") P,(8 — t) dt, 


On 


then u is a harmonic function of z =re® on D. 


Proof. Since g is real-valued, the function wu is the real part of 
1 7?" ace spe 
(6.5.5) fel=s. f° We GH 


This function is analytic on the complement of the unit circle (Exercise 3.2.16) and, 
in particular, on D. Hence, its real part u is harmonic on D. 


The integral defining the harmonic function u in the above theorem is called 
the Poisson integral. 


Boundary Values. We will show that the function u, defined in the above 
theorem, has the property that 


lim u(z) = g(w) 


Zw 
for each w on the unit circle. This implies that we get a continuous extension of 
u to the closed unit disc D if we define u(w) to be g(w) at each w € OD. Before 
proving this, we need to establish some properties of the function P,.(6). 


Lemma 6.5.4. The Poisson kernel P,.(@—t) of (6.5.4) satisfies 


1 Tv 
— | P(@—t)dt=1 


QT Sf 
for every r <1 and every 0. 
Proof. We have 
Lf 1 f™ et+z 
6.5.6 — P,(@ — t) dt = Re | — dt). 
( ) Qn J_n ( ) (of Se ) 


We can easily evaluate this using residue theory. In fact, 


1 [7 et 1 wy ait . 
/ egies 7 +e? jet at 
Qn J_, et —z 2ni J_, e&—z 


1 1 
= 1+2/v 4, 


7 Qi jw|=1 WZ 
The last expression can be evaluated by applying the Residue Theorem to the 
function 
1+2z/w wtz 


w-zZ w(w— z) 
This has residue —1 at w = 0 and residue 2 at w = z. Hence, 
1 T Ait 
St pe 


ett —z 


Qn J» 


Thus, its real part is also 1. In view of (6.5.6), the proof is complete. 
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Lemma 6.5.5. If g is a continuous function on the unit circle, then 


(6.5.7) fines i g(e") P,.(0 — t) dt = g(e’”). 


ral QT ae 


Furthermore, the convergence is uniform in @. 


Proof. The idea of the proof is this: When r is near 1, P,.(@ — t) is nearly 0 for all 
t € [—a,7] except near 6, where the function has a large spike. This means that 
only values of g(e*) for t near 6 contribute significantly to the integral (6.5.7). The 
proof below makes this claim precise. 


The function P,(0) is a positive, even function of 0. Since its denominator is 
increasing on the interval [0, 7], this function is decreasing as @ moves away from 0 
in either direction. It follows that, if 7 is a fixed number between 0 and 7, then 


(6.5.8) P,(6—t) < P-(n) when  <|0-#| <r. 


Since g is continuous on the unit circle, which is compact, g is uniformly con- 
tinuous. Thus, given « > 0, we may choose 7 > 0, which does not depend on @, 
such that 
(6.5.9) |g(e“) — g(e’)| < €/2 whenever |9—t| <7. 

It follows from Lemma 6.5.4 that 

1 « i i 1 - t t 
5. | gle") P-(8— t) dt — g(e*) = | (g(e"*) — g(e’*)) P-(0 — t) dt. 
27 Jen 27 Jin 
The absolute value of this expression is less than or equal to 
1 7 
27 J 


lg(e") — g(e"®)|P.(0 — t) dt. 


We split this integral into the sum of an integral over [9 — 7,0 +] and integrals 
over [—7,@ — 7] and [9+ 7,7]. The first summand may be estimated using (6.5.9) 
and Lemma 6.5.4: 


6+ 


(6.5.10) ! ae (ci) — g(e!®)|P.(0 — t) dt < © f P,(6 —t)dt < £ 
. ye ae ae ee DOmaca ae) 


The integrals over [—7,—0] and [60,7] are estimated using (6.5.8). If M is an 
upper bound for g on the circle, then 


1 /* 
= | lale) - (0 )1P(0 A) at 
TT 0+n 
(6.5.11) in 
<Pens= [ |gle") - gle) dt < MP.(n) 
Tv 0+n 


and the integral over [—7, 9 — 7] satisfies the same estimate. 
Since 0 <n <7, 
1-r? 


i PG) SO =, 
Pree v(n) rol 1—2rcosn +r? 


because the numerator has limit 0 and the denominator has limit 2 — 2cosn 4 0. 
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We choose 6 > 0 such that 


IPM < aq if 1-é<r<l. 


Then (6.5.11) implies that 


1 ik ; ; 
Ig(e*) — g(e’)|P.(6 — t) dt < M-— = “ 


5.12 ae 
Cor 4M A 


20 O44 


Putting (6.5.10) together with (6.5.12) and the analogous estimate for the in- 
tegral on [—7,0 — n], we conclude that 


: i g(e’’) P..(0) do — g(e’’)| < 


Qn Jn 


for 1—6 <r <1 and for every 6 € [—7,7]. This proves the Theorem. 


The next theorem tells us that the Poisson integral yields a solution to the 
Dirichlet problem for the unit disc and an arbitrary continuous boundary function 


g. 
Theorem 6.5.6. If g is a real-valued continuous function on the unit circle and u 


is defined on the closed unit disc D by 


(6.5.13) u(re’?) = : [ aenp0-0 dt 


On 


ifr <1 and by u(e’’) = g(e’®) on the unit circle, then u is continuous on D and 
harmonic on D. 


Proof. In view of Theorem 6.5.3, the only thing left to prove is that 
(6.5.14) lim, u(z) =g(e™) for all 4. 
e?70 


ze 


The previous lemma almost says this, but not quite. The limit there is taken only 
along radial lines, and this is not exactly what is meant by (6.5.14). We need to do 
a bit more work. 


Because the convergence in Lemma 6.5.5 is uniform in @, given e > 0 we may 
choose a 6; > 0 such that 


Ju(r e’?) — g(e’*)| < 
for all 0 and all r with 1 — 6, <r <1. We may also choose 62 such that 


i i € 
Ig(e"*) — ge!) < § 


whenever |e’? — e’| < dy. If 6 = min{6dy, dg}, then |re’? — e’° | < 6 implies both 
|r e®? — | < 5, and |e? — e% | < dy, from which it follows that 

Ju(re’?) — g(e*)| < Ju(re”) — g(e*)| + |g(e'*) — g(e)| <e. 
This proves (6.5.14). 
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Poisson’s Formula. Suppose g is a continuous function defined on the circle 
of radius R centered at z and we wish to solve the Dirichlet problem for Dp(zo) 
and g. By using the conformal map z > z + Rz, which takes D to Dr(zo), we 
can transform this problem into a Dirichlet problem on the unit disc. The solution 
given by Theorem 6.5.3 may then be pulled back to Dr(zo) using the inverse map 
z— (z— 2)/R. The result is a solution to the Dirichlet problem for Dr(zo) and 
g given by 


; 1 27 : 
(6.5.15) u(re’?) = x | g(zo4 Re") 
We leave the details to Exercise 6.5.8. 


This result may be used to prove Poisson’s Integral Formula for a harmonic 
function on an open set U: 


can dt 
2 — IrReos(@—t)+r2 


Theorem 6.5.7. Let u be a real-valued harmonic function defined on an open set 
U in the plane. If Dr(zo) C U, then 


1 ae . (R? _ f) 
as Re“ dt 
ul) 2m Jo Ueey Be Re — 2Rrcos(0 — t) +r? 
Le a, Ret +z 


for all z = m% +re” € Dr(z0). 


The proof is left as an exercise (Exercise 6.5.9) 


Note that the second equality in the above theorem expresses u as the real part 
of an analytic function in the disc Dr(zo). 


ee 
Exercise Set 6.5 


1. Prove that the Poisson kernel may also be written as 
Co 
P,.(8) = re ind. 
—oo 


2. Prove the uniqueness theorem (Theorem 6.5.1) for solutions of the Dirichlet 
problem. 

3. By inspection, find a solution to the Dirichlet problem on D if the boundary 
function g is g(e’*) = cost. Use your answer to evaluate 


1 i (1 —r?) cost FP 
2x Jo 1-—2rcos(@—t)+r2-— 


4. Show that the Poisson kernel P,.(@ — t) is a harmonic function of z = re’® on 
the open unit disc. 

5. Equation (6.5.5) expresses the harmonic function u, given by the Poisson in- 
tegral, as the real part of an analytic function on D. Use this equation to find 
an integral formula for a harmonic conjugate to u. 
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6. Show that if g is a positive, continuous function on the unit circle, then the 
analytic function f defined by equation (6.5.5) has positive real part and its 
imaginary part vanishes at z = 0. 

7. Let f be analytic on the open unit disc D. If the real part of f is positive and 
extends to be continuous on D, then prove that f is a function of the form 
given in the previous exercise plus an imaginary constant. 

8. Supply the details of the proof that (6.5.15) gives a solution to the Dirichlet 
problem for Dr(zo) with boundary function g. 

9. Prove Theorem 6.5.7. 

10. Show that if u is a real-valued, non-negative harmonic function on an open set 
containing Dp(zo), then 


for 0 < r = |z— z| < R. This is Harnack’s Inequality. Hint: Use Theorem 
6.5.7. 

11. If wu is harmonic and non-negative on D and u(0) = 1, give upper and lower 
bounds for u(1/2). Hint: Use the result of the previous exercise. 

12. Prove that if un, is a sequence of positive harmonic functions on a connected 
open set U, and if un(zo) + 0 at one point zp € u, then u,(z) > 0 at every 
point z of U. Hint: Use the result of Exercise 10. 


6.6. The Dirichlet Problem 


The Dirichlet problem is of great importance in physics and engineering. Here we 
briefly discuss some of the applications that make this so. We then move on to 
showing how to use conformal equivalence to reduce the Dirichlet problem for a set 
U and boundary function g to a simpler problem which, hopefully, we know how 
to solve. 


Heat Flow. The termperature T at points of a flat plate represented by a region 
U in the plane satisfies the heat equation 


OT 
ot 


(6.6.1) 


2 2 
= har =( 5 an) 


Ox Oy 


If the set U is bounded and if each point w of its boundary is maintained at 
a constant temperature To(w), then, over time, the temperature distribution on 
the entire plate will approach an equilibrium state T — one that does not change 
with time. This means 0T/dt = 0. The heat equation (6.6.1) then implies that 
ia as a function of x and y satisfies Laplace’s equation. Hence, T is a harmonic 
function on U which agrees with the boundary function To on OU. Thus, to find the 
equilibrium temperature on U that will result from maintaining the temperature 
on the boundary at To means solving the Dirichlet problem for U and To. 
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Electrostatics. An electric field on a plane region U is a vector function 
E(z) = (Ei (2), Fa(z)) 


which, for each z € U, describes the force that would be exerted on a charged 
particle located at z. This vector function has the form 


for a real-valued function ¢ on U called the potential function for the electric field 
E. A static electric field (one that is not changing in time) satisfies 

OF es OE2 x 
Ox Ox 
This means its potential function ¢ satisfies Laplace’s equation and is, therefore, 
harmonic. 


div E = 


If the boundary of U is maintained at a potential given by the boundary func- 
tion w on OU, then the problem of finding the resulting potential at points of U is 
the Dirichlet problem for U with boundary function w. 


Hydrodynamics. In the study of two-dimensional fluid flow for non-viscous 
fluids, the velocity of the fluid at a given point z is a vector q(z) = (q1(z), 2(z)). 
If the fluid is incompressible and the flow is irrotational, so that 


divqg=0 and curlg=0O, 


then the vector q is the gradient V@ of a potential function ¢@ which satisfies 
Laplace’s equation and, hence, is a harmonic function. A typical fluid flow problem 
is not, however, a Dirichlet type problem. The typical boundary condition for fluid 
flow is that the flow along the walls of the container should be parallel to the walls; 
that is, the component 0¢/0n of V¢ normal to the wall should be 0. The problem 
of finding a harmonic function which satisfies this condition on a given region is 
called the Neumann problem. 


Existence of Solutions. Given a bounded simply connected open set U witha 
simple closed curve for its boundary, the Riemann Mapping Theorem and Theorem 
6.5.2 tell us that there is a homeomorphism h : U - D which, on U, is a conformal 
map of U onto D. This allows us to prove the existence of a solution to the Dirichlet 
problem for U in the following way. 


If g is a continuous real-valued function on OU, then go h~! is a continuous 
real valued function on 0D. By Theorem 6.5.6, go h~! is the restriction to 0D 
of a function u which is continous on D and harmonic on D. Then woh is a 
continuous function on U which equals g on OU. It is also harmonic on U, since the 
composition of an analytic function followed by a harmonic function is harmonic 
(Exercise 6.6.11). This proves that the Dirichlet problem for U and g has a solution 
for every continuous function g on OU. 


The Dirichlet problem also makes sense for unbounded open sets. Suppose U is 
an unbounded, simply connected, open subset of C with closure U a proper subset 
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of C. If we choose a point w € C \ U, then the linear fractional transformation 
1 


Zz — W 


h(z) = 


is a conformal automorphism of $? which takes U to a bounded simply connected 
open subset V of C. If V has a simple closed curve as boundary, then we will say 
that U has a simple closed curve as boundary in $7. If this is the case, then the 
Dirichlet problem can be solved for V and any continuous function on OV. The 
map h is a homeomorphism from the closure of U in S? to the closure of V and so 
it can be used to transform a continuous function g on the boundary of U in S? to 
a continuous function go h~! on the boundary of V. A solution to the Dirichlet 
problem for V and goh may then be transformed back to a solution to the Dirichlet 
problem for U and g by composing with h. 


The following theorem summarizes the preceding discussion. 


Theorem 6.6.1. Let U be a proper simply connected open subset of C with a simple 
closed curve as its boundary in S?. Then each continous function on the boundary 
of U in S? is the restriction of a continuous function on the closure of U in S? 
which is harmonic on U. 


Remark 6.6.2. The hypothesis that g is continuous in the above theorem is not 
really necessary if one is willing to accept somewhat less in the conclusion. For 
example, if g is bounded and continuous except at a finite set of discontinuities, 
then Lemma 6.5.3 continues to hold, while in Lemma 6.5.5 and Theorem 6.5.6, the 
conclusions about limits and continuity of u at boundary points continue to hold 
at the points where g is continuous. This implies that the previous theorem can 
be modified to cover the case where g is bounded and continuous except at a finite 
set of discontinuities. The conclusion is then that g is the restriction to OU of a 
function which is harmonic on U and continuous on U except at those points of OU 
where g is not continuous. 


Finding Explicit Solutions. The previous theorem tells us that solutions to 
the Dirichlet problem exist if U is simply connected with a simple closed curve as 
boundary, but it does not give us an explicit expression for the solution in terms 
of elementary functions. It is too much to hope for this in general, but there are 
situations where a conformal equivalence between U and some other set V reduces 
the problem to one where we can find an explicit solution, often by inspection. This 
is another way in which conformal maps aid in the study of the Dirichlet problem. 
We will demonstrate this with a series of examples. 


Example 6.6.3. Let U be the strip {z : —1 < Im(z) < 1}. Find a solution 
to the Dirichlet problem for U and the boundary function which is 0 on the line 
{z : Im(z) = —1} and 2 on the line {z : Im(z) = 1}. 

Solution: This one is easy. The function 1 —7z is analytic on C and so its real 
part 

1+Im(z)=1+y 

is harmonic on C. The restriction of this function to {z : —1 < Im(z) < 1} is 
continuous, is harmonic on {z : —1 < Im(z) < 1}, and has the required values on 
the boundary of this set. 
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Se — 


Figure 6.6.1. The Picture for Example 6.6.4. 


Example 6.6.4. Find a function on the closed unit disc which is continuous except 
at +1, is harmonic on the open unit disc, and is 0 on the lower half of the unit 
circle and 2 on the upper half of the unit circle. 


Solution: In Example 6.1.7 we showed that the function 


2 1l+z 
n(z) = > tog (++) 


is a conformal equivalence from the unit disc to the strip {z : —1 < Im(z) < 1}. 
This map takes the upper semicircle to the line Im(z) = 1 and the lower semicircle 
to the line Im(z) = —1. It follows that a solution to the problem may be obtained 
by composing the solution to the previous problem with h (see Figure 6.6.1). This 
yields 


ia imiay= 1+ arg (=) . 


so that 5 5 
-1 y 
u(@,y) =14+ ~ tan (4) 
is our solution. Here, for points on the unit circle x? + y? = 1, we interpret this 
expression to mean its limit as the point (2, y) is approached from within the unit 
disc. Note that the resulting function wu is, indeed, continuous on the closed disc, 
except at the points +1 where the boundary function fails to be continuous. 


Example 6.6.5. Let g be the function on R which is 1 — 2? for —1 < # < 1 and 
is O for all other values of x. Find a harmonic function on the upper half-plane 
which has g as its boundary function and which has limit 0 as z — oo in the upper 
half-plane. 


Solution: We use the results of Example 6.1.8. There we showed that sin z is 
a conformal equivalence of the strip A = {z : —1/2 < Re(z) < 1/2, Im(z) > 0} 
onto the upper half-plane. If we compose g with sin z, we get the function gq on 0A 
which is cosz on the real line between —1/2 and 7/2 and is 0 on the vertical lines 
Re(z) = +7/2. The real part e~¥ cos of e’* is a harmonic function on A which 
has g as boundary function and has limit 0 as z + oo in A. Hence, we obtain a 
solution u to our problem by setting 


f(z) =e © and u(z) = Re(f(z)) 
for z in the upper half-plane. We can simplify this. 


If w = sin '(z), then sinw = z and cos? w = 1 — z?. Since, for every z in the 
open upper half-plane, 1 — z? is in the domain of the principal branch of the square 
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Figure 6.6.2. The Picture for Example 6.6.6. 


root function (denoted \/- ), we have cosw = +1 — 22. Since cos w has positive 
real part if w € A (see (6.1.4)), and the principal branch of the square root function 
takes values in the right half-plane, we conclude that cos w = V1 — 22. Then 


e”’ =cosw+isinw = V1— 2? + iz, 


and so 
f(z) = V1 — 2? +iz. 
Then our solution w is 
u(z) = Re ( 1-2 +iz) 
(6.6.2) 


1 
=-y4 3 (1 es yt VO PP + ary), 


This last equality is left as an exercise (Exercise 6.6.13). 


Example 6.6.6. Let B be the open upper half-plane with the upper half of the 
closed unit disc removed. That is, 


B= {z:|z| >1, Im(z) > O}. 
Solve the Neumann problem for B: Find a function u on B which is harmonic on 
B and has normal derivative 0 at every boundary point of B. 


Solution: The same problem on the upper half-plane has an easy solution: the 
function Re(z) = x is harmonic on the upper half-plane and its gradient (1,0) is 
parallel to the real axis at each point. Thus, its normal derivative on the real axis 
is 0. To get a solution to our original problem, we need only compose this solution 
with a conformal equivalence of B to the upper half-plane. In fact 


1 
ZA2+- 
z 


is such a map (Exercise 6.6.9). Thus, our solution is 


u(z) = Re (: + =) 


in x 
= z+ —_.. 
z+ y? 


Any constant multiple of this solution is also a solution. If this solution represents 
the potential function for a fluid flow problem, then the corresponding velocity 
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vector field for the flow would be its gradient 


2 2. 

y* — 2x 2Qry 
V ={1 : 
ual) (+ oa a) 


10. 


11. 


12. 


eS 
Exercise Set 6.6 


. Solve the Dirichlet problem for the upper half-plane and the boundary function 


which is 1 on the positive real axis and 0 on the negative real axis. Hint: Think 
about the function arg(z) on the upper half-plane. 

Use the result of the preceding exercise to find a different way of solving the 
problem in Example 6.6.4 . 

Solve the Dirichlet problem on the first quadrant with boundary function g 
which is 1 on the real axis and 0 on the imaginary axis. 


. Solve the Dirichlet problem on the half-dise {z : |z| < 1, Im(z) > 0} with 


boundary function which is 0 on the line [—1, 1] and 1 on the semicircle where 
|z| = 1. Hint: Use the result of Exercise 6.1.5. 

Solve the Dirichlet problem for the open set consisting of the points inside the 
unit circle and outside a circle C which intersects the unit circle at right angles 
at the points 1 and 7. The boundary function is the function which is 1 on the 
part of the boundary which lies on the unit circle and is 0 on the part which 
lies on C’. Hint: see Exercise 6.3.6. 


Show that ——~, for x € R, is the real part of 
1+2? 


1 
—. Use this to solve the 
1—ix 


1 
Dirichlet problem on the upper half-plane with boundary function tae on 
x 


the real line and limit 0 as z > co. 

Modify the approach used in the preceding problem to find a solution to the 
Dirichlet problem on the lower half-plane for the boundary function ee 
For each w € C show that the equation w = z+ 1/z has two solutions for z, 
one is the inverse of the other, and they are distinct if and only if w 4 £2. 
Show that the solution with |z| > 1 has imaginary part with the same sign as 
Im(w), while if |z| < 1, then z and w have imaginary parts with opposite sign. 
Show that the transformation z > z+ 1/z is a conformal equivalence of the 
exterior of the unit circle onto the complex plane with the interval [—2, 2] 
removed. Also show that the restriction of this transformation to 


{z:|z| > 1, Im(z) > 0} 


is a conformal equivalence from this set to the upper half-plane. Hint: Use the 
result of the previous exercise. 

Find a solution to the Neumann problem for the set consisting of the exterior 
of the unit disc. Hint: Use the result of Exercise 9. 

Let U and V be open sets in the plane and let h: U — V be analytic. Prove 
that uoh is harmonic on U for every harmonic function u on V. 

Suppose U is a bounded open set and g is a continous function on OU. Prove 
that if u is a solution to the Dirichlet problem on U with boundary function 
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g, then, for any real constants a and b, au + b is a solution to the Dirichlet 
problem on U with boundary function ag + b. 
13. Prove the second equality in (6.6.2). Hint: Express 1 — z? in polar form: 


1—2z? =re’ =r(cos@ + isind), 
with r = |1 — z?| and @ = +cos~!(Re(1 — 2?)/r). 


Chapter 7 


Analytic Continuation and the 
Picard Theorems 


It often happens in solving complex variables problems, particularly where the 
solution is obtained as the sum of a series, that we are led to an analytic function 
f defined, as far as we know, just on a certain open set U. Yet it may turn out 
that f can be extended to be an analytic function on a much larger open set. For 
example, the power series 

Co 

ae 

n=0 
converges on the open unit disc D to a function analytic on D. In fact, this function 
is 


on D, and it can obviously be extended to a function, given by the same algebraic 
expression, which is analytic on the much larger set C \ {1}. 

According to the Inverse Function Theorem, a function f which is analytic on 
an open set U and which has a non-zero derivative at a point z) € U has an analytic 
inverse function defined in some neighborhood W of f(z). Although the theorem 
assures us of an inverse function just in some possibly very small neighborhood 
of f(zo), we would naturally like to know on just how large a set can the inverse 
function be defined. 


There are many problems of this nature, problems where a solution in the form 
of an analytic function is known or is known to exist locally, in a neighborhood of 
a point, and the question arises as to just how much we can enlarge the domain 
on which this function is defined, is analytic, and is still a solution to the original 
problem. Questions of this type are questions of analytic continuation. 


One method of analytic continuation, using the Schwarz Reflection Principle, 
will at the end of the chapter lead to the existence of a special analytic function (an 
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Figure 7.1.1. Continuation by Reflection. 


analytic covering map) from the unit disc onto C \ {0,1}. Using this function, one 
can turn an entire function with two distinct points of the plane not in its range 
into an entire function with range contained in the unit disc. Such a function must 
be constant. This leads directly to the proofs of the Big and Little Picard theorems. 


7.1. The Schwarz Reflection Principle 


One way to extend an analytic function to a larger domain, is to take advantage of 
some kind of symmetry operation. The Schwarz Reflection Principle does exactly 
this by making use of the symmetry operation z — Z, which sends a point to its 
reflection through the x axis. 


Schwarz Reflection. Figure 7.1.1 illustrates the situation described in the next 
theorem. In what follows, if V is a subset of C, then V~ will denote {Z: z € V}. 


Theorem 7.1.1 (Schwarz Reflection Principle). Let U be an open set which is 
symmetric about the x-axis R. Let A= UNOR and let V be the part of U in the 
open upper half-plane. If f is a function which is continuous on VUA, analytic on 
V, and real-valued on A, then f can be continued to a function analytic on all of 
U by setting its continuation equal to f(Z) on V—-. 


Proof. The function g, defined by 


is analytic on the set V~ (Exercise 2.2.15). 


Note that V~ is the part of U which lies in the open lower half-plane, since 
U is symmetric about the z-axis. Note also that the function g is continuous on 
V~ UA, since f is continuous on V U A. 

The fact that f is real on A implies that f and g agree on A and, hence, that 
they define a single continuous function on U = VUAUV~. This function is 
analytic on U, except possibly at points of A. 
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Now A is an open subset of the real line and, hence, is a union of open line 
segments. Let L be one of these line segments. Then the sett W =VULUV7 is 
an open subset of U and f is continuous on W and analytic on W except possibly 
at points of ZL. However, it is a simple consequence of Morera’s Theorem that a 
function which is continuous on an open set W and analytic on W except possibly 
at the points of a line segment in W is actually analytic on all of W (Exercise 
3.2.14). Since f is analytic on each of the open sets W =VULUV7 for L one of 
the line segments making up A, it is anaytic on the union of these sets, and U is 
this union. This completes the proof. 


Continuation Across a Simple Analytic Curve. Recall from our discussion of 
the Riemann Sphere S? in Section 6.3 that lines in C can be thought of as circles 
in S$? that pass through the point at infinity. In fact, the set of all lines and circles 
in C is just the set of all circles in S?. 


Definition 7.1.2. An analytic curve is the image under a conformal equivalence 
h:W — V, between domains in $?, of a set I C W which is a circle or an open 
arc on a circle in S?. 


Of course, by using a linear fractional transformation to move W, we can always 
assume that the circle in the above definition is RU {oo} and J is either an open 
interval on the line or is RU {oo} itself. In the latter case, the curve will be a simple 
closed curve. 


In the proof of the Schwarz Reflection Principle, we used the fact that a function 
which is continuous on an open set U and analytic on U except possibly at the points 
of a line segment in U is actually analytic on all of U (Exercise 3.2.14). We can 
strengthen this as follows: 


Theorem 7.1.3. [If f is a function which is continuous on an open set U and 
analytic on U except possibly at the points of a simple analytic curve C in U, then 
f is actually analytic on all of U. 


Proof. By removing a point p from C, if necessary, we obtain a simple analytic 
curve C which is not a closed curve. Then there is a domain V containing C1, a 
domain W which contains an open interval ZL C R, and a conformal equivalence 
h:W — V which maps L onto C;. We may assume that V C U. Let h-!: V > W 
denote the inverse function of h. 


The composition foh is a continuous function on W which is analytic on W \ L. 
It is, therefore, analytic on all of W. Since, on V, 
f=foner, 


we conclude that f is analytic on all of V. Since it is analytic on each of two open 
sets, V and U \ C, whose union is U \ {p}, f is actually analytic on all of U \ {p}. 
Since it is continuous at p, it is analytic on all of U, by Theorem 3.4.8. 


Example 7.1.4. Prove that a function f which is continuous on an open set U 
and analytic on U \ C, where C is an open arc of a circle, is actually analytic on 
all of U. 


Solution: An open arc of a circle is a simple analytic curve. Thus, by the 
above theorem, f is analytic on all of U. 
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Reflection Through an Analytic Curve. The symmetry consisting of reflection 
through the x-axis played the key role in the Schwarz Reflection Principle. It turns 
out there is a similar reflection symmetry for each simple analytic curve and it leads 
to a similar reflection principle. To describe this requires the notion of a conjugate 
analytic function. 

A function f on an open set U is said to be conjugate analytic if f is analytic 
on U, where 

f(z) = f(z). 
Definition 7.1.5. Suppose U is a domain in C and C is a simple analytic curve 
in U such that U \ C has two connected components V and W. If p is a conjugate 


analytic function from U to U which fixes each point of C' and interchanges V and 
W, and if 


(7.1.1) pop(z)=z forevery ze€U, 
then p is called a reflection through C' defined on U. 


Note that (7.1.1) implies that p is its own inverse function on U. If K(z) = , 
then «0° p and pox are both analytic functions and are inverse functions of one 
another. This implies that Kop is a one-to-one conformal map. Thus, each reflection 
defined on U is the conjugate of a conformal equivalence from U to U~. 


Theorem 7.1.6. If C is any simple analytic curve in C, then there is a reflection 
p through C' defined on some domain V containing C. This reflection is unique 
in the sense that another reflection through C,, defined on a neighborhood V; of C, 
must be equal to p on the connected component of VV, which contains C. 


Proof. Since C is a simple analytic curve, there is a conformal equivalence 
h:W-YV, 

where W is a domain in S? which meets RU {oo} in a set L which is either RU {oo} 

or a line segment in R, V contains C’, and C is the image of LZ under h. 


Note that WM W7 also has LF as its intersection with RU {oo}. If WNW 
is not connected, then exactly one of its connected components contains L. Thus, 
we may as well assume that W7~ = W, since, otherwise, we can replace W by the 
connected component of WW containing LZ without affecting its intersection, 
L, with R U {oo}, or the fact that its image under h is a domain containing C. 


With the assumption that W~ = W, conjugation defines a reflection « through 
L on W («K(z) = Z). We then get a reflection p through C on V by setting 


p=howoh? 


on V, where h~! : V + W is the inverse function for h. The mapping p is conjugate 
analytic because it is the composition of an analytic function h with a conjugate 
analytic function ko h~! = h~! (Exercise 7.1.7). It also satisfies 


pop(z)=honoh 'ohonoh |(z) 
=hoKnoKkoh '(z) =z 
on V, and 
p(z) =z 
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on C, because K(z) = z on L and h~! maps C to L. Thus, p is a reflection through 
C defined on V. 


If o is any other reflection through C, defined on Vi, then co p(z) is an analytic 
function of z on VM Vj, since the composition of two conjugate analytic functions 
is analytic (Exercise 7.1.8). However, it is also equal to z on C, because this is 
true of both o(z) and p(z). But then it must be equal to z on all of the connected 
component of VV; containing C. This implies p = o~' =o on this component. 
Thus, p is unique in the sense described in the theorem. 


It is now a simple matter to prove that a version of the Schwarz Reflection 
Principle holds for reflection through a simple analytic curve. 


Theorem 7.1.7. If U is a domain, C C U is a simple analytic curve with U\ C 
having two components V and W, and p is a reflection through C defined on U, 
then any function f which is continuous on V UC, analytic on V, and real-valued 
on C can be continued to an analytic function defined on all of U by setting its 
continuation equal to f(p(z)) on W. 


Proof. The proof is the same as the proof of the Schwarz Reflection Principle. We 
set 


on W UC and note that g is continuous on W UC and analytic on W because it 
is the composition of two conjugate analytic functions, f and p (Exercise 7.1.8). 
The functions g and f agree on C' because p fixes points of C and f and g are 
real-valued on C’. Hence, they define a single function on U which is continuous on 
U and analytic on U \ C. By Theorem 7.1.3, this function is analytic on all of U. 
Since it agrees with f on V UC, it is an analytic continuation of f to U. 


Example 7.1.8. What is the reflection through an arc on the unit circle and what 
does the previous theorem say about continuing an analytic function across such 
an arc? 


Solution: The map 
L 26 


or p(re’’) =e 
r 


Xl eR 


plz) = 


is defined and conjugate analytic on C \ {0}. It satisfies po p(z) = z. It also fixes 
each point on the unit circle since, for z on the unit circle, |z|? = zz = 1, which 
implies z = 1/Z. It follows that, for any domain U which meets the unit circle in 
an arc C and is taken to itself by p, the unique reflection through C, defined on U, 
is the map p. 

For such a U and C, the previous theorem implies that any function analytic 
on the part V of U lying on one side of C’, continuous on V U C, and real-valued 
on C' can be analytically continued to an analytic function on all of U. 
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Exercise Set 7.1 
1. The power series )>7°_)(n+1)z” defines an analytic function g on the open unit 


12. 


. Prove that the curve in the plane with equation y = x 


disc. What is the largest domain in the plane to which g can be analytically 
continued? 

Suppose that the hypotheses for the Schwarz Reflection Principle (Theorem 
7.1.1) are satisfied for f, U, V and A, except that the function f is purely 
imaginary on A rather than purely real. Is it still true that f can be analyt- 
ically continued to all of U? If so, prove it, and describe the formula for the 
continuation of f to V~. 

If L is the line with equation ax + by = 0, find a formula for the map which is 
reflection through LD, and verify that this map is conjugate analytic. 


. The function Vz? —1 is defined and analytic on the set V consisting of the 


open right half-plane with the interval (0,1] removed, provided we use the 
principal branch of the log function to define the square root (this is because 
z* — 1 lies in the complement of the non-negative real axis if z € V). This 
function can be extended to be continuous on the closed right half-plane with 
the interval [0,1] removed. Show how to use the Schwarz Reflection Principle 
to extend this function to an analytic function on C \ [-1, lJ. 

Formulate and prove a version of the Schwarz Reflection Principle (Theorem 
7.1.1) for meromorphic functions. 

Formulate and prove a version of the Schwarz Reflection Principle for harmonic 
functions. 

Prove that the composition f og of an analytic function f with a conjugate 
analytic function g is conjugate analytic. 

Prove that the composition fog of two conjugate analytic functions is analytic. 
Find a formula for the reflection through the circle of radius r centered at zo. 
? is a simple analytic 
curve. 


. Prove the following form of the Schwarz Reflection Principle: Suppose C; and 


C2 are circles and the corresponding reflections through these circles are p; 
and 2. If U is a domain containing C, which is symmetric under p;, and V is 
the part of U which lies on one side of C) (inside or outside), then any analytic 
function f on V which is continuous on V UC} and maps C; to Cz may be 
analytically continued to a function defined on all of U by setting it equal to 
p2° f op, on pi(V) (the part of U which lies on the other side of C;). 

The power series pee z™ defines an analytic function f on the open unit 
disc. Prove that f cannot be analytically continued to any larger open set. 
Hint: Consider the values of f along rays of the form z = re?7'?/4, where p 
and q are integers. 


f2: 


Continuation Along a Curve 


Suppose f is a function which is analytic on a domain U. One way to try to extend 
f to a larger domain is to consider its power series expansion about a point zp near 
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U UCD 


Figure 7.2.1. Continuation to a Disc Overlapping the Boundary. 


the boundary of U. Suppose this power series converges on disc D, centered at Zo, 
of radius r. Then it defines an analytic function g on D. Suppose that r is greater 
than the distance from zp) to the boundary of U, so that D overlaps the boundary 
of U, and suppose that UM D is connected. We know the power series expansion 
converges to f on any disc centered at z which is contained in U and, hence, g 
must agree with f on such a disc. It follows from the Identity Theorem (Theorem 
3.4.4) that g agrees with f on all of UM D. Thus, we succeed in extending f to an 
analytic function on the larger domain U U D by setting it equal to g on D. 


It may be possible to continue the above procedure, extending the domain on 
which f is analytic in various directions to ever larger domains until something gets 
in the way. This could be a singularity where f blows up or it could be a place where 
to extend the domain in a given direction would cause the function to be defined in 
a new way on a set where it was already defined. We can imagine extending along 
different “fingers” from U and having these eventually overlap resulting in different 
definitions for f on the overlap. It seems that this process has the potential to 
become quite complicated, maybe hopelessly so. 


The concept of analytic continuation along a curve and the Monodromy The- 
orem serve to bring order to this process and to show that it is not so complicated 
as it seems. We will get to these ideas shortly, but first we need to introduce some 
useful terminology. 


An analytic function element, (f,D), is an analytic function f defined on an 
open disc D. We will say that it is an analytic function element at w if w € D. 
Two analytic function elements (f1,.D1) and (f2, D2) at w are said to be equivalent 
at w if f = g on Di MN Dg. In particular, an analytic function element (f,D) at w 
is equivalent to each function element (f1,D1) where w € D; C D and f; is the 
restriction of f to D,. In other words, the disc in an analytic function element at 
w is not important as long as it contains w and the function f is analytic on it. 


Definition 7.2.1. Let y: [0,1] > C be a curve and (fp, Do) an analytic function 
element at zo = y(0). Suppose there exist 


(a) a partition 0 = to < t1 <-++- <tn41 =1 of [0,1]; and 
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Figure 7.2.2. Continuation Along a Curve. 


(b) a sequence of function elements 


(Fis D;), (fo, D2), ae Fos Dy) 
with ¥([ty, t7-411) Ce D; for — 0,--- 71 and fj = fjta on D; NM D541 for 
j=0,---,n-1. 
Then we will say that (f,, D,) is an analytic continuation of (fo, Do) along y (see 
Figure 7.2.2). 


Although the function element (f,,D,,) of the above definition, seems to de- 
pend on the choice of partition 0 = to < ti < +++ < tn41 = 1 of [0,1] and sequence 
(f1, D1), (fe, D2),-++ , (fn; Dn) of function elements, it turns out that, up to equiv- 
alence, it is actually independent of these choices. 


Theorem 7.2.2. Given a curve beginning at z and ending at w and an analytic 
function element (fo,Do) at 20, any two analytic continuations of (fo, Do) along y 
are equivalent as analytic function elements at w. 


Proof. We first observe that, given an analytic continuation of (fp, Do) along y, 


involving a particular partition 0 = tp < ty <--+ < tn41 = 1 of [0,1] and corre- 
sponding function elements (f,D) = (f1, D1), (f2, Dz),--+ ;(fnDn), we can replace 
the original partition with any given refinement 0 = so, $1,--+ , 8m41 = 1 and mod- 


ify the sequence of function elements so that this new set of data still determines 
the same analytic continuation of (fo, Do). In fact, if [t;,t;41] is partitioned into 
k subintervals in the new partition, we simply assign (f;,.D,;) to each of these new 
subintervals (relabeling them in accordance with the labeling of the subintervals in 
the new partition). Obviously, this does not change the function element assigned 
to the last subinterval. 


Given two analytic continuations of (fo, Do) along 7, by passing to a common 
refinement of the corresponding partitions, we may assume that the two continua- 
tions are defined using the same partition 


O=89 < $1 < +++ <Smyu1 =. 
Suppose one of them is defined from the sequence of function elements 


(ie . y Grane) 
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while the other is defined from 
(f1,D1),-° Lin Den) 

(we set (fo, Do) = (fo, Do)). If we set Vj = Dj MD; for j = 1,--- ,m, then, for 
each j, V; is a connected (in fact, convex) open set containing y(t;) and y(t;+1). 
To prove the theorem we need to show that fim = fm on Vin. In fact, we will prove 
by induction on j that f; = f; on V; for each j. 

We have fo = fg on all of Vo by definition. Suppose 7 < m and fj = fi on V;. 
We have fj41 = fj on D; N Dj41 and fi4a = fj on D; N Dj41- Since ¥(t;) is in 
both of these open sets, it follows that f;,1 = fj41 in a neighborhood of y(¢;) and, 


hence, on all of V;,1, since Vj41 is connected. This completes the induction step 
and finishes the proof. 


The next theorem is almost obvious, but there is some work to be done to show 
the required chain of overlapping discs can be chosen as in Definition 7.2.1. We 
leave the details to the exercises (Exercise 7.2.1). 


Theorem 7.2.3. Suppose (fo, Do) is a function element at z9 and y is a curve 
joining zo to w. If there is an open set U, containing Dp and y(I), and an analytic 
function f onU such that f = fo on Do, then (fo, Do) can be analytically continued 
along ¥. 


The converse of the above theorem is not true. It may seem that it should be 
true, since the union of the overlapping discs in Definition 7.2.1 is an open set U 
containing y(J), and it appears that the functions f; fit together to define a single 
function, on this union, that agrees with fo on Do . However, this is not the case, 
due to the fact that the curve y may cross itself, as in Figure 7.2.2, and the crossing 
point may be contained in two of the discs D; and D;. The corresponding functions 
f; and f, may not be equivalent as function elements at this point. In fact, the 
curve might be a closed curve, so that zo = (0) and w = 7(1) are the same point. 
In this case the analytic continuation of (fo, Do) along y leads to another function 
element (fn, Dy) at zo. This function element need not be equivalent to (fo, Do). 


Example 7.2.4. Give an example of the phenomenon referred to in the previous 
paragraph. 

Solution: Let log denote the principal branch of the log function and consider 
the analytic function element (log, D,(1)). If y is the unit circle traversed once 
in the counterclockwise direction beginning at 7(0) = y(1) = 1, then (log, D;(1)) 
can be analytically continued along y (Exercise 7.2.2), but the resulting function 
element on the final disc will differ from that on the first disc by 277. 


There is no domain containing the unit circle to which (log, D,(1)) can be 
analytically continued. If there were such a domain U and a continuation f of 
(log, Di(1)) to U, then f would have to agree with the principal branch of the log 
function on all of U \ [—co, 0], but this function has a 277 jump discontinuity across 
the half-line [—00, 0] and certainly cannot be analytically continued across it. 


The previous example is closely related to the following question: If 7 and 2 
are two curves joining 2 to w, (fo, Do) is an analytic function element at zo, and 
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(fo, Do) can be analytically continued along 7 and along 72, then are the resulting 
function elements at w equivalent? Not necessarily, as the following example shows: 


Example 7.2.5. Can analytic continuations of a function element at zo along 
different paths from zp to w lead to non-equivalent function elements at w? 


Solution: Let the initial function element be (log, Di(1)), where log is the 
principal branch of the log function, z9 = 1, and w = —1. Clearly this can be 
continued along the curve 71 consisting of the upper half of the unit circle traversed 
from 1 to —1 and along the curve 72 consisting of the lower half of the unit circle 
traversed from 1 to —1 . However, the resulting function elements at —1 = y,(1) = 
y2(1) differ by 277. 


The Monodromy Theorem. The next theorem gives conditions under which 
we can be sure that the analytic continuations of a function along two curves from 
zo to w are necessarily equivalent function elements, in contrast to the preceding 
example. 


Theorem 7.2.6 (Monodromy Theorem). Let U be a connected open set in C, 2 
and w points of U, and (fo, Do) an analytic function element at zo, with Dy CU. 
Suppose 

(a) (fo,Do) can be analytically continued along every curve in U; and 

(b) yo andy are homotopic curves in U joining zo to w. 


Then the continuations of f along yo and 7, are equivalent function elements at w. 


Proof. We refer to terminology and notation developed in Section 4.6. 

A homotopy from 7 to 7, in U determines a continuous one-parameter family 
of curves {y,} from zp to w in U. The continuity of this family means that, given 
€ > 0, there is a 6 > 0 such that 

Ilys — || <€ whenever |s—r| <6. 
The analytic function element (fo,Do) has an analytic continuation along each 
of the curves y,, by hypothesis. Denote the terminal function element for the 
continuation along 7, by ¢,. We claim that, for each r € [0,1], there is a 6 > 0 
such that ¢, is equivalent to ¢, whenever |s — r| < 0. 

Let 0 = to < ty < ++: < thy, = 1 bea partition and (f1,D1),--- ,(fn,Dn) a 
sequence of function elements defining ¢, = (fn, Dn) as an analytic continuation 
of (fo, Do) along 7,. Then 


Ir([tj,tj41]) CD; for jg =0,---,n. 


For each j7 = 0,--- ,n, let €; be the distance from the compact set 7;,([t;,t;+1]) 
to the boundary of the disc D;. If ||ys — yr|| < €j, then it will also be true that 
ys({t;,tj41]) C Dj. Thus, if ¢ = min{eg,--- ,€,}, and we choose 6 > 0 such that 


Il¥s — Yr|| <€ whenever |s—r| <6, 


then, for each s with |s — r| < 6, the partition 0 = tp < t1 <--- < tny1 = 1 and 
the sequence of function elements (f1,.D1),--+ , (fn; Dn) also defines (fn, Dn) as an 
analytic continuation of (fo,Do) along y,. Since, by the previous theorem, any 
other continuation of (fo, Do) along 7, is equivalent to this one, we conclude that 
oy is equivalent to ¢,. This proves that ¢, is equivalent to ¢, whenever |r — s| < 6. 
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The remainder of the proof is a standard connectedness argument. We define 
a function h on [0,1] by setting h(s) = 0 if @, is equivalent to ¢9, and h(s) = 1 
otherwise. Then, by the result of the previous paragraph, hf is a continuous function 
on [0,1]. If h(1) = 1, then, since h(0) = 0, the Intermediate Value Theorem implies 
that h must take on every value between 0 and 1. Since this is not the case, we 
conclude that h(1) = 0. This means that ¢; is equivalent to ¢o. 


Example 7.2.7. Consider the function element ¢ consisting of the principal branch 
of the log function and the disc D,(1). Set 


A={z€C: |z| >0, —1/2 < arg(z) < 37/2}. 


Show that the analytic continuations along any two curves from 1 to —1 in A have 
equivalent terminal function elements at —1. 


Solution: The branch of the log function defined by restricting arg(z) to lie 
in the inteval (—7/2,37/2) agrees with the principle branch of the log function 
on D,(1). By Theorem 7.2.3, ¢ can be analytically continued along any curve in 
A. The set A is simply connected and so any two curves in A from 1 to —1 are 
homotopic. In view of the Monodromy Theorem, continuations of ¢ along two such 
curves will have equivalent terminal function elements at —1. 


The Monodromy Theorem allows us, in the next theorem, to conclude that if 
a function element can be analytically continued along every curve in an open set 
U and if the open set is simply connected, then there is an analytic continuation of 
f to all of U. 


Theorem 7.2.8. Suppose U is a simply connected open set and (fo, Do) is an 
analytic function element at z € U (with Do CU). If (fo, Do) can be analytically 
continued along every curve in U, then there is a function f which is analytic on 
U and equal to fp on Do. 


Proof. If z © U, then since any two curves from zp to z in U are homotopic in 
U, the Monodromy Theorem implies that any two terminal elements of analytic 
continuations of (fo,Do) along curves from zp to z in U will be equivalent and, 
hence, will determine the same analytic function in some neighborhood of z. Hence 
all such analytic continuations determine the same function value at z. We define 
f(z) to be this value. 


Clearly fo(z) = f(z) on Do. It remains to prove that f is analytic on U. Let 
w be a point of U, let y be a curve in U joining zo to w, and let (Dn, fn) be 
the terminal function element of some continuation of f along y. If z € Dy, then 
(Dn, fn) is also the terminal element of a continuation of (fo, Do) along a curve 7 
from z to z in U — we simply extend y to a curve 71, ending at z, by joining y 
with the line segment from w to z. It follows that f(z) = f,(z) on all of D,, not 
just when z = w. Since f, is analytic on Dp, f is also analytic on D,. Since w was 
an arbitrary point of U, we conclude that f is analytic everywhere on U. 
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Exercise Set 7.2 
1. Prove Theorem 7.2.3. 


Prove that if log is the principal branch of the log function and Dp is any disc 
centered at 1 and not containing 0, then (log, Do) can be analytically continued 
along any curve 7 in C \ {0}. 

Prove that any analytic continuation of the element (log, Do) of the previous 
exercise, along a curve 7 in C \ {0}, yields a function element (f,D) at y(1) 
which is some branch of the log function restricted to D. That is, prove that 
it satisfies ef) = z on D. 


In the next four exercises U is a domain and (go, Dg) is a function element in U 
which can be analytically continued along a curve y in U to a function element 
(g, D) in U. 


4. 


7. 


If f is an entire function, prove that (f ogo, Do) can be analytically continued 
along y to (fog,D). 

If f is an entire function, h is a function analytic on U and f ogo =h on Do, 
then fog=hon D. 

If a linear differential equation on U, with analytic coeficients, has go for a 
solution on Dog, then it has g for a solution on D. 

If u is a harmonic function on U and u = Re(go) on Do, then u = Re(g) on D. 


In the next three exercises, use Theorem 7.2.8 to give a proof, different from the 
one in Theorem 4.6.16, that the indicated property holds for a simply connected 
domain U. In each case, show there is a solution in a disc Do centered at a point 
zo € U and then show that this solution can be analytically continued along any 
curve in U. 


8. 


Suppose g is a non-vanishing analytic function on U. Prove that g has an 
analytic square root on U. 
Prove that every analytic function on U has an analytic antiderivative. 


. Prove that every real-valued harmonic function on U is the real part of an 


analytic function on U. 


7.3. Analytic Covering Maps 


If U, V and W are open subsets of C and 


h:V7W and f:U>W 


are analytic maps, then we say that f lifts through h if there is an analytic map 


g:U>V with f=hog 


(see Figure 7.3.1). If h is a conformal equivalence from V to W, then f trivially 
lifts through h. In this case, h has an analytic inverse function h~!: W — V and 
we can simply set 


g=hlof:U>V. 
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Figure 7.3.1. Lifting a Map f Through Another Map h. 


There is another class of maps h for which a kind of lifting result holds. This 
is the class of analytic covering maps. 


Definition 7.3.1. An analytic map h: V > W is called an analytic covering map 
if, for each wo € W, there is a neighborhood A of wg, contained in W, such that 
h~'(A) is the disjoint union of a collection {B;} of open subsets of V with the 
property that, for each j, h is a conformal equivalence of B; onto A. 


Example 7.3.2. Show that z — e* is an analytic covering map from C to C \ {0}. 


Solution: The function exp, defined by exp(z) = e*, is certainly an analytic 
map of C onto C \ {0}. We claim that each disc D in C \ {0} has inverse image 
exp !(D) consisting of a disjoint union of open sets on each of which exp is a 
conformal equivalence onto D. 


Given a disc D C C \ {0}, there is a ray from 0 to oo disjoint from D (e.g., 
take the ray from 0 to co which passes through the center of D and rotate it by the 
angle 7). This means that there is an angle 69 such that every z for which e* € D 
satisfies 

09 + 2na < Im(z) < 09 + 2(n + 1)7 
for some integer n. Thus, exp~!(D) is a disjoint union of open sets 
By, = exp '(D)N {z: 09 +2n7 < Im(z) < 0) +2(n4+ 1)r}. 


On each B,,, exp is a conformal equivalence from B,, to D, with inverse function 
equal to the branch of the log function for which arg takes values between 69 + 2n 7 
and 09 +2(n+1)z (see Figure 7.3.2). Thus, by definition, exp is an analytic covering 
map. 


An analytic covering map h: V > W is, in particular, a conformal map, since, 
for each point zp of V it is a conformal equivalence of a neighborhood of zp onto a 
neighborhood of h(zo). However, not every conformal map is a covering map. 


Example 7.3.3. Give an example of a conformal map h of a region V onto a region 
W such that h is not an analytic covering map. 


Solution: We use the exponential map again. However, this time we restrict 
its domain to be the set 


V = {z:-m7 < Im(z) < 27}. 
The image of this map is still C \ {0}, and it is clearly a conformal map. However, 


any disc D Cc C \ {0}, centered at 1, has an inverse image which is a disjoint union 
of two open sets — one which lies in the strip —a < Im(z) < 7 and one which lies 
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Figure 7.3.2. The Exponential as a Covering Map. 
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Figure 7.3.3. A Conformal Map Which is Not a Covering Map. 


in the strip 7 < Im(z) < 27. The map exp is a conformal equivalence of the first of 
these onto D, but only maps the second one onto the lower half of D (see Figure 
7.3.3). Since this problem persists no matter how small a disc we choose centered 
at 1, the map exp is not an analytic covering map from V to C \ {0}. 


Lifting Through an Analytic Covering Map. 


Theorem 7.3.4. Leth: V + W be an analytic covering map and U a simply 
connected domain in C. Then each analytic function f : U + W can be lifted 
through h. That is, there is an analytic map g:U—>V with f=hog. 


Proof. We fix a zo € U and let wo = f(z0). We then choose a neighborhood Ag 
of wo such that h~!(Ag) is a disjoint union of open sets on each of which h is a 
conformal equivalence onto Ag. We choose one of these, call it Bo, and denote by 
ho | the inverse of h : By — Ap. We then choose an open disc Do, centered at z 
and contained in f~+(Ao). On this disc, we define a function go by 


a = hy OF: 


This function serves to lift f through h, but only on the set Do. The main work of 
the proof is to show that the analytic function element (go, Do) can be analytically 
continued along any curve in U beginning at zo. If we can do this, then the Mon- 
odromy Theorem implies that (go, Do) can be analytically continued to an analytic 
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function defined on all of U (since U is simply connected). This function g serves 
to lift f through h on all of U, since it satisfies the identity 


f=hog 
on Do and, hence, on all of U, by Theorem 3.4.2. 


So it remains to prove that (gg, Do) can be analytically continued along any 
curve in U beginning at zo. Let y : [0,1] > U be such a curve. Let S be the subset 
of I = [0,1] consisting of those points s such that (go,.Do) can be analytically 
continued along + as far as s. Clearly, if s € S and 0 < s; < s, then s; € S as 
well. Also, if s € S, then there is a chain of open discs along ¥ restricted to [0, s] 
that serves to analytically continue (go, Do) along this curve to 7(s). If s < 1, then 
there is an s; > s such that s, is also in the last disc in this chain of open discs. 
This implies that (go, Do) can also be analytically continued along 7 restricted to 
(0, s1] and, hence, that s; is also in S. We conclude that S' is either all of [0,1], in 
which case the proof is complete, or it is a half-open interval of the form [0,7r) with 
r=supS <1. 

If S is a half-open interval [0,7), we let z, = y(r) and choose a neighborhood 
A of f(z,-) in V such that h~'(A) is a disjoint union of open sets B;, each of which 
is conformally equivalent to A under h. We choose an open disc D C U such that 
f(D) C A. This is possible because f is continuous. We also choose an s € [0,7) 
such that w = f(7(s)) belongs to D. This is possible because D is open and f o7 
is continuous. 


Because s € S, the function element (go, Do) may be analytically continued 
along y to a function element (gn, D,) with 7(s) € Dn. Since f = hogo on Do, the 
same thing will be true of the function element (g,,D,). That is, 


f=hogn on Dy. 


In particular, w = f(y(s)) = h(gn(q(s))). This means that gn(y(s)) belongs to 
h~'(A) and, hence, to exactly one of the sets B;, call it B,. We define a new 
function element (gn41,Dn41) by choosing Dj; = D and setting gni1 equal to 
the composition of f : D > A with an inverse function for h : B, + A. This new 
function element certainly satisfies 


f=hogn+i on Dn+i, 


but does it agree with g, on D, 1 Dyni1? It does because, not only is the point 
9n(¥(s)) in By, but all of gn(DnOADn+1) is contained in B,; otherwise, the connected 
open set Dp Dn+1 would be separated by g; (Bx) and the union of the sets 
g,'(B;) for 7 4k. But this means that the two inverse functions for h used in the 
definitions of g, and g,+1 agree on f(D, Dn41), which implies that gn and gn+1 
agree on D, M Dy+1. But now, since y(r) is an interior point of D,+1, this implies 
that (go, Do) can be analytically continued to y(r) and, hence, that r € S. This 
contradicts the assumption that S has the form [0,7). The only other possiblility 
is that S = [0,1], and this means that (go, Do) can be analytically continued along 


oe 


The preceding theorem is, on the one hand, a powerful application of the Mon- 
odromy Theorem and, on the other hand, is the key ingredient in our proofs of the 
Picard theorems in the next section. 


236 7. Analytic Continuation and the Picard Theorems 


Exercise Set 7.3 


1. Is the function h(z) = z? an analytic covering map of C onto C? Is it an 
analytic covering map of C \ {0} onto C \ {0}? Justify your answers. 

2. Give a proof, using Theorem 7.3.4, that if U is a simply connected open set 
and f is a non-vanishing analytic function on U, then there is an analytic 
logarithm of f — that is, an analytic function g on U such that f =e. 

3. Prove that if h: V — W is an analytic covering map from a connected open 
set U to a simply connected open set V, then h is a conformal equivalence. 

4. Prove that if h : V — W is an analytic covering map and U is any simply 
connected open subset of W, then h~1(U) is a disjoint union of open sets on 
each of which h is a conformal equivalence onto U. 

5. Is there an analytic covering map from the unit disc to C \ {0}? Justify your 
answer. 

6. Prove that if h : V — W is an analytic cover and y : [0,1] — W is a curve, 
then + can be lifted through h in the sense that there is a curve X: [0,1] > V 
such that y =ho4. 

7. Let p(z) be a polynomial of degree n in z and let w be a point of C. Prove 
that the polynomial p(z) — w fails to have n distinct roots (that is, it has a 
repeated root) if and only if w = p(zo) for some point zo at which p'(zo) = 0. 

8. Let p(z) be a polynomial of degree n in z and let S be the set of all points 
w € C at which the polynomial p(z) — w fails to have n distinct roots. If 
W =C\S and V =p 1(W), prove that p: V — W is an analytic covering 
map. Hint: Use the Inverse Mapping Theorem and the preceding exercise. 

9. Prove that the polynomial p(z) = z° — 3z is an analytic covering map from 
C\ {-1,1} to C \ {-2, 2}. 

10. Use the previous exercise to prove that if g is an analytic function on a simply 
connected domain U and if g does not take on the values —2 and 2, then there 
is an analytic function f on U which satisfies f3(z) — 3f(z) = g(z) on U. 


7.4. The Picard Theorems 


The Little Picard Theorem states that a non-constant entire function takes on every 
value in C except possibly one. This is a vast generalization of Liouville’s Theorem 
and an impressive application of the analytic continuation techniques we have been 
developing in this chapter. The Big Picard Theorem states that an analytic function 
with an essential sigularity at zo takes on every complex value but one infinitely 
often in every neighborhood of zo. 


The strategy for proving the Picard theorems is to construct an analytic cov- 
ering map h from the unit disc to the plane with two points removed. The Little 
Picard Theorem follows easily from this since any analytic function from the plane 
to the plane with two points removed will lift through this covering map to an ana- 
lytic function from the plane to the unit disc. By Liouville’s Theorem the only such 
functions are constants. The Big Picard Theorem uses the existence of h along with 
Montel’s Theorem. The construction of h relies heavily on analytic continuation 
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Figure 7.4.1. Reflection Through an Arc of a Perpendicular Circle. 


by reflection through a circle (Example 7.1.8 — the Schwarz Reflection Principle for 
circles). We begin by proving a few simple facts about reflection through a circle. 


Reflection Through a Circle. Suppose C and C2 are two circles in the plane 
that intersect one another in two points. If the tangents to the two circles are 
perpendicular at each of these two points, then we will say that the circles meet at 
right angles (Figure 7.4.1). Actually, it turns out that if the tangents are perpen- 
dicular at one of the points of intersection, then they are also perpendicular at the 
other point of intersection (Exercise 7.4.1). 


Theorem 7.4.1. Jf circles Cy and Cz meet at right angles, and A is the arc of Cy 
that lies inside C2, then reflection through A maps Cz onto itself. 


Proof. There is a linear fractional transformation h that maps C; onto RU {oo} 
and maps the inside of C; onto the upper half-plane. We can choose which point 
on C is sent to oo and we choose it so that it is not on A; in particular, it is not 
one of the points where C, and C2 intersect. 


The fact that linear fractional transformations are conformal maps (angle pre- 
serving maps) and the fact that C, and Cj meet at right angles mean that the 
image of C2 under h meets the real line at two points and it has vertical tangents 
at these points. The image of a circle under a linear fractional transformation is 
either a line or a circle, and so h(C2) must be a circle which meets the real axis at 
right angles. This implies that the real axis passes through a diameter of h(C2). It 
follows that reflection through the z-axis, maps the inside of the circle h(C2) onto 
itself. 

Now reflection through the arc A may be described as h composed with reflec- 
tion through the horizontal diameter of h(C2) followed by h~!. Why? Well, this 
certainly describes a reflection through A defined on the inside of C2 and, by the 
uniqueness part of Theorem 7.1.6, this is the only reflection through A. 

Since reflection through the z-axis takes the inside of h(C2) onto itself, reflection 
through A takes the inside of C2 onto itself. 


Theorem 7.4.2. With C1, Co as above, the reflection through C takes any other 
circle C’, which meets Cg at right angles, to another circle which meets Cz at right 
angles or to a line through the center of C9. 
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Figure 7.4.2. The Curvilinear Triangle Vo. 


Proof. A reflection through a circle is a linear fractional transformation followed 
by conjugation (Exercise 7.1.9). It therefore takes a circle C to either a circle or a 
line. 


The reflection through C; takes the inside of C2 onto itself. It follows that the 
image of C under this reflection still meets C2 in two points. 


A conformal map preserves angles, while conjugation reverses the orientation 
of any angle — that is, it takes an angle to its negative. It follows that a reflection, 
which is a conformal map followed by conjugation, is also an angle reversing map. 
This implies that if two curves have perpendicular tangents at a point of inter- 
section, then the same will be true of their images under a reflection. Therefore, 
reflection through C; takes C to a circle or line which also meets C2 at right angles. 
The only way the image of C could be a line is if it passes through the center of 
Cy. Thus, the reflection of C through Cy is another circle which meets Cp at right 
angles or is a line through the center of C2. 


An Analytic Covering Map. The three points —1, 1/2 + iV3/2, 1/2 — iV3/2 
are equidistant points on the unit circle C. According to Exercise 7.42, we can join 
each pair of these points with an arc of a circle that meets C at right angles. These 
three arcs then bound an open curvilinear triangle Vo (see Figure 7.4.2). 


The open set Vo is clearly simply connected. By the Riemann Mapping Theo- 
rem, there is a conformal equivalence h : Vo + H, where H is the upper half-plane. 
By Theorem 6.5.2, the map h extends to a continous map of the closure of Vo to 
the closure of H in $*, which takes the boundary of Vo to the boundary of H in $?. 
By composing with a linear fractional transformation, if necessary, we may choose 
this map in such a way that it takes the points —1, 1/2 —i/3/2, 1/2+iV/3/2 to the 
points oo, 0,1. 

The function h is real-valued on each of the three “edges” of Vo. By the circle 
version of the Schwarz Reflection Principle, h can be continued by reflection across 
each of these edges. This results in h being defined and analytic in the set Vi 
described in Figure 7.4.3. Note that each of the three new cells on which h is 
defined in this way is contained in the unit disc D (Theorem 7.4.1) and is bounded 
by three circles that meet the unit circle C in right angles (Theorem 7.4.2). 
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Figure 7.4.3. The Sets Vi, Vz and V3. of Theorem 7.4.3. 


Note also that, while h maps Vo to the upper half-plane, it maps each of the 
new cells of V; to the lower half-plane, since each is a reflection of Vo through one 
of its edges. 


We can now analytically continue h to a still larger domain V2 by reflecting 
across each of the circular arcs that bound V;. This results in h being defined in 
the set V2 represented in Figure 7.4.3. Note that h now maps each of the new cells 
in V2 into the upper half-plane. We can clearly continue this process by induction 
to create an increasing sequence {V,,} of open sets to which h may be analytically 
continued. The union of these open sets is D (Exercise 7.4.5), and so the result is 
an analytic function h which maps the open unit disc D onto a subset of the plane 
which contains the upper and lower open half-planes and the intervals (—co, 0), 
(0,1), and (1,00) on the real line. The points oo, 0, and 1 are not in the image 
because every triangular cell that occurs in the above construction has all of its 
vertices on the unit circle. Thus, A is an analytic map of D onto C \ {0, 1}. 


Theorem 7.4.3. The analytic map h : D + C \ {0,1}, described above, is an 
analytic covering map. 


Proof. Think of the disc D as being partitioned into light cells and dark cells, 
separated by arcs of circles, as in Figure 7.4.3. The dark cells are mapped into the 
upper half-plane by h and the light cells are mapped into the lower half-plane. Each 
arc separating two of these cells is mapped to one of the intervals I; = (—oo,0), 
In => (0, 1), Tz => (1, 00). 

For j = 1, 2,3, let P; be the union of the open upper and lower half-planes and 
the open interval I;. Then each P; is an open set consisting of S? with a closed arc 
removed. 


Let A be any open disc in C \ {0,1}. Then A lies entirely inside P; for at 
least one j. We fix a j for which this is true. The inverse image of Pj; under h 
consists of the union of all the light and dark open cells together with some of the 
arcs separating them — those arcs which h maps to J;. The collection of these arcs 
is pairwise disjoint, and each one of them separates exactly one light cell from one 
dark cell. The union of the arc and the two cells it separates is an open set on 
which h is a conformal equivalence onto P;. No two distinct open sets of this form 
can overlap since, if they did, the overlap would have to be a cell with boundary 
containing two arcs mapping to J; under h. Let {U;,}?2, be the collection of open 
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sets of this form. This is a pairwise disjoint collection of open sets with union equal 
to h~1(P;). Also, 


h7'(A) Cc U Uk, 
k 
and so h~!(A) is the disjoint union of the open sets By = h~1(A)NU,. The map h 


is a conformal equivalence of B;, onto A for each k. It follows that h : D — C\{0, 1} 
is an analytic covering map. 


The Little Picard Theorem. 


Theorem 7.4.4 (Little Picard Theorem). If f is an entire function and there are 
two distinct points in the plane that are not in the image of f, then f is constant. 


Proof. If f does not take on the values zp and z1, then the function 


f(z) — 20 
Z1 — £0 

does not take on the values 0 and 1. Thus, we may as well assume that f itself has 
this property. Then f is an analytic function from the simply connected set C to 
C\ {0,1}. Since the map h: D> C \ {0,1} of the previous theorem is an analytic 
covering map, Theorem 7.3.4 implies that f may be lifted through hf to an analytic 
function g : C > D such that 

f=hog. 
However, this means that g is a bounded entire function and, hence, is a constant, 
by Liouville’s Theorem. This, of course, forces f to also be a constant. 


The Big Picard Theorem. The proof of the big Picard Theorem depends on 
the following theorem. Recall the definition of a normal family (Definition 6.4.1). 


Theorem 7.4.5. Let U be a connected subset of the plane. Then the set of analytic 
functions on U with values in the set C \ {0,1} is a normal family. 


Proof. We will prove the theorem in the case where U is an open disc A. The 
proof that the theorem for general U follows from this special case will be left to 
the exercises. 


Let A be any open disc and let zg be its center. Let F denote the set of analytic 
functions on U with values in C\ {0,1}. Let {fn} be a sequence in F. We will show 
that this sequence converges uniformly to co on compact subsets of A or it has 
a subsequence which converges uniformly on compact subsets of A to a function 
analytic on A. 


Suppose {f,,} does not converge uniformly to co on compact subsets of A. 
Then there is a disc A, with the same center and with A; C A and an R > 0 such 
that fn(Ai) has elements with modulus less than FR for infinitely many n. This 
means that we can choose a subsequence of {f,} which itself has no subsequence 
converging uniformly to co on A,. Without loss of generality, we may replace 
{fn} by this subsequence. That is, we may assume that {f,,} has no subsequence 
converging uniformly to co on Aj. 


Let h: D — C\ {0,1} be the analytic covering map of Theorem 7.4.3. Then, 
since A is simply connected, Theorem 7.3.4 implies each f, can be lifted through 
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h to an analytic function g, : A > D with f, = hog,. Furthermore, since the set 
V, in Figure 7.4.3 maps onto C \ {0,1} under h, we can choose the g, in such a 
way that gn(zo) € Mi. 

The sequence {g,,} is a uniformly bounded sequence of analytic functions on 
A and, hence, by Montel’s Theorem (Theorem 6.4.2), it has a subsequence which 
converges uniformly on compact subsets of A to an analytic function g. 


The function g has its image in D. However, unless g is constant, this image 
must be an open set (by the Open Mapping Theorem — Theorem 4.5.8) and, hence, 
must be contained in D. In this case f = hog is an analytic function on A with 
values in C\{0, 1} and is the uniform limit on compact subsets of A of a subsequence 
of {fr}. 

On the other hand, if g is constant, then this constant must lie in the closure 
of Vi, since each g,(zo) lies in Vi. This means the constant is either in D or is one 
of the six points of V,; which lie on the unit circle. This means that f = hog has 
constant value 0, 1, or oo. 


Thus, each sequence {f,} has a subsequence which converges uniformly on 
compact subsets of A to oo or to an analytic function. Since there is no subsequence 
converging to oo, it has a subsequence converging uniformly on compact subsets to 
an analytic function. This completes the proof of the theorem in the case where U 
is a disc. The general case follows from Exercise 7.4.11. 


Theorem 7.4.6 (Big Picard Theorem). Let f be a function which is analytic in a 
neighborhood U of zo except at zo itself, where it has an essential singularity. Then 
f takes on every value but one infinitely often in every neighborhood of Zo. 


Proof. We may as well assume that z) = 0. If f does not have the property stated 
in the conclusion of the theorem, then there is a disc D,(0) on which f fails to take 
on at least two complex values. We may assume these values are 0 and 1, since 
otherwise we may compose f with a linear fractional transformation which takes 
the two values missed by f to 0 and 1. 


Thus, we may assume f is an analytic function from D,(0) \ {0} to C \ {0, 1} 
with an essential singularity at 0. We define a sequence of functions with the same 
properties by setting 


fn(z) =f(z/n) for n=1,2,---. 


By the previous theorem, this sequence converges uniformly on compact subsets of 
D,(0) to oo or it has a subsequence converging uniformly on compact subsets of 
D,(0) to an analytic function. In the first case, 1/f is bounded and, hence, has 
a removable singularity at 0. This means it extends to an analytic function with 
a zero of some finite order at 0. This is impossible, since it implies that f has 
a pole at 0 rather than an essential singularity. The second case implies that f 
itself is bounded and, hence, has a removable singularity at 0. This also violates 
the hypothesis that f has an essential singularity at 0. Thus, our assumption that 
f misses two values in some disc centered at 0 has led to a contradiction. This 
completes the proof. 
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Exercise Set 7.4 
1. Prove that if two circles intersect in two points and their tangents are perpen- 


10. 


11. 


dicular at one point of intersection, then the tangents are also perpendicular 
at the other point of intersection. 
Prove that, given two distinct points on a circle C1, there is a unique circle C2 
which meets C, at right angles at these two points. 
Prove that if C;. and Cp are circles of radius r and R, respectively, which are 
tangent at a point, then the reflection of Cr through C, is a circle of radius 
rR 
2R+r 
if neither circle is inside the other and is 
rR 
2R—-—r 


if C,. is inside Cpr. 

The set V,, in the construction preceding Theorem 7.4.3 has boundary consist- 

ing of a set of circular arcs of different sizes with endpoints on the boundary 

of the unit disc. Prove by induction that the largest of these circular arcs has 

radius (2n + 1)~!Ro, where Ro is the radius of each of the three circular arcs 

comprising the boundary of Vo. Hint: Use the calculation of the preceding 

exercise. 

Prove that the union of the open sets V,,, described in the paragraph preceding 

Theorem 7.4.3, is the unit disc D. Hint: Use the result of the preceding 

exercise. 

Prove that if f and 1/f are both entire functions, then the image of f is exactly 

C \ {0}. 

Prove that if f is a non-constant entire function and b? 4 4ac, then the function 
g(z) = af*(z) + bf(z) +e 

must have a zero. 

Is there a non-constant analytic function from the plane with one point re- 

moved to the plane with two points removed? Justify your answer. 

If U is a simply connected open set, show that the set of all analytic functions 

on U with values in C \ {0,1} is a normal family (see Section 6.4). 

Suppose r < 1, R < 1 and A is a conformal equivalence from the annulus 

Ar = {z: R < |z| < 1} to the annulus A, = {z: r < |z| < 1}. Suppose 

also that h extends to a continuous map from Arg to A, which takes the unit 

circle to itself and the disc of radius R to the disc of radius r. Prove that 

h can be continued to a conformal equivalence of the unit disc onto the unit 

disc that takes 0 to 0. Conclude from this that R =r. Hint: Do the analytic 

continuation through a series of steps involving reflection through a circle, as 

in Exercise 7.1.11; the first of these steps involves reflecting the annulus Arg 

through the circle of radius R. 

Prove that if F is a family of analytic functions on a connected open set U 

and if for each disc A in U the family of restrictions of elements of F to A is 

a normal family, then ¢ itself is a normal family. 
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12. Prove that an entire function which is not a polynomial takes on every complex 
value but one infinitely often. 


Chapter 8 


Infinite Products 


As is amply demonstrated by power series expansions, a highly useful technique 
in complex analysis is to express an analytic function as an infinite sum of much 
simpler functions. Likewise, it can be useful to express an analytic function as 
an infinte product of simpler functions. This is especially true in the study of the 
zeroes of analytic functions. For example, a polynomial p of degree n can be written 
as a product 


n 
p(z) =a] [ (2-2), 
j=l 
where {21, 22,°*: ;2n} are the zeroes of p. It turns out that product expansions 


of a similar type (but with infinitely many factors) are possible for other analytic 
functions. 


Since the exponential function converts sums to products, we can expect that 
the theory of infinite products will be closely related to the theory of infinite sums. 


8.1. Convergence of Infinite Products 
In the following discussion, log will be the principal branch of the log function. 


Definition 8.1.1. If {u;} is a sequence of complex numbers and 
n 
(8.1.1) Pn = II Uk, 
k=1 
then we will say that the infinite product 


(8.1.2) I[ « 
k=1 


converges to the complex number p if limn+.6 Pn = p. 
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Theorem 8.1.2. If {ux} is a sequence of complex numbers, then the infinite product 
(8.1.2) converges to a non-zero number p if and only if the infinite sum 


(8.1.3) S (log ux 
k=1 


converges to a number X. In this case, p = e. Furthermore, if the infinite series 


converges absolutely, then the infinite product is unchanged by a rearrangement of 
the factors. 


Proof. We have to be careful here, because the log function converts products to 
sums only up to +277. However, it is true that loguv = logu + logv if u and v 
have positive real parts since, in this case, log u and logv have imaginary parts in 
(—1/2, 7/2) and log wv has imaginary part in (—7,7). Thus, log wv and log u+log v 
cannot differ by a non-zero multiple of 277. 


We define the partial products py, as in (8.1.1). If p = limp. pp exists and is 
non-zero, then 


Jim log(pn/p) = 0, 
since log is continuous at 1. In particular, there is an N such that 
—1/4 <Im(log(pn/p)) < 1/4 whenever n> WN. 


It follows that pn/Pm = (Pn/p)(Pm/p)~* is in the right half-plane for n,m > N. In 
particular, Uz+1 = Pn+1/Pn is in the right half-plane for n > N. Thus, 


log(pPn41/Ppn) = log((Pn/Pw)Un+1) = log(pn/pw) + log Un+i 


whenever n > N. This equation and an induction argument beginning with n = N 
show that 


log(Pn/Pw) = 3 log ux 
k=N+1 


for alln > N. Since the left side of this equality converges as n — oo, so does the 
right side. This implies the convergence of the series (8.1.3). 


Conversely, if this series converges and we let 


An = 3 log un 
k=1 


be its nth partial sum, then the sequence {,,} converges to a number . Since 


Pr = en, 
and the exponential function is continuous, the sequence {p,,} converges to e». 
If the series (8.1.3) converges absolutely, then each of its rearrangements con- 
verges to the same number. It follows that each rearrangement of the infinite 
product (8.1.2) also converges to the same number. 
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Uniform Convergence of Products. We will be primarily interested in infinite 
products of analytic functions. In this situation, whether or not the product con- 
verges uniformly is of critical importance. We say that the infinite product of a 
sequence of functions {u,} converges uniformly on a set S if the sequence p,, of 
partial products converges uniformly on S. 


Theorem 8.1.3. Let ux be a sequence of complex-valued functions defined and 
bounded on a set S. If the series 


Slog un) 
k=1 


converges uniformly to (z) on S, then the infinite product 


[[ «@ 
k=1 


converges uniformly to &) on S. 


Proof. Let \,,(z) be the nth partial sum of the infinite sum and p,(z) the nth 
partial product of the infinite product. Then the uniform convergence of the series 
on S$ implies that A,,(z) — A(z) converges uniformly to 0 on S. Since the exponential 
function is continuous at 0, this implies that 


Pnlz) — @dn(2)—Az) 
p(z) 


converges uniformly to 1. 

The fact that each p, is bounded on S implies that Re(A,,) is bounded above 
on S. This and the uniform convergence imply that Re(A) is bounded above on 
S, which implies that p(z) = e*) is bounded on S. It follows that pp = (pn/p)p 
converges uniformly to p on S. 


Theorem 8.1.4. Let {ax(z)} be a sequence of complex-valued functions defined on 
a set S. If the series 


(8.1.4) S- lax (z)| 
k=1 


converges uniformly on S, then the infinite product 
(8.1.5) [[G+ a) 
k=1 


converges uniformly on S. Each rearrangement of the infinite product converges to 
the same function. If the infinite product converges to p(z), then each zero of p(z) 
is a zero, with the same order, of some finite product of the factors 1+ ax(z). 


Proof. If |w| < 1/2, then (Exercise 8.1.1) 


2 
(8.1.6) lel < |log(1 + w)| < 2h. 
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If the series (8.1.4) converges uniformly on S,, then there is a K such that |a,(z)| < 
1/2 for k > K and for all z € S. If we use (8.1.6) with w = ax, it follows that one 
of the two series 


S |log(1 + ax(z))| and S~ Jax(z)| 
k=K k=K 


converges uniformly on S if and only if the other one does also. Hence, if (8.1.4) 
converges uniformly, then 


S log(1 + ax(2)) 
k=K 


converges uniformly and absolutely. By the previous two theorems, this implies the 


uniform convergence of 
lo e) 


[[ G+ ax(2)) 
k=K 
to a function on S with no zeroes. It follows that (8.1.5) converges uniformly on S, 
the limit is unaffected by rearrangements of the factors, and each of its zeroes is a 
zero, with the same order, of the product of the factors 1+ a,(z) fork < K. 


Example 8.1.5. Prove that the infinite product 
(8.1.7) ][@-27/*’) 
k=1 
converges uniformly on each bounded subset of C. 
Solution: We have | — z?/k?| < R?/k? for all z in the disc Dr(0). Since the 

positive termed series 

Co R? 

Le 

k=1 


converges, it follows that the series 


converges uniformly on Dr(0). Hence, by the previous theorem, the infinite product 
(8.1.7) also converges uniformly on Dp(0) for each R and, hence, on each bounded 
subset of C. 


Logarithmic Derivative of a Product. If an analytic function f on an open set 
U has an analytic logarithm g on U — that is, if f = e% on U with g analytic — then 
g' = f'/f. The expression f’/f is independent of which logarithm is chosen for f. 
Furthermore, as long as f is not identically zero on any component of U, f’/f exists 
(as a meromorphic function on U) even if f does not have an analytic logarithm on 
U. Note that f cannot have an analytic or even a meromorphic logarithm in any 
neighborhood of a point where it has the value zero (Exercise 8.1.4). 


Definition 8.1.6. Let f be an analytic function on an open set U and suppose 
that f is not identically 0 on any component of U. Then the meromorphic function 
f'/f is called the logarithmic derivative of f on U. 
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Logarithmic derivative is quite a well-behaved notion. The logarithmic deriv- 
ative of the product of two functions is the sum of their logarithmic derivatives 
(Exercise 8.1.5). Furthermore, the following theorem states that logarithmic de- 
rivative is preserved by uniform limits. The proof is left to the exercises (Exercise 
8.1.6). 


Theorem 8.1.7. Let {f,,} be a sequence of analytic functions on a connected open 
set U. If this sequence converges uniformly to f on U, then the sequence {f!,/fn} 
converges uniformly to f'/f on compact subsets of U \ S, where S is the set of 
zeroes of f. 


When applied to infinite products, this immediately implies the following corol- 
lary. 


Corollary 8.1.8. Let {u;,} be a sequence of analytic functions on a connected open 
set U. If the product 


f(2) = [[ ul 
k=1 
converges uniformly on compact subsets of U to a function f which is not identically 


0, then the infinite sum 
2 uj, (2) 
uz (z) 


k=1 


converges uniformly to f'/f on compact subsets of U \ S, where S is the set of 
zeroes of f. 


Example 8.1.9. Show that the function 


has a logarithmic derivative which can be written as 


fitz) 1 ee, we 
(8.1.8) fos Ds woe 
or as 

AC ee 
(8.1.9) He) = lim S- ae 


Solution: Note that the infinite product in the expression for f converges 
uniformly on each compact disc in the plane by Example 8.1.5. 


By the previous theorem, 


f(z) 1G -22/P 1 
fal 2 eee ee 
k=1 k=1 
This proves (8.1.8). Since 
22 1 1 
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the nth partial sum of the series (8.1.8) can be rewritten as the sum that appears 
in (8.1.9). 


The logarithmic derivative of f, as computed in the above example, will be 
used in the exercise set to prove that f(z) = sinaz. That is, 


(8.1.10) sin(rz) = mz Il (1 = =) , 


k=1 


SSS a 
Exercise Set 8.1 


1. Prove that if w is a complex number with |w| < 1/2, then 
2 
2 hwo] < |log(1 + w)] < 2) 


2. Does the infinite product 


3. Show that the infinite product 
_ Zz 
qi =) ez/k 
0 -; 
converges uniformly on compact subsets of the plane. 

4. Prove that if f is analytic on U and has a zero at z € U, then there is no 
meromorphic function g defined in a neighborhood V of zo such that f = e9 
on V. 

5. Prove that the logarithmic derivative of the product fg of two analytic func- 
tions is the sum of the logarithmic derivative of f and the logarithmic derivative 
of g. Also prove the analogous statement for the quotient f/g. 

6. Prove Theorem 8.1.7. Hint: First prove that it is true on any disc in U on 
which f has no zeroes. 

7. Prove that the logarithmic derivative of a meromorphic function f on C is also 
a meromorphic function on C and is odd (even) if f is odd (even). 

8. If f is the function defined in Example 8.1.9, prove that the logarithmic de- 
rivative of f is an odd meromorphic function which is periodic of period 1. 
Observe that the logarithmic derivative of sin7z has the same properties. 

9. Prove that if f is the function of the previous exercise, and we set 

sin(1z) 


g(2) = 
f(z) 
then g is an entire function with no zeroes and, hence, has a logarithm h which 
is entire. Then, sin(rz) = f(z) e?. 
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10. Prove that if f, g and h are the functions of the previous exercise, then the 
logarithmic derivative of g is h’(z) = mcot rz — f’(z)/f(z). 

11. With h as above, prove that h’ is bounded on the strip 0 < Re(z) < 1 (use 
(8.1.8)). Show that this implies it is bounded on the entire plane and, hence, 
is constant. 

12. With h as above, prove that h’(0) = 0 and, hence, that h’ is identically 0 and 
h is a constant. Then use the fact that lim,_,9 z~' sin z = 1 to show that this 
constant is 0. Conclude that 


aude Thse), 


k=1 


8.2. Weierstrass Products 


In this section we will show that, given any sequence of points of an open set U C C, 
with no limit point in U, there is an analytic function on U with exactly the points 
of this sequence as its zeroes, with each zero having order equal to the number of 
times it appears in the sequence. The analytic function will be constructed as an 
infinite product of certain simple functions, each of which has exactly one zero. 
These simple functions are constructed as follows. 


For p = 0,1,2,--- we define entire functions E,(z) by Eo(z) =1-—z and 
E,(z) = (1-2) tte (are /P™ for p> 0. 
Note that z+27/2+---+2?/p is the pth partial sum for the power series expansion 
of —log(1 — z) about z = 0 and so, although E,(1) = 0, the sequence E,(z) will 
converge uniformly to (1—z)(1—z)~+ = 1 on each disc of radius less than 1 centered 
at 0. More precisely: 


Theorem 8.2.1. Each E,(z) is an entire function with the following properties: 
(a) the only zero of E,(z) occurs at z = 1; 


(b) if |z| <1, then |E,(z) —1| < |z|P*t. 


Proof. Part (a) is obvious. To prove Part (b), we note that the derivative of 
1— E,(z) is (Exercise 8.2.1) 

(8.2.1) (1 — Ep(z))’ = —Eh(z) = 2P et /24-427/P | 

Since this has a zero of order p at z = 0, the function 1 — E,(z) has a zero of order 
ptlatz=0. 

The function (8.2.1) has a power series expansion about 0 with all of its coeffi- 
cients non-negative real numbers, since this is true of the exponential function and 
the function z+ 27/2+---+2?/p. It follows that the function 

_ 1-£,(2) 
a= et 
also has non-negative real numbers as coefficients for its power series expansion 


about 0. This implies that the maximum value achieved by |h(z)| for |z| < 1 is 
h(1) = 1. Part (b) follows from this. 
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If f is an analytic function on U, then we will say that a sequence {z,} C U is 
a list of the zeroes of f counting multiplicity if each z, is a zero of f, and if each 
zero w of f occurs m(w) times in this sequence, where m(w) is the order of the 
ZeYO W. 

Let {z,} be a sequence of non-zero complex numbers converging to co. The 
next theorem shows how to use scaled versions of the functions E,, to construct an 
entire function with this sequence as a list of its zeroes counting multiplicity. The 
resulting product is called a Weierstrass product. 


Theorem 8.2.2. Let A be a subset of C. If {zp} is a sequence of non-zero complex 
numbers and {pz} is a sequence of integers such that 


(8.2.2) S- 


k=1 


Prtl 
<oco forall r>0, 


Zk 


then the Weierstrass product 


co 
(8.2.3) f(z) =|] 2p. (2/2) 

k=1 
converges uniformly on compact subsets of C to an entire function which has {z,} 
as a list of its zeroes counting multiplicity. 


Proof. By part (b) of the previous theorem, we have 


Prtl 


— if |z| < |zp|. 
Re 


x 
BeGej=a< | 


The condition |z| < |z,| must be satisfied for all sufficiently large k if the series 
(8.2.2) converges. The theorem follows by applying Theorem 8.1.4 with a,(z) = 
Ep, (2/2%) — 1. 


The Weierstrass Theorem. 


Theorem 8.2.3. If {z,} is any sequence of complex numbers converging to infinity, 
then there is an entire function with {z,} as a list of its zeroes counting multiplicity. 


Proof. Suppose m of the z, are equal to 0 (m might be 0). We may as well 
assume these are the first m terms of the sequence. Then {zx }7—,,4, is a sequence 
of non-zero complex numbers. 

If R > 0, then, since z, + oo, there is a K > m such that |z,| > 2R for all 
k > K. Then the series 


k=m+1 


k 
z 


Zk 


converges uniformly on |z| < R by comparison with the geometric series with 
ratio 1/2. Thus, the hypotheses of the previous theorem are satisfied if we choose 
pr = k—1 for each k. The resulting Weierstrass product 


I] 2p(¢/z«) 


k=m+1 
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converges uniformly on compact subsets of C to an entire function which has 
{zr }Reem41 as a list of its zeroes counting multiplicity. Then 


f(z)=2” TT Eplz/zx) 


k=m+1 


is an entire function with {z,}?2., as a list of its zeroes counting multiplicity. 
Example 8.2.4. Find an entire function which has a zero of order k at each positive 
integer k. 
Solution: We construct a sequence 
1,2, 2,3,3,3,4,4,4,4,-- if 


in which each positive integer n appears n times and the terms are arranged in 
increasing order. Then, for this sequence {z,} and a given positive integer p, we 
have 


“~ 1 oS 1 Gl 
» [z[Ptt ita Fe gas 
k=1 n=1 n=1 
If we choose p = 2, then the right side is the convergent series 
ar 
n2- 
n=1 


The Weierstrass product for the sequences {z,} and {pz = 2} is 


Co 


I (a _ z/k) oo /k+27/(282))" 


k=1 
By Theorem 8.2.2 this infinite product converges to an entire function with the 
required zeroes. 


Weierstrass Factorization. The Weierstrass Theorem for the plane leads im- 
mediately to the Weierstrass Factorization Theorem for entire functions: 


Theorem 8.2.5. Let f be an entire function which is not identically zero. Let m 
be the order of the zero of f at 0, and let {z,} be a list of the non-zero zeroes of 
f counting multiplicity. Then there exist non-negative integers pi,p2,-+- and an 
entire function h such that 


F(z) =e 2" TT Ep, (2/2) 
k=1 
The sequence {pz} may be chosen in any way which satisfies (8.2.2). 
Proof. The product 
g(z) = 2 |] Ep, (2/2) 
k=1 
converges uniformly on compact sets if {p;,} is chosen such that (8.2.2) holds (py, = 


k —1 is one choice which always works, but there may be better choices for a given 
f). Furthermore, the resulting function g has the same zeroes as f with the same 
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multiplicities. Thus, fg~! is an entire function with no zeroes (after removable 
singularities are removed). It follows that 


fot =e" 


for some entire function h. The theorem follows from this. 


In many cases, the sequence {p;,} can be chosen to be constant. 


Example 8.2.6. Find a Weierstrass factorization for sin(7z). 


Solution: This function has a zero of order 1 at each integer and has no other 


zeroes. Since 
[oe) 
1 
S- k2 < Ow, 
k=1 


the condition (8.2.2) holds if we choose p, = 1 for every k. Then the above theorem 
tells us that 
sin(mz) =e) z |] Ei(z/k) =e? 2 ][ (1 2/k)e*/*, 
k#£0 k#£0 
where the product is over all non-zero integers k. Note that if the factors for k and 
—k in this product are paired, the result is 


(1 — z/k)e*/¥(14+2/k)e72/* =1— 2? /k?. 
We conclude from Exercise 8.1.12 that e”) = 7, that 


sin(7z) = 1z [[a — z/k)e2/* 
k#0 
is a Weierstrass factorization of sin(7z), and that this factorization is equivalent to 


the factorization 
foe) 


sin(7z) = 1z [[a — 27 /k*). 


k=1 


The General Weierstrass Theorem. If C is replaced by an arbitrary non- 
empty, proper open subset of $7, the analogue of Theorem 8.2.3 holds with only a 
slightly more complicated proof. 


Theorem 8.2.7. Let U be a non-empty, proper open subset of S?. If {zp} is any 
sequence of points of U with no limit points in U, then there is an analytic function 
f onU with {z,} as a list of its zeroes counting mulltiplicity. 


Proof. Either U or its image under some linear fractional transformation will con- 
tain oo. Thus, we may as well assume oo € U. Then the complement of U in S? is 
a compact subset K of the plane. 


Since {z,} has no limit point in U, the distance between z, and K must ap- 
proach 0 as k — oo. It follows that we may choose a sequence {w,} of points of K 
such that lim |z, — w,| = 0. 


We set ie 
Zk — Wk 


n=1 
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The product converges uniformly on compact subsets of U, since lim |z, — wz| = 0 
implies the uniform convergence on compact subsets of U of 


co k+1 


k=1 


zk — Wk 


z— Wk 


The function f is analytic in U and has {z,} as a list of its zeroes counting multi- 
plicity. 


Meromorphic Functions. On a connected open set U, the set of analytic func- 
tions forms an integral domain — that is, it is a commutative ring with the property 
that the product of two elements is zero if and only if one of them is zero. The set 
of meromorphic functions of U forms a field — that is, a commutative ring in which 
every non-zero element has an inverse. The next theorem shows that the field of 
meromorphic function is actually the quotient field of the ring of analytic functions. 
That is, every meromorphic function is the quotient f/g of two analytic functions. 


Theorem 8.2.8. If U is a connected open subset of C, then each meromorphic 
function on U has the form f/g, where f and g are analytic on U and g is not 
identically zero. 


Proof. Let h be a meromorphic function on U and let {z,} be a sequence consisting 
of the poles of h, with each zz listed as many times as the order of the pole at zx. 
By Theorem 8.2.7 there is an analytic function g on U with {z,} as a list of its 
zeroes counting multiplicity. Then, after removing removable singularities, f = gh 
is an analytic function on U. Thus, h = f/g with f and g analytic on U. 


The Mittag-Leffler Theorem. The Weierstrass Theorem (Theorem 8.2.7) gives 
the existence of an analytic function with a specified list of zeroes counting multi- 
plicity. The Mittag-Lefller Theorem is a companion theorem. It gives the existence 
of a meromorphic function with a specified list of poles and principal parts. We 
prove it only for discs, although it is true for general open sets. 


Theorem 8.2.9. Let R be a positive number or oo. Let S be a discrete set of 
points of Dr(0) and {hy : w € S} a set of polynomials with no constant terms. 
Then there exists a meromorphic function f with a pole at w with principal part 
he ((z — w)~') for each w € S and with no other poles. 


Proof. We choose an increasing sequence of radii {r,} with r, > R, we let 5; be 
the subset of S which lies in D,, (0) and, for n > 1, we let 
Sp = {we Si tn-1 < |wl < rn}. 
Then, for each n, 
gn(z) = So he((z— w)7*) 
wESn 

is a meromorphic function on the plane with a pole at w with the required principal 
part for each w € S,, and with no other poles. 

We might hope to construct the function we are after by simply taking the 


infinite sum of the functions g,. Unfortunately, there is no reason to think this 
sequence should converge on Dpr(0). However, we can modify each g,, without 
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changing its poles and principal parts, in such a way as to end up with an infinite 
series which does converge. 


For each n > 1, the function g,, is analytic on an open set containing the closed 
disc D,,,_, (0). Hence, it is the uniform limit on this closed disc of its power series 
at 0. It follows that there is a polynomial p,, such that 


lon(2) —pal2)| <2" for [zl Sra. 
If we set fi = g1 and fn = gn — Pn for n > 1, then, for each m > 1, the series 
foe) 
So fal2) 
n=m+1 


converges uniformly to an analytic function on D,,, (0). This means that 


A= ie) 


is defined as a meromorphic function on D,,,(0) and has the required poles and 
principal parts at those points of S' which lie in this disc. Since this is true for each 
m, and limr,, = R, f is meromorphic on all of Dr(0) and has the required poles 
and principal parts. 


fee ________ __ 
Exercise Set 8.2 


1. Show that the derivative of E,(z) is 2? e@t?°/2+--+2?/P, 

Compute the logarithmic derivative of E,,(z). 

3. Find an entire function (given by a Weierstrass product) that has a zero of 
order 1 at \/n for n = 1,2,3,--- and no other zeroes. 

4. Find an entire function (given by a Weierstrass product) that has a zero of 
order 2 at \/n for n = 1,2,3,--- and has no other zeroes. 

5. Find an entire function (given by a Weierstrass product) that has a zero of 
order n at n? for n = 1,2,3,--- and has no other zeroes. 

6. If f is an entire function, show that f = g” for some entire function g if and 
only if the order of each zero of f is divisible by n. 

7. Suppose f is an entire function such that {z;,} is a list of its non-zero zeroes 
counting multiplicity and suppose that 


= 
kai 'k 


Describe the simplest Weierstrass factorization of f. 
8. Suppose f is an odd entire function, the order of the zero at 0 is m, and {z;,} 
is a list of the other zeroes of f counting multiplicity. Show that m is positive 


and odd. If 
yo <e 
fai RIP 


Mm 
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10. 


11. 


12. 


13. 


14. 


15. 


prove that f has a factorization of the form 


where fh is an entire function. 

Show that, if U is any non-empty open subset of the plane, then there is an 
analytic function on U which cannot be extended to be analytic on any larger 
open set. Hint: Use the general Weierstrass Theorem to construct an analytic 
function on U with a lot of zeroes. 

Prove that, given a sequence {z,} of complex numbers converging to infinity 
and a sequence {n;,} of integers, there is an entire function f with given values 
for f and its derivatives up to order nz at zz, for each k. Hint: Use the 
Mittag-Lefller and Weierstrass Theorems together. 

Prove that if f; and fo are two entire functions with no common zeroes, then 
there exist entire functions g; and gz such that 


anfit gofe =1. 


Hint: Use the Mittag-Leffler Theorem to show that an entire function gg can 
be chosen so that, at each zero of f;, the function 1— g2 fo has a zero of order 
at least as large. 


Let fi, fe,---,fn be entire functions. Show that there are entire functions 
hy,ho,-++,hn, and u such that f; = uh; for 7 = 1,--- ,n and the functions 
hy, h2,--- , kn have no common zeroes. Hint: Use the Weierstrass Theorem. 
Let fi, fo,--+ fn be entire functions with no common zero. Use induction and 
the preceding two exercises to show that there are entire functions 91, g2,--- 5 Gn 
such that 
nfi t+ gefet+:+++9nfn = 1. 
Those who are familiar with commutative ring theory may want to do this 


exercise. Let € be the ring of entire functions. Show that the following ring- 
theoretic properties of € are consequences of the preceding two exercises: 

(a) every finitely generated ideal of € is a principal ideal; 

(b) every finitely generated maximal ideal of € is of the form 


My ={f €&:f(w) =0} forsome weEC. 


The conclusions of the last four exercises actually hold for the ring of analytic 
functions on any open subset of the plane. However, to prove them all in this 
generality would require a stronger form of the Mittag-Leffler Theorem than 
the one proved here. Prove these results for the largest class of open sets that 
you can using the machinery developed in this text. 


8.3. Entire Functions of Finite Order 


Definition 8.3.1. An entire function f is said to be of finite order if there is a 
number ¢ such that 


Jf] <b"? 
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for all z with |z| sufficiently large. The infimum of all such numbers t is called the 
order of f. 


For each non-negative integer p, the function e*’ is an entire function of finite 
order p. More generally: 


Example 8.3.2. Show that e”*) is an entire function of finite order p if h is a 
polynomial of degree p. 
Solution: If t > p, then lim,_, |z|~"|h(z)| = 0. This implies that there is an 
R > 0 such that 
|h(z)| <|z|* for |z| > R. 
Then 
(8.3.1) je) | <el2l’ for |z| > R. 


Since such a statement is true for all t > p, by definition e’(*) has finite order at 
most p. 


On the other hand, if t < p, then lim,-,.. |z|~*|h(z)| = +oo. Hence, there is no 
R for which (8.3.1) holds. We conclude that the order of f is at least p and, hence, 
is equal to p. 


Non-Vanishing Entire Functions of Finite Order. It turns out that the func- 
tions e”(*) of the preceding example are the only entire functions of finite order 
which are non-vanishing. 


To prove this, we will need the following theorem of Borel-Carathéodory relating 
the growth of the real part of an analytic function to the growth of the the absolute 
value of the function. 


Theorem 8.3.3. Suppose0 <r < R and let g be a function analytic on an open 
set containing Dr(0). Then 
2r R+r 


I9(2)| < p—— sup{Re(g(w)) : Jul = R} + 5" 


\9(0)| f |zlsr. 


Proof. We suppose first that g(0) = 0. We set 
m = sup{Re(g(w)) : |w| = R}. 
Note that the Mean Value Theorem for harmonic functions implies that m > 0. 
If |w| = R and u = Re(g(w)), then u < m and 
u-2m<u<2m-—u. 
Thus, |u| < |2m — ul, from which it follows that 
lg(w)| < [2m — g(w)I, 
since the numbers g(w) and 2m — g(w) have the same imaginary parts of the same 
magnitude and have real parts u and 2m — u, respectively. 
We conclude from the above that the function 


7 g(2) 
= Fae) 
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satisfies the inequality 

1 
pu 
~ R 
Since the analytic function h has a removable singularity at 0, this inequality holds 
throughout the disc Dr(0) by the Maximum Modulus Theorem. Thus, 


l9(2)| 1 
r|2m — g(z)| ~ R 


|h(w)| for |w| = R. 


whenever |z| =r, 


which implies 
r 
Ig(2)| S pm + |9(2)). 


If we collect terms involving |g(z)| on the left and divide by 1 — r/R, the result is 


2 

lg(z)| < "im for lz] <r. 
R-r 

This concludes the proof in the case where g(0) = 0. This general case follows 

from applying this result to the function go(z) = g(z) — g(0). The details are left 

to the exercises. 


Theorem 8.3.4. An entire function f with no zeroes has finite order p if and only 
if p is a non-negative integer and f has the form 


f(a = 0, 


where h is a polynomial of degree p. 


Proof. In view of Example 8.3.2, we need only show that every non-vanishing 
entire function f of finite order p has the above form. 


Since f has no zeroes and the plane is simply connected, there is an entire 
function h such that 


f(z) =e forall zeC. 
Since f has finite order p, for each t > p there is an M > 0 such that 
eR(Me)) < | F(z)| < ell’ for |z| > M. 
This implies 
Re(h(z)) <|z|* for |z| > M. 
We apply the previous theorem with r > M and R = 2r to conclude 
|A(z)| < 2|z|'+3|h(0)| if lz) =r. 


Since this is true for all r > M, Exercise 3.3.9 implies that h must be a polynomial 
of degree at most t. Since ¢ was an arbitrary number greater than p, we conclude 
that h is a polynomial of degree at most p. If it were a polynomial of degree less 
than p, then f would have order less than p. Hence, the degree of the polynomial 
h is exactly p. This, of course, implies that p is a non-negative integer. 
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Canonical Products. Given a sequence {z,}, we let ys be the inf of the numbers 
t such that 


aaa 
8.3.2 — < ow 
oo > Tal 


If there is no such t, then we set w = co. The number uy is called the exponent of 
convergence for the sequence {zx }. 


If {z,} has finite exponent of convergence jz, then we can write down a con- 
vergent Weierstrass product (8.2.3), using {z,}, in which the sequence {p,} is a 
constant p. We choose p to be the smallest integer such that uw <p+1. Then the 
condition 


ae 
is satisfied. Hence, by Theorem 8.2.2, the Weierstrass product 
(8.3.4) f(z) = [] 2p(2/z) 


converges. This is called the canonical product for the sequence {z; }. 


The significance of the choice of p made for the canonical product is that, with 
this choice, the resulting product is an entire function with order » equal to the 
exponent of convergence i of the sequence {z,}. The next theorem yields part of 
what is needed to prove this. The remainder of the proof will come in the next 
section. 


Theorem 8.3.5. The canonical product for a sequence {zx}, with finite exponent 
of convergence p, 1s an entire function of finite order A < p. 


Proof. We choose p to be the smallest integer such that w < p+ 1, and let t be 
any number in the range uw <t<p+l. 


We claim that there is a positive constant A such that 


(8.3.5) |Ep(z)| < ell" 
for all z. 
If |z| < 1/2, this follows from (8.1.6) with w = E,(z) — 1 and Theorem 8.2.1. 


These combine to show that 
[log Ep(z)| < Jz" < 2I2I", 
and this implies (8.3.5) holds with A = 2. 
If |z| > 1/2, then |z|* < 2*-*|z|*, and so 


P k 
Re(z 
log |Ep(z)| = log |1 — z| + > iz) 


< |e + Jzl* < (p+ 1)2*[2/’. 


Thus, (8.3.5) holds with A = (p + 1)2" in this case. 
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To prove the theorem, we note that, if f is given by the canonical product 
(8.3.4), then by (8.3.5), 


Veksler ae, 
k=1 
where 
B=AY/1/lzl. 
k=1 


The series in this expression converges because ¢ is larger than the exponent of 
convergence |. 


Since for any s > t, we have B|z|' < |z|* for |z| sufficiently large, it follows that 
f has finite order at most t. Since ¢ was an arbitrary number strictly between pu 
and p+ 1, we conclude that f has order at most ju. 


One might guess, based on Theorem 8.3.4, that the order of an entire function 
of finite order must be a non-negative integer. This is not the case, as is shown by 
the following example. 

Example 8.3.6. Find an entire function with finite order 1/2. 


Solution: The function 


: ee) 2 
sl 7 Zz _ II 1 z 
TZ ( =) 
k=1 


has order 1 (Exercise 8.3.3). It seems reasonable that if we replace z* by z in this 
product, then the result would be an entire function of order 1/2. In fact, the 
resulting function has a zero of order 1 at k? for each positive integer k and 


ae 
ay OS OO 
> ; 2\t 
rae (ae) 
for every t > 1/2 and for no smaller values of t. Hence, the sequence {1/k?} has 


exponent of convergence 1/2. Since 0 is the smallest integer p such that 1/2 < p+1, 
the preceding theorem implies that the canonical product 


Co 


1) = Th 0-f) 


k=1 
is an entire function of finite order at most 1/2. 
In fact, it is easy to directly compute the order of f if we note that 
_ sina /z 
Praia d 
The expression on the right is entire and is independent of the choice of the square 


root function because the function (7z)~'sin wz is an even function. It is easy to 
see from this that, since (rz)~! sin +z has order 1, f has order 1/2 (Exercise 8.3.5). 


f(z) 
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Exercise Set 8.3 


1. Finish the proof of Theorem 8.3.3 by showing that, if it is true in the case 
where g(0) = 0, then it is true in general. 

2. Show that a polynomial has finite order 0. 

3. Show that sin z, z~! sin z, and cos z all have finite order 1. 

4. If f is an entire function of order \(f), & is a non-negative integer, and g(z) = 
f(z*), then prove that \(g) = kA(f), where \(g) is the order of g. 

5. Prove that if g(z) is an even entire function of finite order \ and f(z) = g(/2), 
then f is an entire function of finite order 4/2. In particular, show that cos /z 
has order 1/2. 

6. Prove that the order of the sum or product of two entire functions is less than 
or equal to the maximum of the orders of the two functions. 

7. What is the order of the entire function e%™*? 

8. Suppose f is an entire function which satisfies the inequality |f(z)| < |z|!#! for 
|z| sufficiently large. Prove that f has finite order at most 1. 

9. Find the exponent of convergence of the following sequences: {2°}, {k"} (r > 
0), {log k}. 

10. Given an arbitrary non-negative real number py, show that there is a sequence 
of complex numbers {z;,} with exponent of convergence ju. 

11. Does the order of an entire function necessarily have to be the same as the 
exponent of convergence of its sequence of zeroes? Justify your answer. 


8.4. Hadamard’s Factorization Theorem 


Our goal in this section is to complete the characterization of entire functions of 
finite order A. We will prove a theorem of Hadamard which asserts that every such 
function factors as a power of z times a canonical product of order at most » times 
the exponential of a polynomial of degree at most A. The key ingredient in the 
proof is Jensen’s Formula relating the density of the zeroes of an entire function to 
the rate of growth at infinity of the function. 


Jensen’s Formula. 


Theorem 8.4.1. If f is analytic in an open set containing the disc D,(0), f has 
no zeroes on the boundary of this disc, f(0) 40, and 2, 22,-+- , Zn are the zeroes, 
counting multiplicity, of f in D,(0), then 


te ( LF(O)|n" \- ~ JP voetirere! oa 


21] - [zal ->-[2nl 


Proof. We first prove this in the case where r = 1. We divide f by a product of 
linear fractional transformations which preserve the unit circle and have zeroes at 
the points z;. This yields a function 


g(z) = F(z) 


1—%z1—-— Zz 1—Znz 


Z—2 2-2 Z— Zn 


8.4. Hadamard’s Factorization Theorem 263 


This function is analytic and non-vanishing in an open set containing the closed 
unit disc D, and has the same modulus on the unit circle as does f. Thus, g has an 
analytic logarithm in an open set containing D. Then log |g(z)| is the real part of 
an analytic function in this set and, hence, is harmonic. The Mean Value Theorem 
for harmonic functions implies that 


|f(9)| 


[21] 22] +++ [2 


(8.4.1) oe ( ) = log |g(0)| = a "tog |Fle™)| dd. 


To prove the theorem for general r, it suffices to apply (8.4.1) with f replaced 
by the function f(rz). If f has zeroes at 21, 22,:-- ,2n in the disc D,(0), then 


f(rz) has zeroes z1/r, 22/r,--- ,2n/r in the unit disc D. Thus, the equation of the 
theorem follows directly from (8.4.1) applied to f(rz). 


This leads to the following estimate on the number of zeroes of an entire function 
inside a disc D,.(0). 


Theorem 8.4.2. If f is an entire function with |f(0)| = 1, n(r) is the number 
of zeroes of f inside a disc D,(0), and M(2r) is the supremum of |f(z)| on the 
boundary of D2,(0), then 


log M(2r) 
< 
n(r) s log 2 
Proof. Let n = n(r) and m = n(2r), and let 21, 22,-++ , 2m be the zeroes of f 


inside the disc D3,(0) ordered so that |z;| < |z,| for 7 < k. Then Jensen’s Theorem 
with r replaced by 2r implies that 
2r 2 2 2 
log | f (0) Lat ae ee os < log M(2r). 


21 22 en zm 


Since 


2 2 
Q<— if j<n and 1<— if n<j<m, 
[25 25 


this implies that 
log | f(0)2”| <log M(2r), or log|f(0)| + nlog2 < log M(2r). 
Since log |f(0)| = 0, it follows that 


us log M(2r) 
~ log 2 


o] 


which completes the proof. 


Zeroes of Functions of Finite Order. The preceding theorem has the following 
consequence for entire functions of finite order. 


Theorem 8.4.3. Let f be an entire function of finite order X and with f(0) 4 0. 
Let {z,} be a list of the zeroes of f, counted according to multiplicity and indexed in 
the order of increasing modulus, and let be the exponent of convergence of {zp}; 
then pb < A. 
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Proof. We claim that, for each t > A, there are constants N, C > 0 and q > 1 
such that 


(8.4.2) \zz |’ > Ck? forall k>N. 
Assuming this, we conclude that the series 

ae 

& Ileal! 


converges for all t > A, by comparison with the series 


which converges for gq > 1. This, in turn, implies the exponent of convergence ju is 
at most A. 

To complete the proof, we must verify the claim concerning (8.4.2). In doing 
this, we may as well assume that |f(0)| = 1, since, if this is not so, we may make it 
so by replacing f by f divided by a constant times a power of z. Such a replacement 
will have no effect on whether the above claim is true. 

Let rz = |z,|. Since the zeroes are indexed in such a way that the modulus is 
a non-decreasing function of k, there are at least k zeroes of f with modulus less 
than or equal to rx. By Theorem 8.4.2, 


log M(2rx) 
log 2 


2 


where M(2r;,) is the sup of |f(z)| on the circle |z| = 2r,. 
We choose s with A < s < t. Since f has order X, there is an R such that 
rz, > R implies 
M(2r,) < e@"®)” 


Hence, for rz, > R, 


This implies 


where 
t 

and q=->l1. 
8 


This is true provided rx, = |z,| > R. However, since lim z_ = oo, there is an N such 
that k > N implies |z,| > R. This completes the proof. 


The above theorem, when combined with Theorem 8.3.5, yields the following 
corollary. 


Corollary 8.4.4. The canonical product for a sequence {z,} with exponent of con- 
vergence jt has finite order \ = p. 
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Hadamard’s Theorem. In the proof of the next theorem, we will need the 
following estimates on the size of the inverse E;'(z) of the function E,(z). 


Lemma 8.4.5. If p is a non-negative integer, p< t<p+l1, and z€C, then there 
is a constant A such that 


1 t 
8.4.3 at Al 
cee) Exo) 


if |z| > 2 or |z| < 1/2. 
Proof. If |z| > 2, then |1 — z| > 1 and |z*/k| < |z|* for k < p. Hence, 
Be Ola tel ler re ee er 


and so (8.4.3) holds with A = p in this case. 


On the other hand, the definition of E,(z) and the Taylor series expansion of 
log(1 — z) lead to 


log E,(z) = log(1 — z) + Soe* fk =— > z* /k, 
k=1 k=p+1 


and so if |z| < 1/2, then 


log|E *(z)| = — Re(log Ep(z)) <|z?+? $ |e|* < 2|zP** < Qlzlt. 

7=0 
Thus, (8.4.3) holds with A = 2 in this case. If we choose A = max{2,p}, then 
(8.4.3) holds in both cases. 


We are now in a position to prove Hadamard’s Theorem characterizing entire 
functions of finite order. This will be used in the proof of the Prime Number 
Theorem in the next chapter. 


Theorem 8.4.6. If f is an entire function of order A, and p is the smallest integer 
such that p+1> A, then f factors as 


(8.4.4) f(z) = 2" TT] By(z/2), 

k=1 
where m is the order of the zero of f at 0, {zx} is a list of the other zeroes of f 
counting multiplicity, and h(z) is a polynomial of degree at most p. 


Proof. According to the Weierstrass Factorization Theorem (Theorem 8.2.5) f has 
a factorization of the form (8.4.4), where A is an entire function. Thus, the only 
thing to be proved is that h is a polynomial of degree at most p. This will follow 
from Theorem 8.3.4 if we can show that the function 


rae) = f() 
g(z) =e BOT | Ep (2/2n) 


has finite order at most A. 
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Let ¢ be any number with A < t < p+ 1 and let r > 1 be any radius which is 
not one of the numbers |z,|. We factor g(z) as g(z) = gi(z)g2(z), where 


(8.4.5) gi(z) = f(z)z-™ Il oe 1(z/zp) 
|2n|<2r 


and 


(8.4.6) = [| 2°): 


|zn|>2r 


Suppose |z| = 4r = R. Then |z/z,| > 2 for all k with |z,| < 2r. By the 
previous lemma, there is a positive constant A, such that 


ne 1 TI é Ai|2/ze|" 


em 


Since f has finite order A, for sufficiently large r we have 


lf < er 
and, hence, 
(8.4.7) ln(Z)| <2", 
where 


1 
By=4'(14+A, 55 —_}. 
an IA 


The infinite series in this expression converges by Theorem 8.4.3. Since gi(z) is 
an entire function (once the removable singularities at the z, with |z,| < 2r are 
removed), if the inequality (8.4.7) holds for |z| = 4r = R, it must hold for all z in 
the disc |z| < R, by the Maximum Modulus Principle. In particular, this inequality 
holds for all z with |z| =r. 


Also if |z| =r, then |z/z,| < 1/2 if |z,| > 2r, and the previous lemma implies 
that there is a constant Ag such that 


(8.4.8) |g2(z)| < II eAalz/zl* < Bart 


|Z, |>2r 


where 
“1 
By =A —. 
Ay 
If we set B = B, + By and combine (8.4.7) and (8.4.8), we obtain 


Ig(z)| < eB 


Since ¢ is an arbitrary number larger than \ and less than or equal to p+ 1, g has 
order at most A. This completes the proof. 


8.4. 
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11. 


12: 


Exercise Set 8.4 


. What does Hadamard’s Factorization Theorem say about an entire function 


of order \ < 1? 


. If anon-constant entire function of finite order \ has zeroes at the points i,/n, 


what are the possible values for \? 


. Show that an even entire function of order 1 has the form 


2 
z 
conf (1-2). 
Zz 
ke k 
where m is even, C’ is a non-zero constant, and the sequence 


{21, 415 225 ~22,°°* 5 Sky ~%ky** -} 


is a list of the zeroes of f counting multiplicity. 


. What is the exponent of convergence for the sequence of zeroes in the preceding 


exercise? 


. State and prove the analogues of the previous two exercises for odd entire 


functions of order 1. 


. Prove that if f is an entire function of order A and A is not an integer, then f 


has infinitely many zeroes. 


. Under the hypotheses of the preceding exercise, prove that f takes on every 


complex value infinitely many times. 


. Prove that if f and g are entire functions of finite order \ and if f(z.) = g(zx) 


on a sequence which satisfies 
» : 
= 00 
t 
Zz 
k=1 [zx 


for some t > X, then f(z) = g(z) identically. 


. Use the previous exercise to prove that if two functions of finite order agree at 


the points of the sequence {log n}°2,, then they agree identically. Thus, e* is 
the only entire function of finite order which has the value n at the point log n 
forn = 1,2,---. 


. Find an entire function which has a zero at each point of the sequence {log n} 


for n = 1,--- ,oo. Does it have finite order? 

Suppose f is an entire function of finite order A and yu is the exponent of 
convergence of the list of zeroes of f. Prove that if u < A, then \ is an integer. 
Is there an entire function of order 3/2 which has the integers as its list of 
zeroes, counting multiplicity? 


Chapter 9 


The Gamma and Zeta 
Functions 


This chapter is devoted to developing some of the properties of two special func- 
tions of a complex variable — the gamma function and the zeta function. These 
functions are of great importance in modern mathematics. The developement of 
their properties provides a very instructive practical application of many of the 
techniques developed in the preceding chapters. 


The zeta function is the subject of one of the most famous unsolved problems 
in mathematics — the Riemann Hypothesis. This conjecture arose from Riemann’s 
attempt to settle an old conjecture concerning the rate of growth of the number 
a(x) of primes less than or equal to x as the positive number x increases. In the 
process, Riemann developed (but did not completely prove) a formula for 7(a). This 
formula involves the zeroes of the zeta function in the strip 0 < Re(z) < 1, and its 
study led Riemann to conjecture that all these zeroes lie on the line Re(z) = 1/2. 
If true, this would have been helpful in both the proof of Riemann’s Formula and 
its use in analyzing the growth of m(z). 

The methods introduced by Riemann eventually led to proofs by others of the 
result on the growth of a(x) that he was seeking. This result is now known as 
the Prime Number Theorem. These proofs use information about the location of 
the zeroes of the zeta function, but not, of course, the information proposed in the 
Riemann Hypothesis, since it has never been proved. 

One of the reasons this chapter is included in the text is so that we may describe 
the Riemann Hypothesis and its connection to the Prime Number Theorem. For 
completeness, we conclude the chapter with a proof of the Prime Number Theorem. 
This proof makes strong use of the results on infinite products presented in the 
previous chapter. 


We begin the chapter with a discussion of the gamma function. 
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9.1. Euler’s Gamma Function 


We define Euler’s gamma function for Re(z) > 0 by the integral formula 
(9.1.1) PQ) = | ate hat: 
) 


Of course, [ is defined by an improper integral and so we must show that this 
integral actually converges if Re(z) > 0. In fact, it not only converges, but the 
resulting function of z is analytic. 


Theorem 9.1.1. The integral (9.1.1) converges and defines an analytic function 
T(z) for Re(z) > 0. 


Proof. For 0 < r < s we define a function I’,,, on the right half-plane by 


a a / ee dt, 


The function e~¢ t?-! = e~*+ @—)) les is continuous as a function of (t, z) in [r, s]xC 
and is analytic in z for each fixed value of t. By Exercise 3.2.16, [,., is analytic 
on the entire plane. We will show that as s — oo and r — 0 the functions I,., 
converge uniformly on each strip of the form 


S={z:a<Re(z) <b} with 0<a<b. 


The limit function is then necessarily analytic on the right half-plane and is, by 
definition, Euler’s function I. 


If « = Re(z), then 


le t yz Ne 1 
Thus, if z is in the strip S, then 
(9.1.2) ert) art. fot ted, 


If t > 1, then 


leree | et eo cont 8, 
The function e~' t+! is continuous and has limit 0 at infinity. It is, therefore, 
bounded on [1,00), by a positive number K. Thus, 


(9.1.3) hentge | ear: or py 


Since t*~! is integrable on (0, 1] and Kt~? is integrable on [1, co), inequalities (9.1.2) 
and (9.1.3) imply that the improper integrals of e~' t7~! on (0, 1] and on [1, 00) both 
exist (see Theorem 5.2.2). Hence, the improper integral defining T exists for each 
zeS. 


To show that I'(z) is analytic, we will show that I’, converges uniformly to T 
on each strip of the form S as r > 0 and s > oo. In fact, from (9.1.2) and (9.1.3) 
we conclude 


T(z) —Tys(z)| < i es: +f Kt-7* dt <r*/a+ K/s. 
0 s 

Given € > 0 the right side of this inequality is less than ¢ whenever r < (ae/2)!/* 

and s > 2K/e. It follows from this that I,,(z) converges uniformly to T(z) for 


z€Sasr—>0ands— oo. This completes the proof. 
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Analytic Continuation of Gamma. We will continue [ to a meromorphic func- 
tion defined on the entire plane. The key to doing this is the fact that I satisfies a 
functional equation, as specified in the following theorem. 


Theorem 9.1.2. The gamma function satisfies the functional equation 
T(z +1) = 2IT(z) 


for all z in the right half-plane. 


Proof. We have 
I(z+1)= | e *¢? dt. 
0 


Integrating by parts with u = t* and dv = e~‘ dt yields 


I(z+1)=-t*e* ke +f ett ae S20): 
0 


Corollary 9.1.3. If n is a positive integer, then T'(n) = (n—1)!. 
We leave the proof of this corollary as an exercise (Exercise 9.1.2). 


Theorem 9.1.4. The gamma function has a meromorphic continuation to the 
complex plane which has simple poles at the points {0,—1,—2,---}. 


Proof. We prove by induction that [ has a meromorphic continuation with the 
indicated poles and satisfying the functional equation [(z + 1) = zI'(z) on the set 


{z : Re(z) > —n} for n = 0,1,2,---. This is trivially true for n = 0. If it is true 
for n, then 
T 1 
Pjaee) 
Zz 


defines I on {z : Re(z) > —n—1} in a fashion which is consistent with its definition 
on the smaller set {z : Re(z) > —n}, because of the functional equation. Clearly 
the poles of this continuation are as required and the functional equation continues 
to hold. 


Zeroes of Gamma. It turns out that [ has no zeroes. To prove this requires de- 
riving another functional equation. The derivation involves a pair of computational 
lemmas. 


We define Euler’s beta function, B(z, w), by 


1 
B(z,w) = i (1 —s)*'s”—1 ds, 
0 
for z and w with positive real part. 


Lemma 9.1.5. If z and w have positive real parts, then 
D(z) (w) 
T(z+w) 
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Proof. For z with Re(z) > 0, the substitution t = u? leads to 


co Co 2 
T(z) =f ote i= 2 | ute du. 
0 0 
Then for two points z,w with positive real parts we have 
Co Co 
T(z) (w) = if | (w+) 22-1421 dy dy, 
0 Jo 
We pass to polar coordinates, setting u = rcos(@) and v = rsin(0@). Then 


co pr /2 
T(z)l'(w) =4 ii i en? p24)? eog?*—1 (9) sin2”—1 (0) r dr dO 
0 Jo 
oe) 4 am /2 
= 2 en? ptetu)—l dp . 2 | cos?*— (6) sin?”— 1 (6) dO 
0 0 
m/2 
=T(z+w)- 2 | cos?*—1(@) sin?”’—' (6) dd. 
0 


The substitution s = sin?(0) leads to 


a [2 1 
2 | cos?*—1(6) sin”! (0) dO = | (1 —s)*-1s”—1 ds. 
0 0 
The latter expression is Euler’s beta function B(z,w). Thus, 


P(@)r(w) _ 
Tosa B(z,w). 


We will use the above identity in the case w = 1 — z to derive a functional 
equation for T. To do this, we will need to evaluate B(z,1-— z). This involves the 
following integral evaluation. 


ae pea 7 


L 9.1.6. J, 0,1), th a : 
emma f x € (0,1), on | ae ee 


Proof. We essentially proved this back in Chapter 5 where we discussed the Mellin 


transform. In fact, the integral in the theorem is just the Mellin transform of i 
evaluated at 1— a. In Example 5.4.3, as a special case of Theorem 5.4.2, we proved 


that the Mellin transform of is 


l+a 
oO tI 
: as dx = — o ‘ 
9 l+2 sin wt 
If the roles of t and x are reversed, this becomes 
co fe-1 
| qe 
o lt+t sin Tx 


The identity of the theorem is then obtained by replacing x by 1 — x and using the 
identity sin(a — 7x) = sina. 


Theorem 9.1.7. The gamma function satisfies the functional equation 


rer He == 


sintTz 
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Proof. If we set z = x and w =1-—vx2 for x € (0,1), then since [(1) = 1, Lemma 
9.1.5 implies 
T(a2)T(1 — 2) 


I(a)P(1-2) = Neb = B(a,1l-2) = | (1—s)*"1s~* ds. 


t 
Then the substitution s = ; 


Be ‘a (1 (t pS (t oo = ie ta " 


We use the previous lemma to evaluate the last integral and conclude that 


leads t 
z leads to 


TT 


T(2)T(1—2) = 


sin 72 
Since this identity holds for x € (0,1), the Identity Theorem implies that it contin- 
ues to hold when x is replaced by any complex number z for which the functions 
involved are defined. 


This theorem has the following corollary, the proof of which is left as an exercise 
(Exercise 9.1.4). 


Corollary 9.1.8. The gamma function has no zeroes. 


Product Formula for [. The fact that e~! = limn_,..(1—t/n)” can be exploited 
to express I as an infinite product of the sort studied in the previous chapter. The 
first step in deriving this formula is to show the following: 


Theorem 9.1.9. The identity 
n 


(a2) = lim (1—t/n)"t- 1 dt 


n—->co 0 


holds for all x > 0. 


8s s 


Proof. The function e~* —1+s is 0 at s = 0 and has a positive derivative 1 — e~ 

for s > 0. It is, therefore positive for s > 0. Thus, 1— s < e~* for s > 0. With 

s =t/n this implies 1 —t/n < e—'/” for t > 0 and, on taking nth powers, 
(1—t/n)" <e™*. 

Furthermore, an elementary calculus argument (Exercise 9.1.8) shows that 


(9.1.4) e '—-(1—t/n)” < as 


for t > 0. 
If we fix a > 0, then 


T(x) — fo —t/n)°t—] di< i 


for n > a. The first term on the right converges to 0 as n > oo by (9.1.4) and the 
second term can be made less than any given € by choosing a large enough, because 
the improper integral defining I’ converges. 


a Co 


(eta e/nyyetaes [ Cte at 


a 
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Theorem 9.1.10. The entire function 1/T can be represented as the infinite prod- 
uct 
1 ry lte2/k 
aes II mee ah ; 
T(z) rae (1+ 1/k)* 
where this product converges uniformly on each disc of finite radius. 


Proof. The integral in the previous theorem may be evaluated using a repeated 
application of integration by parts (Exercise 9.1.9). The result is 


for x > 0. 


If we invert this, divide both numerater and denomenator by n!, and note that 
n® =[]p2i(1+1/k)*, we obtain 


= opp lta/k 
T(x gil (1+ 1/k)® 


for x > 0. 


If we can show that this infinite product converges, not just for x > 0, but 
uniformly on each disc of finite radius in the complex plane, then the result will be 
an entire function which agrees with the entire function 1/T'(z) on the positive real 
axis. This implies the two entire functions agree on all of C. Thus, the proof will 
be complete if we can show that 


er ol+2/k 
(9.1.5) “Il reaie 


converges uniformly on each compact disc. This product is very nearly a Weierstrass 
product, as studied in the previous chapter. This fact can be used to prove the 
uniform convergence on compact discs. The details are left to Exercise 9.1.10. 


Exercise Set 9.1 


1. Show that, for z real and positive, ['(z) is the Mellin transform of a certain 
function. What function? (see Section 5.4). 


. Prove that I'(n) = (n — 1)! if n is a positive integer. 
r 1 
. Prove that z(z + 1)(z+2)---(z¢+n)= arenes 
z 


. Prove Corollary 9.1.8. 

. Prove that the residue of I'(z) at —n is eu for n = 0,1,2,--- 
. Prove that, for r > 0 and Re(z) > 0, fo° e~"' t?-1 dt = r~*T(z). 
. Prove that I'(z)I'(—z) = =a 


NO oT FF Ww WY 


zsin1z 
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1 
8. Prove that e~’—(1 — t/n)” < — for all t € [0,n]. Hint: Show that the 
ne 


maximum of the function h(t) = e~* —(1 —t/n)” on [0,n] occurs at a point to 
where h(to) =e '° to/n. Then show that this number is less than or equal to 
1 


ne 
9. Using integration by parts, prove that if « > 0, then 


uy t\,” n*n! 
1-—) @ d= . 
[ ( ) ee 1) a aa) 


10. Prove that the infiinite product 


1 ogy l+2/k 
rae 77 asia 


k=1 


converges uniformly on each compact disc. Hint: Show that 


l+z/k ee 
ae = i te/kye (CON, 


where a, = 1/k — log(1+1/k). Then show that [],(1 + z/k)e77/* is a 
convergent Weierstrass product and )°, |a;| converges. 


9.2. The Riemann Zeta Function 


The Riemann zeta function is defined on the set {z : Re(z) > 1} by the infinite 
series 


(9.2.1) (QS a 


If z= a+ ty, then |n~*| = n~*, and so this series converges uniformly absolutely 
on each set of the form {z : Re(z) > r} for r > 1. It follows that ¢(z) is defined 


and analytic on the set {z : Re(z) > 1}. 


A Product Formula for the Zeta Function. Let {pj, p2,p3,---} be the set of 
prime numbers written in increasing order. Then we have 
Theorem 9.2.1. For Re(z) >1, ¢(z) =[]7,(1—p;*)7?. 


Proof. The fact that the infinite product converges for Re(z) > 1 follows from 
Theorem 8.1.4 and the fact that )°>_, pr°®) converges if Re(z) > 1. Then 


C(2(1— 2°*) = Son = San)-* = Sn, 
iL 1 nes, 


where 5} is the set of odd natural numbers. An induction argument using the same 
technique then shows that for each natural number k 


k 
¢(z) [[Q-pn*) = do 0, 


n=1 nES, 
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where Sj, is the set of natural numbers not divisible by any of the first k primes. 
Since the right side of this equation has limit 1 as k > oo, the theorem follows. 


This theorem has the following two corollaries. We leave the proofs to the 
exercises (Exercises 9.2.2 and 9.2.3). 


Corollary 9.2.2. There are infinitely many primes. 
Corollary 9.2.3. The zeta function has no zeroes in the region Re(z) > 1. 
The Function €. Our next goal is to extend the zeta function to be a meromor- 


phic function on the entire plane. We will do this by expressing the zeta function 
in terms of the gamma function and a certain entire function €. 


We begin the development of € by making the substitution t = n?s?7 in the 
formula (9.1.1) defining I. The result is 


P(e) = aden fern ge, 
0 s 
If we divide by n?77* and sum over n = 1,2,3,--+ , we obtain 
love) oO d 
(9.2.2) C(22)T(z)n7? = ae) eosin 22 SS if Re(z) > 1. 
n=1 0 2 


We will use the result of Exercise 9.2.7 to prove that it is legitimate to move the 
summation inside the integral in the expression on the right. We estimate the size 
of each integrand in this series as follows: 

lee iin <i eons 82 Re(z)—1 
The functions on the right are positive and their sum is 


7 —ns? (2Re(z)—-1 3 oe 
(9.2.3) ae gt ae 
For each z, this series converges uniformly on each closed subinterval of (0,00). 
Furthermore, since e® —1 > s?, if Re(z) > 2, the function on the right in (9.2.3) is 
less than or equal to s?Re()-3 and, hence, has finite integral over [0,1] if Re(z) > 2. 
Since e® —1 > e* /2 if s > 1, the function on the right in (9.2.3) is less than or 
equal to 2e~*” sRe()-! on [1, 00) and, hence, has finite integral on [1, 00). It follows 
that this function has finite integral on [0, 00). Thus, by the result of Exercise 9.2.7, 
the sum can be taken inside the integral in (9.2.2). Doing so yields 


co 8 d 
(9.2.4) C(22)E(z)n7* = 2 | Se teen gee F’ for Re(z) > 2. 
0 n=! 3 
If we replace z by z/2 and set 
(9.2.5) AC as 
then (9.2.4) may be rewritten as 


(9.2.6) ¢(z)T'(z/2)n-7/? = af H(s)° for Re(z) > 2. 
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The function € is obtained by multiplying this expression by z(z — 1)/2. Thus, for 
Re(z) > 2 


(9.2.7) Biya 2S) eran anew) [ Heje! 
0 


2 


The Poisson Summation Formula. We pause to prove a technical result about 
Fourier transforms (see Section 5.3). It will be used in the upcoming proof that € 
extends to an entire function. 


Theorem 9.2.4. If f is a continuous function on R with the property that the 
series \. f(a + 27n) converges absolutely and uniformly for x € [—1,7] and 


the series )>~~ f° (n) converges absolutely, then 


YFOm) = Fete 


where f° is the Fourier ean of f. 


n=—Cco 


Proof. We set 9(#) = S-7—_, f(0 + 2an) whenever 6 € [—7, 7], and then integrate 
this function against the Poisson kernel (see Section 6.5) 


_ a = |n| ,ind 
P,(8) yore 


1—2rcos@+ r? 


over the interval [—7, 7]. The result is 


[ g(9)P,.(0) dd = ie S” f(6 + 2nn)P,(8) do 


25° " £(0 + 2nn)P.(0) a8 


(9.2.8) ay i) Ore (0) P.(8) dB 


oo Y (2n—1)r 


= [| §(0)P,(6) a0 


= ay rll £°(n) 


Note that the third step in this calculation uses the hypothesis that the series 
defining g converges uniformly absolutely . 


As r — 1 the integral on the left in (9.2.8) converges to 
2rg(0) = 2n se f(2rn), 
n=1 
by Lemma 6.5.5, while the sum on the right converges to 


V2n S° f'(n) 


278 9. The Gamma and Zeta Functions 


since, by hypothesis, the series >. f*(n) converges absolutely. We conclude that 


> f(Qnn) = — fr(n 


n=—Co Von 


as required. 


The Symmetry of €. We can now prove that € extends to be an entire function 
and that it satisfies the symmetry relation €(z) = €(1 — z). We first derive a 
symmetry relation for H. 


Lemma 9.2.5. The function H satisfies the relation 
(9.2.9) H(s~*) = sH(s) + (s—1)/2. 


Proof. Note that H(s) = (G(s) — 1)/2, where 


=oerer cad ere": 


1 
If g(x) = 5 e~* /? ig the normal distribution function from Example 5.3.6, then 
1 


= Vmeye g(nsV2r). 


Note that the function g is its own Fourier transform, by Example 5.3.6. This 
implies that the function f, defined by f(a) = g(xs/\/2z7), satisfies the hypotheses 
of the previous theorem. If we apply that theorem to f, we conclude that 


=) smn) = Ae) 


A change of variables in the integral defining the Fourier transform shows that 
f'(n) = s871V2rg'(ns~1V27). Thus, 


G(s) = S- s-1/2rg(ns-!V2n) = s-1G(s~!). 


The identity (9.2.9) follows from this. 


The consequence for the function € is the following: 


Theorem 9.2.6. The function € extends to an entire function which is symmetric 
about the point z = 1/2; that is, €(1— z) = €(z). 


Proof. If we break the integral on the right side of (9.2.6) into an integral over 
[1,00) and an integral over [0,1] and make the substitution s > s~+ in the latter 


integral, the result is 
i H(s)s* o4 is H(s7') 
1 


9.2. The Riemann Zeta Function 279 


Using (9.2.9), this becomes 


ir nie as (sH(s) + (8 1)/2)s*S 


ds 1 f[*% ds 
= H — H(s)s0-2) — >| ge 
i (s)s* 4 fo aT oh (s ae ae 


1% ds 1/2 
a (1-z) Zz = : 
sf (s 3s”) aT =a if Re(z) >1 


we conclude that 


Since 


(9.2.10) ge) = 12-20-29) fH H(s ter S for Re(z) >2 


However, the right side of this equation is defined and analytic on the entire plane, 
since H(s) times any power of s is absolutely integrable on [1,00). It is also obvi- 
ously symmetric about z = 1/2. Thus, € has an extension to the whole plane with 
the required properties. 


Meromorphic Extension of ¢. The next theorem is an immediate consequence 
of the preceding theorem and (9.2.7). 


Theorem 9.2.7. The function ¢ has a meromorphic extension to the plane given 
by the formula 


2n*/€(z) 
2(z—1)0(2/2) 


It is useful to note that the above formula can be put in a slightly different 
form by using Theorem 9.1.2. This theorem, with z replaced by z/2, implies that 


(2/2)T'(z/2) =T(z/2 +1). 


(9.2.11) C(z) = 


Then (9.2.11) becomes 


m7/?&(z) 


(9.2.12) (=e area 


a 
Exercise Set 9.2 


. Show that lim,_... ¢(a + iy) = 1 and the convergence is uniform in y. 
Use Theorem 9.2.1 to prove Corollary 9.2.2. 

Use Theorem 9.2.1 to prove Corollary 9.2.3. 

. If z=s+it with s > 1, prove that 


RwWNe 


1 
— s). 
za (s) 
Hint: Use Theorem 9.2.1. 
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5. Use the result of the previous exercise to prove that 


1 

aA < (2) 

hol 
if Re(z) > 2. 

6. Let u(t) = >>, un(t) be the sum of a series of positive continuous func- 
tions on (0,00) and suppose this series converges uniformly on closed bounded 
intervals of (0,00). Prove that 


yf mt a= fo u(t) dt. 


Hint: Either both sides are infinite or one of them is finite. 
7. Let h(t) = >>, hy (t) be the sum of an infinite series of continuous functions 
on (0,00) and suppose 


lhn(t)| <un(t) forall n,t, 


where }-~_, Un is a positive termed series which satisfies the conditions of the 
previous exercise. Prove that the improper integral of h on R converges and 


i. h(t) dt = s, hin (t) dt. 


8. Show that the Poisson Summation Formula can, under appropriate hypotheses 
on f and f*, be reformulated as 


S> f(n)=Vv2" $0 f'(ann). 


n=—060 n=—0o 


9. Use the form of the Poisson Summation Formula derived in the previous ex- 


ercise to show that 
s 1 e?7 +1 
= 7 ; 
1+ n? e27 —] 
—cCO 


1 
Hint: The Fourier transform of fate is calculated in Example 5.3.3. 


x 
The next five exercises outline an alternative to the approach used in Theorem 9.2.7 
to prove that ¢ extends to be meromorphic in the plane. 


10. Formula (9.2.4) was developed using the substitution ¢ = n?s” in the integral 


defining [’. Use the substitution t = ns in a similar way to derive the formula 


carey =f : Tk ds for Re(z) >1. 


11. For complex numbers w and z, define (—w)*~! to be e(@—)) !8(-”) | where log 
is the principal branch of the log function. Show that this function is analytic 
except for a cut on the positive real line, that its limit as w approaches the 
positive real number s from above is e(*—)(°8s-™) | and that its limit as w 


appproaches s from below is e(¢~!)(les s+ 77%) | 
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Figure 9.2.1. Contour for Exercise 9.2.12. 


12. Using this definition for (—w)*~+, consider the contour integral 


(9.2.13) n(z) =} ao ah et dw, 
yr ev —1 

where y, is the contour indicated in Figure 9.2.1, r < 27 is the radius of 
the indicated circle, and the two horizontal lines are a distance « < r above 
and below the positive real axis. Prove that this integral exists for all z, is 
independent of r and ¢, and defines an entire function 7(z). 

13. By passing to the limit as e — 0 and r > 0 in the integral 9.2.13, prove that 
n(z) = —2risin(wz)T(z)¢(z) if Re(z) > 1. 

14. Use the previous exercise and an identify involving [ to prove that 

((2)=--LT(1—2)n(2) for Re(2) > 1. 
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Conclude that ¢ has a meromorphic extension to the plane with a single simple 
pole at z= 1. 


9.3. Properties of ¢ 


The expressions (9.2.11) and (9.2.12) for ¢ and the properties of [ and € lead toa 
wealth of information about ¢. Ultimately, this information will lead to a proof of 
the Prime Number Theorem in the last section of this chapter. 


Zeroes and Poles. 


Theorem 9.3.1. The zeta function has a simple pole at z = 1, with residue 1, and 
no other poles. 


Proof. The function [(z/2+ 1) has no zeroes, and the function € is entire. Thus, 
(9.2.12) implies that the only pole of ¢ is at z = 1 and it is a simple pole. The fact 
that the residue is 1 follows from the fact, proved in the exercises, that [(1/2) = V7, 
and from (9.2.10), which implies €(1) = 1/2. 
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Theorem 9.3.2. The zeta function has a zero of order 1 at each negative even 
integer. 


This is Exercise 9.3.1. 
Corollary 9.3.3. The zeta function has no zeroes outside the strip 
0< Re(z) <1 


except the ones that occur at negative even integers. 


Proof. Except for the zeroes of ¢ that occur at negative even integers (due to the 
poles of I’), the functions ¢ and € have the same zeroes. Since ¢ has no zeroes in 
the region Re(z) > 1 by Corollary 9.2.3, and since € is symmetric about 1/2, it 
follows that ¢ has no zeroes outside the strip 0 < Re(z) < 1 except the negative 
even integers. 


This result can be strengthened to exclude the existence of zeroes of ¢ on the 
lines Re(z) = 0,1. The proof uses the following lemma: 


Lemma 9.3.4. For Re(z) > 1 there is an analytic logarithm for ¢(z), defined by 


MZ 


(9.3.1) log ¢(z) = 52 So an 


p m=1 


The derivative of this function is 


(9.3.2) a0 S> Spo log p. 


¢(z) 
Here, in both equations, the summation on the left is over all primes p. 
Proof. If Re(z) > 1, then |p~*| < 1/2 for all primes p and so log(1 — p~*) is 


defined and analytic if log is the principal branch of the log function. Furthermore, 
by Theorem 9.2.1 we have for Re(z) > 1 


(9.3.3) exp (- S "log (1 -») =|[[@-7 7)" =¢@). 


Hence, — >/,, log(1 — p~*) is an analytic logarithm for ¢(z) on Re(z) > 1. If we 
expand this function in a power series in p~*, the result is (9.3.1). On differentiating 
(9.3.1), we obtain (9.3.2). 


Theorem 9.3.5. The zeta function has no zeroes outside the strip 
0 < Re(z) <1 
except those which occur at negative even integers. 


Proof. We first note that the inequality 
(9.3.4) 0 <3+4cos@ + cos 20 
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holds for all real numbers 6 due to the identity 
3+ 4cos6 + cos 20 = 2(1 + cos 6)’, 
which follows from cos 20 = 2 cos? @ — 1. 


If z= a+ ty, then Re(p-™*) = p-™* cos(—my log p). It follows from (9.3.4) 
that, for x > 1, 


0 < ap. + 4Re(p-™*—-™") ale Re(p- om"), 
which, when combined with (9.3.1), implies that, for x > 1, 
3 Re(log ¢(a)) + 4 Re(log ¢(a + iy)) + Re(log ¢(a + i2y)) > 0, 


or, on exponentiating, 


(9.3.5) C(x)" 1C(a + ty) [*4I¢(w + é2y)] > 1. 
We divide both sides of this inequality by « — 1 and write the result in the form 
“(4 
3| C(x + ty) 1 
3: = SBE er 
(9.3.6) ioe — note SSEMY ecw + iawn) > 


Since ¢(z) has a simple pole at z = 1, (1—z)¢(z) has a removable singularity at 
z =1. This implies that the first factor on the left in (9.3.6) is bounded as x > 1. 
Since there are no other poles of ¢, the factor on the right is also bounded as « —> 1, 
provided y ¥ 0. If ¢ has a zero at 1+ iy, then the middle factor is also bounded as 
x — 1. Since the right side of (9.3.6) is not bounded as x > 1, we conclude that 
there can be no zero of ¢ at z = 1+ ty. 


Now that we know that there are no zeroes of ¢ on the line Re(z) = 1, we use 
the fact that the set of zeroes of ¢ in the strip 0 < Re(z) < 1 is symmetric about 
the line Re(z) = 1/2 (since these are also the zeroes of €) to conclude that there 
are no zeroes on the line Re(z) = 0. In view of Corollary 9.3.3, this completes the 
proof. 


Estimate on the growth of €. Integration by parts in the integral appearing 
in (9.2.10) leads to 


&(z) =1/2+ H(1) K H'(s)((1 — z)s? + zs'~*) ds 


=1/2+H(1)+ i s*H'(s)((1— z)s@-) + z8-*) - 
Another integration by parts i to 
é(z) =1/2+ H(1) + 2H"(1) + [ ero +s”*) ds. 
1 
If we differentiate (9.2.9) and set s = 1, the result is 
; + H(1)+2H'(1) =0. 
Thus, 


(9.3.7) &(z) = [ @xoye> +s *)ds. 
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Since 


(s* lig = 5 TA (ae MAG gre) 
= 2s~1/? cosh ((z — 1/2) log(s)), 


(9.3.7) can be rewrittten as 


(9.3.8) &(z) = {eral cosh ((z — 1/2) log(s)) ds. 


Theorem 9.3.6. If € is expanded as a power series in z — 1/2, the coefficients of 
the power series are all real and non-negative. 


Proof. A direct calculation using (9.2.5) shows that 
ca 2,2 
(s?H'(s))'s71/? = S 7 (4n*n?s4 - 6n?1s7)s—1/? ener 
n=1 
The terms of this series are clearly positive for s > 1 and so the function itself is 
positive. Also, the power series coefficients in the expansion of cosh w about 0 are 
real and non-negative. Since log(s) > 0 for s > 1, the theorem follows (see Exercise 
9.37). 


Theorem 9.3.7. There is a constant R such that |€(1/2+ z)| <r” for allz eC 
with jz) =r> R. 


Proof. Since €(z + 1/2) has a power series expansion in z with real non-negative 
coefficients, its maximum absolute value on any disc D,(0) is achieved at z = r. 
However, if n is an integer such that 1/2 +r < 2n < 5/2+,7, then by (9.2.7) and 
the fact that € is increasing on the positive real line (Exercise 9.3.2), 


(1/2 +1) < Qn) = n(2n = 1)¢(2n)P (nya, 
Now ¢ is decreasing on (1,00). Thus, 
C(2n) <6) if n =I, 
and 
I'(n) = (n-1)! 
if n is a positive integer. Thus, 


€(1/2 +r) < 2nn!¢(2) < 2¢(2)n"™t1 <r" 


if r is sufficiently large (since n < 5/4+ 1/2) (Exercise 9.3.9). 


The following corollary is a direct consequence of the above theorem and the 
results of sections 8.3 and 8.4. We leave the details to the exercises. 


Corollary 9.3.8. The function € is an entire function of finite order at most 
1. Consequently, the zeroes of € (and, hence, the zeroes of ¢ that lie in the strip 
0 < Im(z) < 1) form a sequence with exponent of convergence at most 1. 
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A Product Expansion for €. In what follows, it will be convenient to make the 
change of variables w = z— 1/2. Then 


E(z) = €(1/2 + w). 
Since € is symmetric about 1/2, the function €(1/2 + w) is symmetric about 0. 


By Corollary 9.3.8, €(1/2 + w) is an entire function of finite order at most 1. 
Hence, the Hadamard Factorization Theorem applies with \ = 1. It tells us that € 
has a factorization of the form 


€(1/2+ w) =e%™) [[a —w/a)er/?, 


oO 


where q is a polynomial of degree at most 1, and the product is over all zeroes o of 
€(1/2+w). However, the zeroes of this function are symmetric about 0 and so, if a 
zero 0 appears in this product, then so does its negative. The exponential factors 
e”/? and e~”/? cancel and so 


€(1/2+ w) =e) [ (1 — w/o) 


as long as it is understood that the factors involving a given o and its negative —o 
are to be grouped together. If this is done, then the product expansion becomes 


€(1/2+w)=e™ YY (—w?/o?). 
Im(co)>0 


It is this product that actually converges (see the discussion of the product expan- 
sion of sin(7z) in Example 8.2.6). 


Now (1/2 + w) is an even function of w (symmetric about 0) and so is the 
above product. It follows that the polynomial gq must also be an even function. 
Since the only even polynomials of degree at most 1 are constants, we conclude 
that 


(9.3.9) €(1/2+w) =c] [0 - w/c) 


for some constant c. 


If we recall that w = z — 1/2 and o = p— 1/2 and we use the identity 


(9.3.10) 1 a a (1 =) (1 | >in) 


(Exercise 9.3.10), then (9.3.9) becomes 


= z Ap 
= T1(: 5) (: | 5A) 
Since the product 


(9.3.11) a=cl] (1 ue 3) 
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converges as long as the factors involving p — 1/2 and its negative are grouped 
together (Exercise 9.3.11), we obtain an infinite product expansion 


a) =a] (1-2). 


By evaluating at z = 0, we see that c, = €(0) = 1/2. This proves the following 
theorem. 


Theorem 9.3.9. The function € has the following infinite product expansion which 
converges uniformly on each disc of finite radius: 


where the numbers p are the zeroes of &(z) and the factors are arranged so that p 
and 1—p are grouped together. The product converges uniformly on each disc of 
finite radius. 


This, in turn, implies that the zeta function has the following infinite product 
expansion: 


Theorem 9.3.10. The zeta function satisfies 


2/2 


¢(z) = te 1) rel) II (: 


where the product is over the zeroes p of ¢ in the strip 0 < Re(z) < 1, and the 
factors involving p and 1— p are grouped together in the infinite product. 


—E——————————— ay 
Exercise Set 9.3 


1. Prove that ¢ has a zero of order 1 at each negative even integer. 

2. Prove that € is increasing on the positive real line. 

3. Show that €(0) = 1/2 even though (9.2.7) suggests it should be 0. Why is 
there no contradiction here? 

. Calculate ¢(0) using (9.2.12). 

. Calculate ¢(2) directly from the definition of ¢, using results from Section 5.5. 

. Prove Corollary 9.3.8 (see Section 8.3 and Exercise 8.3.8). 

. Suppose f is an entire function and the coefficients of the power series expan- 
sion of f about 0 are all non-negative. Show that if g(t) and h(t) are positive 
continuous functions on [1, 00), then 


NO oe 


i ™ g(t) f(zh(t)) at 


is also an entire function of z with non-negative coefficients in its power series 
expansion about 0, provided this integral exists for all positive real values of 
z. 
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8. Show that 


dt 
/ et? — 
1 t 


is an entire function of z with all non-negative coefficients in its power series 
expansion about 0. 
9. Verify the claim made in the last sentence of the proof of Theorem 9.3.7 — that 
is, show that 2¢(2)n"*1 <r" if r is sufficiently large and n < 5/4+ 1/2. 
10. Prove the identity (9.3.10). 
11. Show why the product in (9.3.11) converges if the terms are grouped as indi- 
cated. 


9.4. The Riemann Hypothesis and Prime Numbers 


The Riemann Hypothesis is the conjecture that all zeroes of the zeta function in 
the strip 0 < Re(z) < 1 lie on the line Re(z) = 1/2. The significance of this 
conjecture lies in its connection with the problem of estimating the density of the 
prime numbers in the set of natural numbers. In this section we will discuss some 
of the history of the two problems and attempt to illustrate the connection between 
them without going into too much computational detail. For a more comprehensive 
and detailed account of the subject see the book by H. M. Edwards [4]. 


We let (a) denote the number of primes less than or equal to the positive real 
number x. It was recognized by Riemann that there is a connection between the 
rate of growth of 7(x) as x increases and the zeroes of the zeta function. That there 
is some connection between the growth of 7(z) and the zeta function is seen in the 
proof that there are infinitely many primes (Exercise 9.2.2). 


Based on experimental evidence, Gauss and Legendre conjectured that 


(9.4.1) ie 


Zoo £ 


logx = 1. 


This means that the fraction of the natural numbers up to x that are prime, 


in the sense that their ratio has limit 1. 


is asymptotic to 
log x 


In his famous 1859 paper Riemann introduced a formula for 7(x). For a certain 
constant c, the function Li is defined to be 


0, ees 


Ee) la +¢, @>2 
9 logt ; 


The formula of Riemann for 7(x) is then 


(9.4.2) mx) = S > Li(a!/") + $0 N° Li(w?/) + other, 

n=1 po n=l 
where the “other” terms are of lower order in x, and p ranges over all zeroes of ¢ 
in the strip 0 < Re(z) < 1. Note that the sums over n are actually finite sums for 
each fixed x and p, since x!/” and x?/” are less than 2 if n is large enough. 


288 9. The Gamma and Zeta Functions 


An integration by parts argument shows that the first (and presumably domi- 
nant) term in the expansion (9.4.2) may be rewritten as 


x "dt 
Li(z) = 
itz) log x | (log t)? 


The second term in this expression, when divided by —— a , has limit 0 at infinity 
0g & 


(Exercise 9.4.1). Thus, if the remaining terms in Riemann’s Formula for 7(x), when 
divided by ——, 

log x 
inside the sum in the first term, then (9.4.1) follows. 


also have limit 0 at infinity, and if it is legitimate to take the limit 


In dealing with the terms involving the zeroes p of ¢ in Riemann’s Formula, it 
would be useful if the zeroes of ¢ in the strip 0 < Re(z) < 1 all satisfied Re(z) <r 
for some r < 1. Riemann suspected that this was true and, in fact, he conjectured 
that all such zeroes actually lie on the line Re(z) = 1/2. This is the Riemann 
Hypothesis. 

Actually, Riemann did not give a complete proof of his formula (9.4.2) for 
m(x) and, in fact, he did not even prove that the infinite series in this formula 
converges. Both facts were eventually proved, but the difficulties involved in these 
proofs and in determining the contribution of the terms involving the zeroes of ¢ to 
the asymptotic behavior of 1(x) led to the introduction of another function 7(x) 
which also measures the density of primes and which satisfies a simpler and more 
natural formula analogous to (9.4.2). 


Eventually, Hadamard and de la Vallée-Poussin in 1896 proved (9.4.1). It is 
now known as the Prime Number Theorem. The proofs of Hadamard and de la 
Vallée-Poussin as well as other classical proofs of this result are based on the fact 
that there are no zeroes of the zeta function on the line Re(z) = 1. We will present 
one such proof in the next section. 


The Function 7. As mentioned above, the function (a) is closely related to 
another function w(a) which also measures the density of primes and which has a 
more straightforward connection to the zeta function. The following equation gives 
two ways of expressing this function: 


(9.4.3) = logp = S- My log p, 
pr<a pcx 

where the first sum is over all prime powers p™ < x. For a given prime p, the term 
log p appears in this sum as many times as there are positive powers of p less than 
or equal to x. This number is the m, which appears in the second sum. It can also 
be described as the largest number m such that p™ < «x. 

We will show that if the function 7 satisfies lim,_,.. ~(x)/# = 1, then the 
Prime Number Theorem follows. 


Lemma 9.4.1. Let x and y be real numbers greater than 1. Then 


< < 
log x mz) Sy+ log y 
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Proof. We have 


1 
n(a)=a(y)+ D> isyt D> EP it y<a, 
9.4.4 log y 
( ke ) y<psa Yy<pSu 


ma)<y if y>a, 
where the sums are over primes p in the indicated range. 
By definition, 
(9.4.5) W(x) = se My log p = oe log pp”. 
psu psu 
The sum on the right satisfies the inequalities 
S- logp < So logp™ < n(x) loge, 
y<pgau pSau 
and so, by (9.4.5), 
S- logp < W(x) < r(x) log a. 


Y<PSu 
The left side of this inequality, combined with (9.4.4), yields 
ma) <yt ue) 
log y 
The right side, when divided by log z, yields 
log x 
This completes the proof of the lemma. 
Theorem 9.4.2. Jf lim vie) =1, then lim ne) loga = 1. 
x—->oco) =k Z>0O OL 


Proof. Given x > 1, we use the previous lemma with 
x 


(log x)? ° 


y — 
According to that lemma, 


v(x) i (2) 


< 
<n(z)s (logx)? log x — 2loglog x’ 


and so 
log x 1 x log x 


Is AP) Ge) s logr (x)  logx — 2loglog x’ 


The first term on the right has limit 0 as x — oo, while the second term has limit 
1. This is because 


by hypothesis, while 
log x 


li = 
2400 log x — 2 log log x 
The latter statement is left as an exercise (Exercise 9.4.4). It follows that 


I 
lim n(x)" =1, 


~—+00 w(x) 
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and, from this, that 


lim me) loga = 1. 
x 


xwL—->Co 


This completes the proof. 


The above result says that the Prime Number Theorem will follow if we can 
prove that lim, ,.. U(x)/x = 1. There are direct proofs of this; however, they 
involve serious difficulties with improper integrals and conditionally convergent se- 
ries. It turns out that these difficulties can be made to disappear if we follow a 
similar approach, but use the integral of w rather than w itself as the main focus 
of attention. Thus, we set 


(9.4.6) (x) = if w(u) du 


This is another function which measures the density of primes. Furthermore, the 
Prime Number Theorem follows from an appropriate estimate on its asymptotic 
behavior. 


Properties of ¢. It turns out that, lim v(z) = 1, from which the Prime 
“Zoo 6 
Number Theorem follows, provided 
_ Gz) _ 1 
(9.4.7) Jim ee 


This is proved using a kind of reverse L’H6pital’s Rule. Specifically: 


Lemma 9.4.3. Let f be a positive, increasing function on [1, 00) and suppose r > 0. 


Then 
lim Come i a of nC 


aw soo 6! eet grtl 


provided the limit on the right exists and is finite. 


Proof. If we were to assume that the limit on the left exists, then the equality 
would follow from applying L’Hopital’s rule to the limit on the right. However, 
we are assuming only that the limit on the right exists, and so we must proceed 
differently (see Exercise 9.4.6). 


Using the fact that f is increasing and positive, we conclude that, for a < 1 
and 6 > 1, 


x Ba 
: / OCT Cs ee mene Ma CN 


(L=@)t J oe (8 —1)zx 
On dividing by x”, this becomes 
1 si f(z) 1 i 
————— du < < d 
2 7 fjdus ss S@-nenf, (we 
If we set F(x Sle sy: u) du, then this can be rewritten as 


Ms = Flax) . fw) _ F(6x) - F(x) 


(l-a)art! ~ gr ~ (8-Ajarti? 
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or as 


1 (ze siti i) 2i@2A (sr F(Bx) =O). 


< 
l-a grtl (ax)rtt | nn B — "i (Ba)r+1 grtl 


If we set 


pe tag FO) = pp, Flor), FlB2) 
ms Saree grtl ee os (ax)rtt a paren (Bxr)rtl? 


then the above inequality implies that 
1 core rckl r+l 1 
ea 9 < lim inf f(x) < lim sup A(@) < B 


l-a z+00 | Og gro «6 CtC<“<«~ BA 


The lemma then follows from this on taking the limit as @ and @ approach 1, since 
1 —nrtl r+1 _ 1 
bo ae have limit r +1. 
l-a B-1 


This leads directly to the following theorem. The details are left to the exercises. 


(x) 7(x) 


Theorem 9.4.4. Jf lim —— 
xL>00 x 


= 1/2, then lim loga =1. 
LoCo 


SS 
Exercise Set 9.4 


| “dt 
. Prove that lim aces i 
rie a Jy (logtp 
. Prove Part (a) of Lemma 9.5.1. 
. Prove Part (b) of Lemma 9.5.1. 
] 
. Prove that lim wah =1 
«roo log x — 2 log log x 
. Use Lemma 9.4.3 to prove Theorem 9.4.4. 
. Find functions f and g on R such that 
/ 
m f(a) exists, but lim i) 
aco g(x) too g! (x) 


ant FF WwnN Ff 


does not. 
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In view of Theorems 9.4.2 and 9.4.4, to prove the Prime Number Theorem, it 
suffices to show that lim, ,. ¢(x)/2z? = 1/2. The strategy for doing this involves 
expressing $(a) as an integral involving ¢’/¢. This is where the zeroes of the zeta 
function come in. 


The integral formula relating ¢’/¢ and ¢ is derived from the series expansion 
(9.3.2) and the following integral formula. 


Lemma 9.5.1. Suppose p(z) is a non-constant polynomial and b a real number 
such that no zero of p lies on the line Re(z) = b. Ify > 1, let A = {21, 22,--- , Zn} 
be the set of zeroes of p(z) that lie to the left of the line Re(z) = b. Then 


1 b+ioco y* n 
dz = )° Res(y*/p(z), x)- 
k=1 


(9.5.1) Ta bce 3O) 
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If the set A is empty, then the integral is zero. 


Ify <1, a similar formula holds, the only differences being: A is replaced by the 
set of zeroes to the right of Re(z) = b and the expression on the right is multiplied 
by -1. 


Proof. In Chapter 5 we showed how to use residue theory to calculate the Fourier 
transforms of certain functions (Theorem 5.3.2). The integral that appears in (9.5.1) 
is actually the Fourier transform of a function to which Theorem 5.3.2 applies. To 
see this, we write 

z e” log y y? 


pz) v(z)—sp(b + it) 


et logy 
for z= 6+ it. Then 
ae a de= = | t) ett ley dt — —_f*(— logy), 
al mex 1 =I (logy) 
where f is the restriction to the real line of the meromorphic function 
¥ 
z) = —"—_.. 
P() p(b + iz) 
The function f has limit 0 at infinity since p is a non-constant polynomial. Thus, 
by Theorem 5.3.2, if y > 1, then 


1 b+t0co y? ; 
sf Yds =i ST Res f(z) 8", w), 


art b—ioo p(z) weB 


where B is the set of poles of f in the upper half-plane. Since 


b+iz 


Zz zlo a y 
f(z) e084 = 


a calculation of the effect on a residue of the change of variables z > b+iz (Exercise 
9.5.8) shows that 


1 b+ioco y? 


Qni b—t00 p(z) 


dz = )~ Res(f(z)e'* 4, d), 
AEA 

where A = {A =b+iw: w € B} — that is, A is the set of zeroes of p that lie to the 

left of the line Re(z) = b. This completes the proof in the case y > 1. The proof in 

the case y < 1 proceeds in the same way. 


Example 9.5.2. Prove that if b > 0 and y > 0, then 


i, fhOre = pe d 1-1/y, ify>1; 
mee a a 
Qt Ih-ingn 2(2 +1) 0, ify <1. 


Solution: Since b > 0, by the previous lemma, if y > 1, the integral is the 
Zz 


sum of the residues of — at 0 and —1, which is 1—1/y. If y < 1, the lemma 
z 


(z+ 1) 


implies that the integral is 0, since z(z +1) has no zeroes to the right of Re(z) = 0. 
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Theorem 9.5.3. If x > 0 is not a power of a prime and b> 1, then 


_ 1 b-++ioo 2th C'(z) 
oe Me) 
z+l 


Proof. We multiply equation (9.3.2) by = and integrate. The result is 
z 


(z+1) 
1 doce gett ¢'(z) a 


Ii Jin B21) C2) 


1 oe x \* wlogp 
(Sf (4) 54). 
Z| Bri Spice Wp”) 2241) 
provided the integrals exist and the integral can be moved inside the summation 


on the right. Assuming these things for the moment, we have, by the previous 
example, 


(9.5.2) 


1 b+ioo 2th ¢'(z) 
2ni Sy—ico 2(2 +1) C(z) 
The expression on the right is ¢(x) = f’ w(u) du (Exercise 9.5.1), and so the proof 


will be complete if we can verify that the integrals in (9.5.2) exist and the integral 
can be brought inside the summation on the right. 


dz= S- (x — p™) log p. 


prSx 


The integrand corresponding to n = p™ on the right in (9.5.2) is less than or 

equal in modulus to 

logn «+t 

PTE 
on the vertical line z = b+ it. This has the form c, f(t), where f is a positive 
integrable function of t on (—oo, 00) and $7} cn is a convergent series of positive 
numbers (see Exercise 9.5.2). By Exercise 9.5.4 this implies that the series of 
integrals on the right in (9.5.2) converges and it converges to the integral on the 
left. 


A Series Expansion of ¢. The Prime Number Theorem will follow directly 
from the following infinite series expansion of ¢. 


Theorem 9.5.4. There are constants A and B such that 
2 oo gi-2k 


1)" Dagoe-—D age 


at - P(ps 


where p ranges over the zeroes of ¢ in the strip 0 < Re(z) < 1. 


Proof. The integral that appears in Theorem 9.5.3 can also be evaluated by using 
the infinite product expansion of Theorem 9.3.10. This theorem implies that the 
logarithmic derivative of ¢ can be written as 


¢'(z) 1 1 logm  IX(z/2) >> 1 
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where, in the last sum, terms involving p and 1 — p must be grouped together for 
the series to converge. The product formula for 1/T given in Theorem 9.1.10 leads 


to 
Gey sk ca 5 log( 1/k)). 


7 
XR 
ne 
bo 
s 
xR 
> 
iM 
f 


Oe): 1 _loga | a 1 | 
2) ME at 8) 2 


k=1 


This simplifies significantly if we subtract ¢’(0)/¢(0): 


ne aoe : 7 ae id 


k=1 
or 
C2) 2 & 4, (0) 
(9.5.3) Car el », 2k iH pair * (0) 


p 


1 z+1 
We next multiply equation (9.5.3) by aE + 


and integrate along the line 
Re(z) = b > 1, obtaining 
(9.5.4) 
1 b+ioo z+1 ! 
¢(x) =—— | i C') re 
Ori hin He +1) C2) 
1 b+ioco z+l1 1 b+ico © z+l1 
= =| ad dz+ | os gs dz 
Qi Jy-ing (2 — 1(Z +1) 271 Sh ico ome 2k(z + 2k)(z +1) 
1 b+ioo gztl 1 i ¢’(0) 2th 
b 


~ Bei Iino 2+ z= PED) Bi, ice C(O) HEF D) 


dz. 


Assuming for the moment that the integral can be taken inside each of the 
infinite sums, the result is 


e 1 b+ico 2th C'(z) 

1O= Heal a Dae) 
= 1 b+ioco 2th 
Oni 


b+ioco 
d d 
4 Sb—ico =e )(z +1) Daal. CED EEST ‘ 


b+ioo +1 1 b+ioo C (0) get 
a reel i CO) ett, 
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Each of these integrals can be evaluated using Lemma 9.5.1. This leads to 


2 Oo 12k gett 


_ 2 x 1 1 ¢"(0) 
on) —% > 2kQE =I) ye pip+1) C0)’ 
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ue 2 Cop l-2k get 
o(x) = 5 > 2kQE =A) grea 7 Az + B, 
(0) ae! 
where A = nd B= ; 
we A= cg) and B= dopa +X pep) 


It remains to prove that the integral can be taken inside the infinite sums in 
(9.5.4). The kth term of the first sum is 


gett 


2k(z + 2k)(z +1) 


The numerator of this fraction is bounded on the vertical line Re(z) = b. With 
z= b+ it, we estimate the middle factor of the denominator as follows: 


|z + 2k|? = ¢t? + (b+ 2k)? = ¢? +B? + 4bk + 4k? 
> +b? + 4k? = |[2|? + (2k)? > 4lz|k. 


(9.5.5) 


Thus, 
|z + 2k| > lz|t/2K1/2, 
The right factor of the denominator satisfies |z+1] > |z| since z = b+it has positive 
real part. Hence, the fraction(9.5.5) has modulus less than or equal to a constant 
times |z|~°/?k-3/2. It follows that, in the first infinite sum the integral of each term 
over Re(z) = 0 exists and the integral of the sum is the sum of the integrals and 
the latter sum is absolutely convergent (see Exercise 9.5.4). 
The term involving p of the second infinite sum in (9.5.4) is 


gett 


pe — pyle +l) 

The numerator is bounded by «°+! on Re(z) = b. With z = b+ iy, p = 8 +77, and 
c = b—1, we estimate the denominator as follows: Since |z — p| > (|y — y| +. c)/2 
and |z+ 1] > (jyJ+0+1)/2 > (|y| +c)/2, we have 

loz — p)(z + 1) 2 Illy — y+) (yl + ©) /4. 


Thus, the modulus of (9.5.6) is less than or equal to 


(9.5.6) 


1 


(ly— y+ e)(lyl +6) 

If we divide the real line into three subintervals by cutting at y = 0 and y = 4, 
then, on each of these subintervals, the absolute values in h can be eliminated, and 
the integral of h with respect to y can be evaluated using the method of partial 
fractions. The result (Exercise 9.5.5) is that the integral of h over each of the 
unbounded subintervals is 


gly) = 40° |y|~*h(y) where h(y) = 


lyl~* log(ly|/e + 1), 
while the integral of h over the bounded subinterval is 


2(|y| + 2c)~" log(|y|/e + 1) < 2\y|~* log(Iy1/e + 1). 


Thus, the integral of g over (—o0, 0c) is less than or equal to 


162°**|y|~* log(|y|/e + 1) 
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and, since log(|y|/c) < (|y|/c)!/2, this integral is less than or equal to 
(9.5.7) 16cl/ 24541 |-|—3/2, 


Since, by Corollary 9.3.8, the sequence of roots p = 8 +77 has exponent of conver- 
gence at most 1, the same is true of the sequence of imaginary parts y. It follows 
that the terms (9.5.7) are the terms of a convergent series. Thus, Exercise 9.2.7, 
modified to cover integrals over (—oo,0o), implies that the integral of the sum is 
the sum of the integrals for the series of terms given by (9.5.6). 


The Prime Number Theorem. 


Theorem 9.5.5. If a(x) is the number of primes less than or equal to x, then 


log x 


lim 7(2) = lt 


@—-00 xv 
Proof. By Theorems 9.4.4 and 9.4.2, it suffices to prove that limz.. ¢(a)/x? = 
1/2. 
By Theorem 9.5.4, 
d(x) _ 1 a a gee A B 
2-8) ge 2 », 2k(2k — 1) ye p(p+1) « ae 


Each of the infinite sums in this expression involves only negative powers of x and 
each of them is absolutely convergent at 7 = 1. It follows that both infinite series 
converge uniformly in x on [1,0o). Thus, in taking the limit of 6(a)/ax? as x > on, 
we may take the limit inside the infinite sums. Since each term on the right side of 
(9.5.8) has limit 0 except the term 1/2, the theorem is proved. 


eee! 
Exercise Set 9.5 


1. Verify that de w(u) du = pea? — p™) log p, where p is prime and m is a 
positive integer. 

2. Prove that if p and r are arbitrary positive numbers, there is a constant C 
such that log?(t) < Ct" for all t > 1. 

3. Give a direct proof of Lemma 9.5.1, using residue theory, but without inter- 
preting the integal as a Fourier transform and applying Theorem 5.3.2. 

4. For each n, let g, be be a continuous function on (—oo, oo) satisfying |gn(t)| < 
cn f(t), where f > 0 is integrable and 57}° cp is a convergent series of positive 
numbers. Use Exercise 9.2.7 to prove that 


y ie gn (t) dt = i. Yan dt. 


5. Verify the claims made near the end of the proof of Theorem 9.5.4 regarding 


the integral of 
oF 


A(y) = 
(ly — 71 + )(lyl + ¢) 
over each of the subintervals of (—co,0o) created by cutting at y = 0 and 
ne 


9.5. 
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. Prove that log(s +1) < s!/? for s € (0,00). This was used near the end of the 


proof of Theorem 9.5.4. 


. Verify the statement about taking the limit inside the integral in the proof 


of Theorem 9.5.5. That is, prove that if a series }°°*_, un(x) of functions on 
[1,co) converges uniformly absolutely on [1,0o), then 


a) = ee Un (2), 


provided each limit on the right converges. 


. Prove that if f is a function analytic in an open set containing b+ iw and 


g(z) = f(b+7z), then g is analytic in an open set containing w and 
Res(g, w) = —i Res(f,b + iw). 
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